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LESSON-1 FOURIER TRANSFORMS

Integral Transform: The integral transform of a function f(t) is defined by the equation

b
g(s) = If (t) k(s, t) dt, where k(s, t) is a known function of s and t, called the kernal of the

transform; s is called the parameter of the transform and f{(t) is called inverse transform of g(s).
Some of the well known transforms are given as under:
(1) Laplace transform:-

When k(s, t) =¢™, we have Laplace transform of f(t) as: g(s) = If (t)e™ dt
0

we can also write
L[f(t)] = g(s) or F(s) or f(s)

(2) Fourier transform:-

when k(s, t) = ! ¢ ™, we have th eFourier transform of f(t) as

V2n
F[f(t)] = g(s) = L T f(t) e ™ dt
N2 o
(3) Mellin transform:-
When k(s, t) =t"",, we have Mellin transform of f(t) as:  M[f(t)] = g(s) = ff ()t dt
0

(4) Hankel transform (Fourier-Bessel):-
0

When k(s, t) =t Ju(st), , we have Hankel transform of f(t) as: g(s) = [f(t)t J, (st) dt
0

Fourier Transform:- If f(t) be a function defined on (—o, «) and f be piecewise continuous in
each finite partial interval and absolutely integrable in (—o0, ), i.e., f(t) be a function s. t.

[1£0)dt<oo

—00

then the function



r© 1 i —ist
f(s)=F[f(t)]=F(s)=—— |f(t)e " dt
(s) = FIf ()] = F(s) m]@ ()
is called Fourier transform (F.T.) of f{t).
1 0

IF(S) ™ ds = f(t) is called inverse Fourier Transform of F(s).

N2T 5,

Then F'[F(s)] =
Remarks:

Q) IfF(s)= jf(t)e—ist dt, then
2n 7

F[F(s)] = TF(S) et ds

(ii) If F(s) = ﬁ ]if(t) ¢ dt, then
F'[F(s)] = ! TF(S) e ds
V2m
(iii) If F(s) = ﬁ jjif(t) et dt, then

TF(S) e ™ ds

Fourier cosine and sine transform

F.(s) = \/Z I f(t) cos st dt is called Fourier cosine transform (FCT) and Fy(s) =
T
0

1/3 .[f (t) sin st dt is called Fourier sine transform (FST) of f{t).
T
0
. 2 7
The functions fi(t) = ,/— I F.(s) cos st ds
T
0

fi(t) = \/% TFS (s) sinstds
0

are called the Inverse Fourier cosine & inverse Fourier sine transform of F.(s) and Fy(s),

respectively.



Properties of Fourier Transform
(1) Linearity Property
If fi(t) and f,(t) are functions with Fourier Transform F,(s) and F,(s), respectively and C,;
& C, are constant, then Fourier Transform of C, fi(t) + C, fy(t) is
Flc; fi(t) + co f2(t)] = c1 F[f1(t)] + c2 F[f2(1)]
=c¢; Fi(s) + ¢ Fa(s)
Proof: By definition

LHS. = je—ist [c1 fi(t) + ¢z B(t)] dt

N

—00

j TSR ()t 2= [e™ £, (D)dt

= I
= Ci F[fi()] + C; F[fa(1)]
= C1 Fl(S) + C2 FQ(S)

(2) Change of scale property or similarity theorem

If ‘a’ is a real constant and F(s) = F[f(t)] then
F[f(at)] = —— F(ij
la] \a

Proof : Fora> 0,

F[f(at)] = Tf(at)e_i“ dt

—00

Putat=x = dt=ldx
a

F[f(at)] = ﬁ Tf(x)ei[ajx idx

= i \/;_ Tf(t)e_i[:‘jt dt
(L

S

-  F[f(at)] = i F(gj

1

For a <0 :- F[f(at)] = jf(at)e_iSt dt
2n




f(t)e @ di

|
m|
—_
—_
8'—-8

—  Flfa]= — F

)
i

Particular case:- Ifa=—1, then

Ff(-t)] = F(-s)

Hence, F[f(at)] = —

(3) First shifting Property
If F[f(t)] = F(s), then
F[f(t—u)] =™ F[f(t)] =e™ F(s)

Proof :- F[f(t —u)] = st

ﬁ .[f(t—u)e

Putt—u=v = dt=dv

J‘f(v) e*iS(V +u) dV

I
Var

® F[f(t—u)]=

_ e—isu 1 J'f(v) e—isv dv

Vam 2,

—1su

—ist dt

\/_ j f(t)e
= ¢ U F[f(t)].
(4). Second shifting property
If F(s) = F[f(t)], then
F[f(t)e™] = F(s — a)



Proof :- F[f(t) ¢*] = —— [re e at

j f(t)e " dt = F(s —a)

1
- N I
(5) Symmetry property
If F(s) = F[f(t)], then F[F(t)] = f(-s)
Proof : We know that

J2rf(t) = TF(S) et ds
changing t to — t, we have

V2rf(=t) = TF(s)e_iSt ds
Interchanging t & s, we get

V2n f(-s) = TF(t)e_iSt dt

=  f(-s)= TF(t) e St dt

1

= (=) =F[F(1)]

—at
Example. 1. Find Fourier transform of f(t) = {e 0

0 ., 1 < —ist
Solution :- By definition, F(s) = f(t)e™ dt
V21 '[O

0
=  F(s)= TI f(t)e ™ dt+— \/_ j w4
\/ﬂ j “@HOU gt Tusing (1)]

b

t>0,a>0
t<0

(D



= 1 |:0+ 1 j|_ a—1s
\27m a+is| +27m(a’® +s?)
1 , [tI<a

Example.2. f(t) =
p (t) {o , ba

1

Solution F(s) = T“ f(He™ dt+ [f(t)e™ dt+[f(H)e™ dt
N2m| o - .

Let I] = —ist dt

ﬁ j f(t)e

Putt=—u = dt=-du

—u)e™ (—du)

15 -
= — | f(-u)e™ du=0
\/ﬂl( )

Similarly I = [f(t)e™ dt =0

! j f(t)e ™ dt
(L

T Tt [© f(t) = 1]

—ist :| ) A
iS [e—las _ elaS]
-a

27

{
(




F(s) = \/Z acosas as s—0 [By L-Hospital rule]
s

@
\F
=,|— a.
T
Example.3 - fiy= 1= (<7 .
xample. 3 :- {{(t) 0. It a o

1

T

Solution :- F(s) =

5]

Tf(t)e-ist dt

1

T

|:_J?f(t)e—ist dt + ]l‘f(t)e—ist dt +oj3f(t)e—ist dt:l

- &

Jte™ dt [using (1)]

—ist )2 a —ist
- [[te, J - = dt}
—18 4 a —1S

_ i‘e—ias_‘_ a eias+‘ 1 (e—ias_eias)
27| —is —1is i1s(—is)
1

- |:_iis(eias + e—ias) _Siz(eias _e—ias )}

= RO ] OB Lisin )

—18 S

Ny

_ S‘
a

[ias cos as — 1 sin as]

i
= F(s) = —=—[as cos as — sin as]
2
Jms

Example. 4. If F(s) = F[f(t)]. Find F.T. of f(t) cos at
Solution :- We know that

=

1. .
cos at = E(elat +e™)

Then F[f(t) cos at] = %F[f(t) e + %F[f(t) e



or prove by definition [By linearity property]
= F[f(t) cos at] = %F(s —a) + % F(s + a) [By using shifting property]
Example. 5. If F(s) and F.(s) are FST and FCT of f{(t) respectively, then
F,[f(t) cos at] = % [Fs(s + a) + Fy(s — a)]
F [f(t) cos at] = % [Fc(s +a) + Fo(s — a)]
F,[f(t) sin at] = % [Fo(s —a) — Fe(s + a)]
F.[f(t) sin at] = % [Fs (s +a)— Fy(s —a)]
Solution :- (i) By definition of FST,

F,[f(t) cos at] = \/z If(t) cos at sin st dt
T
0

= l\/Z If(t)Z cos at sin st dt
2Vm
Using 2 sin A cos B =sin (A + B) + sin (A-B),

= F4[f(t) cos at] = 1 Tf(t) [sin (s + a)t + sin (s —a)t] dt
0

J2n
l{ \E Tf(t) sin(s +a)t dt + \E ]Of(t)sin(s —a)t dt}
AR K Ty

[Fs (s+a)+ Fs (s —a)]

1
2
(i1) By definition FCT,

F.[f(t) cos at] = \/Z If(t) cos at cos st dt
T
0

_ l\ﬁ Tf(t) [cos(s + a)t + cos (s—a) t]dt
2\Vm s

10



l{\f j f(t)cos(s+a)t dt +\F Tf(t)cos(s—a)t dt}
2 Ty

- % [Fe (s +a) + Fu(s —a)]

(ii1) By definition of FST,

F4[f(t) sin at] = \/z If(t) sin at sin st dt
T
0

= l\/Z Tf(t) [cos(s —a) —cos (s +a)] dt
2Vm sy

[® 2 sin A sin B=cos (A —B) —cos (A + B)]

= l{\/z Tf(t) cos(s—a)dt—\/Z Tf(t) cos(s+a)dt:l
T T

_1

[\

[F (s—a) — F¢(s + a)]

(iv) By definition of FCT,

F.[f(t) sin at] = \/Z jf(t) sin at cos st dt
T
0

= _‘\/Z Tf(t) [sin (s + a)t — sin (s—a)t] dt
2 \Vm sy

[using 2 cosA sinB = sin (A + B) — sin (A-B)]

{\/7 jf(t) sin(s+a)t— \/7 If(t) sin(s —a)t dt}

[Fs (S + a) - FS(S + a) - FS(S - a)]

N | —

N | =

Example. 6. Find Fourier sine & cosine transform of e ™, a> 0.

Let J.efat cos stdt=1, ..(1)
0

11



je_at sin st dt=1,
0

Integrating (1) by parts

o0

1 T
I, = {——e % cos st} —je A sin st dt
a o 3

1 s% . .
=———Ie % sin st dt

a ajy

1 s

a a

Integrating (2) by parts, we have

a

[@ I, = {_—le_at sin st} + J.e_at cos st dt}
a 0 7

solving (3) and (4) for I; & I,

® | »

1 s s
I]=———.—11
a a a
2 2
S 1 1 a
= L|l+—=|=— = L=——5—
a a a s“+a
a
= 11: 2 )
s“+a
S a S

and , = —. =
a s’+a’ s?+a?

2 2
Hence Fc[e™]= = I, == a 5
T T s +a
and  Fe™]= |21, =2 5
T T s"+a

Extensions :- Differentiating both sides of (5) w.r.t. ‘a’, we find

2 21
Fc[—t e—at] _ \/%|:(S (';‘234—):2)221.28,}

(2)

..3)

(@)

...(5)

..(6)

12



—aty /2 —a’ +5?
= —Fte "] = ;[—(s2+a2)2}

at 2| a’-s?
= e ]\/{ﬁ}

Differentiating both sides of (6) w.r.t. ‘a’, we get
2, .2\
yis (s“+a”)
_ 2 2as
S (e
. ] s (52 + az)2

= Fs[te_at]z\/z%.
T (s“+a’)

Puta=11n (5), (6), we get

2 §? 2 s
E e :\ﬁ :\ﬁ
e T s?+l \Vms?+1
2 1
Fc[e_t]=\/:.
T s?+1

Results:

at

Iem cospt dt= (o cos Bt + P sin Pt)

0(2+B2

e(xt

Ie“t sinBt dt = (o sin Bt — P cos Bt)

o’ +p?
Example. 7 :- Find F. T. of f(t) = e /2

t2

. Y 1 % 5 s
Solution :- By definition, Fje 2 |= N J.e 2 g™ dt
TE -0
0 2 2
1 —(t+is) —
= F[e_t2/2]= Ie e 2 dt
N2
—s2/2 » 2

13



Put%(t+is)=y = dt=+2 dy

%

2 2 2 2
= F[e—t /2]=e—s /2, Fc[e—t /2]=e—s /2

2
Example. 8. Find Fourier cosine transform of f(t) = et

Solution :- Fc[e_t2 1= \/z Ie_tz cosstdt=1 (1)
n
0

Differentiating w.r.t. s’, we get

gz—\/Z It e sinstdt
ds Ty
12 .[(—2te_t2) sin st dt
2\Vm

Integrating by parts,
a_1 \E
ds 2\V=n

[ee}

. _t2
sin ste

1

-5 I cos st.e” dt
09

EaTS)

S je_tz cos stdt
2

0
ﬂ
ds
dl -s

= —=—1ds
| 2

= —%1 [using (1)]

2
Integrating, log I = —ST +log A

- [=A e Q)

14



when s =0, from (1), [ = \/Z j e_t2 dt
T
0

o [2An_ 1 0

2 A2
Also whens=0, from(2) = [=A ...(4)
1
from (3) & (4), we get A= —
(3) & (4), we g 72
: -s2/4
o(2) gives 1=

1
—e
V2

2.2 1 *l(ij
Extension :- F. [e ® " |=—.—¢ #\?

V2

= Fle™®" ]= i eE [using change of scale probability F[f(at)]= LF(Ej
a

a2 |a |

[

Ifa= L,wehave

V2
F [e—t2/2]:e—sz/2
Self-reciprocal function:
A function f(t) with the property that F[f(t)] = f(s) is said to be self-reciprocal under

2
Fourier transform, e.g. the function ¢™* BT self-reciprocal function under F.T. The function

2
e /2 isalso self reciprocal under F.C.T.

2 2
To prove :- F, [e ™" /2] = ¢ /2

2 2
Let t/2] eS/2

F.[e
2% 2
= \/:_[e”2 cosstdt= e /2
o

Differentiating w.r.t. ‘s’ on both sides, we get

2 2
Fs[t e—t /2]:Se—s /2

t2/2

Hence the functiont e '~ is self-reciprocal function under Fourier Sine Transform.

15



. 1, [t|<a
Example. :- We know that if f(t) =
0, |tpa
2 sinsa
Then F(s) = \/7 ,s#0 ...(1)
TS
By definition of F. T., F(s) = — | f(t) e ™ dt
|
then f(t) = 1 TF(S)G_St ds
N2m
Put F(s) from (1), we get
1 % [2m sinsa
f(t) = — e ds
\2Tm _'[o S
% . 1, tl<
= f(t)—l LN tsa
T 0, [t|>a
LH.S.= 1 I S 54 [cos st + 1 sin st] ds
TS
1 I SINSA s stds + - I SIS Gin st ds
TS TS

Since integrand in second integral is an odd function, so the integral is zero

1 % sinsa
= L.HS.=— cos st ds
n —0o0
o . i , |tl<a
sinsa
= J cos st ds=40 , |t|>a
S
- n/2 [tl=a
n/2 |tl<a
smsacosst
or j =10 : It>a .(2)
n/4 [tl=a

Evaluate J‘%
Solution : Putt=0,a=11in(2), we get

16



sin’s
j—ds == when || < a.

Relation between Laplace Transform and Fourier Ttransform

Consider the function
—xt
f(t) = e ot, t>0
0 , t<0
Taking F.T. of f(t),

e S f(t) dt

F[f(6)] = F(s) = \/;_n

—

J‘e—ist e—Xt d)(t) dt
0

5]

J.e—(x+is)t (I)(t) dt
0

[l
ﬁ~
a

= \/;_nje_pt ¢(t) where p=x +1i
0

= F[fit)] = ﬁuwn

F.T. of Derivatives
If F[f(t)] = F(s) & f(t)—>0 as t—* oo, then

Flf'(t)]=1is F[f(t)]=1s F(s)
Proof :- By definition,

FIf ()] = — jf (H)e ™ dt

A‘

[—lst(t)]f i j F(t)e ™ dt

1 % ,
=is. — |f(t)e™" dt O f(t)>0 as t>+ ©
\/%[O() [© f(t) ]

=  F[f'(t)] = is F[f(t)] = is F(s)

Now

17



F[f"(t)] = is F['()] = (is)* F[f(1)]
In general, we have
FIf™(0)] = is F[{" V(1))
= (i9)" F[f(t)] = (is)" F(s)
Find Fourier sine & cosine transform of f'(t), f''(t).

Derivation :- By definition

F[f(t)] = \/% Tf'(t) cos st dt

0
= \/E[COS st £(0)]y + s\/Z jf (t)sin st dt
T T 0

Assuming f(t) — 0 as t—oo,

=  FJ[f'D]= \/2 f(0) + s Fs [f(1)]
T
FJf'(t)] = \E Tf'(t) sin st dt
n 0

= \/Z[sin Stf(t)];’)o - s\/Z Tf(t) cos st dt
T 5

Assuming f(t) — 0 as t—oo,
2 o0
= Fyf'(t)]=— s‘/—J‘f(t) cos st dt
T
0

— Fy[f'(t)] = —s F[f(t)]

Now

F[f"(0)] = —\E f(0) +s Fs[f (D]  (using (1)

=—f(0) \E +s[=s F[f(D]] [By using (2)]

= F{f"(0)]=-F(0) %—sz FL[£(0)]

and  Ff"(t)] =—s F[f(t)] [using (2)]

(D)

.2)

..03)

18



—_g {_ \/Zf(O) +3 Fs[f(t)]} [using (1)]
T

=  Kf"@®]= \E s f(0) — s FJ[f(1)]

Theorem:- If F[f(t)] = F(s), then
dIl

F[f(t)] = ()" F[t" f(t)],n=1,2, 3
Proof:- By definition,
F[f(t)] = F(s) = ﬁ j f(t)e ™ dt

Differentiate w.r.t. ‘s’ under integral sign, we get

00

—F( j f(t) (e dt

= ﬁ j f(t)(—it) e ™™ dt

d : 1 T —ist
= L FO=(D) [tfe™dt

Vam -,

= YR = i) P )]
ds

d2 1 < . 2 —ist
Now ——F(s)= —-it)” f(t) e™ dt
T FO) IGHRO

AL

— iy \/;_ th ft) ™ dit
L

d2
= d—F(s) (—0)* F[¢* f(1)]

Generalising the result, we have

dn

F[f(t)] ()" F[t" (Y], n

Theorem :- If F[f(t)] = F(s)

(4

19



and Tf(t)dt =F(0)=0

—00

then F { j.f(x)dx} = .lF(s)
- is

t
Proof : Consider ¢(t) = jf (x)dx

Then ¢'(t) = 1{(t)
Hence if F[d(t)] = D(s),
then  F[¢'(t)] = F[f(t)] = is O(s)

S @)= iF[f(t)]

= D(s) = ?SS)

= Fgol- Y

18
-~ F jf(x)dx =,iF(s)
o 1s

Convolution :- Let fi(t) and fi(t) be two given functions, the convolution of fi(t) & fa(t) is
defined by the function

f(t) = ﬁ j f,(x) fo(t — x)dx

= fi(t) * £2()
Special case :-
fi(t)=0fort<0
fH(t)=0fort<0

Then
()= (0) * (1) = ﬁ [0t =) d
1 0 t 0
Proof :- f(t) = o _jw £, (X)F, (t—x)dx + ! £,(x)f, (t—x)dx + ! £, (x)f, (t—x)dx

20



NowI; =0 [Ofi(t) =0 fort<0]

N

Now whent<0 = f(t)=0

and = —— j £, (x)f, (t —x)dx
n t

whent—-x<0 = fH(t—-x)=0
= Ht—-x)=0fort<x orx>t

Sol;3=0 [O® f)(t—x)=0 forx>t]

1
Using (2) & (3) in (1), we get f(t) =
g g o

Commutative Property:

fi(t) * £2(t) = f2(t) * £i(t)
Proof :- By definition,

f;* £, = L Tfl (X) fz(t - X)dX

N2m

putt—x=y = dx=-dy
when X = —00, y = 0

and when x =, y = —©

—00

= s [ Y B )

o0

NP

1 o0
=  fi*h=— jfz(y)fl(t—y)dyzfz*f1
n—oo

Associativity property

(fi * ) * f3 = fi *(fz * f3)
Take g(t)=f1 *f,

h(t) = f; * 3
Then (1) becomes, g(t) * f3 = 1] * h(t)

j f,(x) f(t — x)dx
1

(D
.2

..03)

(1)

21



Convolution Theorem (or Falting Theorem) on Fourier Transforms
If F[fi(t)] = F1(f)
F[£5(t)] = Fa(s) i.e.
F[fi(t) * £2(t)] = F1(s) Fa(s)

where

fi(t) * f£(t) = ﬁ .[fl (x) fo(t — x)dx

Proof :- We have by definition of F.T.,

F[fi(t) * £5(t)] = )+ H(t)] e ™ dt

1 o0
o I[ﬂ (t
1 o0

1 N —ist
:EL E_Lf](x)fz(t—x)dx}e dt

[By using definition of convolution]

changing the order of integration, we get

FIEW * £0] = = [£,00] 2= [Fa(-we™ dt}dx

1% 1% . .
= £ (x) —— [f,(t—x)e™ e (¢t |dx
m_j@m )_m_ij ) }

1 7 1 7 ~ -
fi(x)| — | f,(y)e ™ dy [e ™ dx
\/%L 1 ){m_jwz(y) y}
[By putting t—-x =y = dt=dy]

L

(L

= F[fi(t) * B(D)] = j f,(x)e™™ F, (s)dx

9]

= Fa(s) I dx

ﬁ j f(x)e
= F[fi(t) * (t)] = Fi(s) Fa(s)

* The convolution can be used to obtain the Fourier transform of the product of two functions.

22



By definition of F.T., we have

FIR () £0] = ——= [H 006,00 ™ dx
LU

NP

By using inverse F.T. of f5(x), we get

F[fi() 201 = ﬁ J £ (X){ﬁ | Fz(s')eis'xds} e ™ dx

= ﬁ I ds'F, (s‘){ﬁ J-fl (x)e_i(s_sv)xdx}

= FIR) B0l ﬁ [Ey(s)Ey (s —s)ds'

=Fy(s) * Fi(s) [By using definition of convolution]

= FIfi(t) B(t)] =F, * F,
= FIfi@) BO)]=F *F,

IfF(z) = f(t) e ™ dt

perd
2m °,
Then inverse function f(t) = IF(Z) e dz

I
V2n

Example :- Find F.T. of f(t) = ¢l and verify the inverse transform.

Sol. Now |t| =t fort>0

[t| =—tfort<O0
So
e! , t<0
f(t) =
e , t>0
F(z) = ! Tf(t)e_m dt
V27

—00

0 0
1 . B .
_ |: I et(l 1z)dt n J'e t(1+1z)dt
—00 0

23



B U D S U A S
Var|1-iz l+iz| 2m (1+2°)

We can invert the transform using contour integration (Residue theorem). First consider t > 0,

then
1 T 1 2 17 e*
f(t) = 2z =— dz
© \/271_‘[0«/27rl+22 7['[Ol+z2
izt
LT S

where c is the contour shown in figure.

-R

izt
There is a simple pole at z=1and Res (z=1) = Lim & = 1_ e
=i (z—-1)(z+1) 2i

Therefore by Residue theorem,

© -t
lj. " :—21t1 © =e
i Ool+z 2i

Consider t <0, then we choose the contour with a semi-circular arc lying below the x-axis where

c is the contour shown in figure.

Therefore there is a simple pole at z = —i.

(z +i)e” e

2o (z+1)(z—1) -2

Res(z=-)=L
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But in this case contour is in clockwise direction, hence the desired result is

0 i t
lj ¢’ =—27t1 —° =¢'
T Ool+z 2i

At t= 0, we can evaluate directly

%]il+z ~fan2)", %B_(—z_ﬂﬂ

=1

sinwt, 0<t<o

Example : Find F.T. of f(t) = .
0 , otherwise

or f(t) = sin wt H(t)

where

H(t) = 1, t>0
0, t<0

is a unit step function or Heaviside’s unit step function.

Sol. Now F(z) =

J.sm wt e dt
T

T|: " ' tj| e—izt dt
To

T it(w—z) _eit(w+z) ] dt
0

—it—-w+2)

1 e eft(erz)
20| —i(-w+2) —i(w+2) |,

i1
2i|i(z-w) 1(w+2z)

_ -1 —1+1}_ 1|:—ZW+Z W:l
22 2nlz-w z+w ]| 242n 722 —w?
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Here F(z) = is analytic in z-plane except at z=+ w
y p p

-w
5(22—W2)

_l ) izt
Ift>0:-f(t)= — Lim § ——dz
21 Row v 77 —w

where c 1s contour.

There are two simple pole z=w & z = w inside c.

where f(t) = ﬁzﬂz)eilt dz
= \/;_n_]i m(;ZW_Wz) o7t dz
= f(t)= ;—ii%dz
Tl R e
we'™ we™

Res (2=w) = I;E‘?(Z W) (z—=w)(z+Ww) - 2w

_e
2
izt —iwt
Res (z=-w) = Lim(z + w)— % = e
7w (z-w)z+w) —2w
— _—1€_th
2

Therefore by Residue theorem,
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~
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a
=.
~
~
wn
[
=
o
-
=
(]
2.
ol
c
o

2m Roe L z7 —w 27

= f(t) = —i(i sin wt) = sin wt
If t <0, we choose the contour with a semi-circular arc below x-axis & since there are no poles

inside the contour, the result is zero.
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LESSON-2 APPLICATIONS OF FOURIER TRANSFORMS

Solution of Ordinary Differential Equation

Consider the nth order differential equation

1ny ]n—ly ]y
—+4a ,—+...+a,— +ay=1(t
dt" - dt™! : dt y=1m

Taking F.T. of both sides,

[an (i5)" +a, (is)"" +...+ ai(i s) + a] F[y(t)] = F[f(t)]
Let  F[f(t)] = G(s)

Fly(®]=Y(s)

P(is)=ay(is)"+an (is)" ' +...+ais)+a

Ay

is a polynomial in (i s).

G6)

Then we have Y(s) = —
P(is)

Taking inverse F.T., we have the solution is given by

TY(S) ¢ ds

1
y(t) = E

Example:- Solve using F.T. technique
d? d _
dT§+3d—iI+2y=e't' (D)
Solution :- Taking F.T. on both sides,
[(2)’ +3(i2) + 2] Fly(] = F[e "]
S )
y N2m 1+ 7

2

1
mg gy L
P(@iz)

= Y(z)= where Y(z) = Fy(t)]

= 1 T 2 e” dz

PO 2w A Jam (L4 2)[(2) +3iz+ 2]
]9 e dz

(2" +1)(~2" +3iz+2)
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_ __1 © eizt dZ
n ° (2 +1)(z" -3iz-2)

—-17% e dz
n - (z=1)(z+1)(z—-1)(z—-21)

—17% e dz
T (z+i)z-i)(z-2i)

Fort>0

The singularity within the contour are a simple pole at z = 2i and a double pole at z = 1.

Res. (z=2i)= Lim— 220"
22 (z+1)(z—1)"(z—21)

izt

e
t—
22 (z+1)(z—1)

-2t
=1
= e. ) :_.e_zt
3i.1 31
Y izt
Res. (z=1i) = Lim 9. (2=1¢

=i dz (z+1i)(z - i)z(Z —21)

. d eizt
=Lim——m———
z—i dz (Z + 1)(2 — 21)
1 N izt /- _ izt NS
—  Res.(z=i)= LipZrDE- e i -e @z+i-2)
! [(z+i)(z—2i)]

_ Iyt (z+i)(z-2i)it)e™ —e™(2z—1)
2o (z+1)*(z—2i)’

_ 2i(=i)(ie —e
4i* (i)’

_ 2itet —iet  2ite™' —ie™

A=D1 4

+io, 2ite™ —ie‘t}
+

-1, .
y(t) = ?.Zm{ 30) e 2
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| die™ +6itet —3ie™"
21
12

=%[6ite_t—3ie_t+4ie_2t]

(6te" -3¢ +4e™

N~

% el +te! - % e ...(2)

Verification :- Put (2) in L.H.S. of DE. (1) we get

2
LHS. = d_g/ RELN 2y = i[ze_m (2)+e'—te™ + le_t}
dt dt de| 3 2

+ 3[_—46_2t +e ' —te" +le_t} +ie‘2t +2tet—¢"
3 2 3

LHS. = _—46:’2‘(—2)_—36t —e'+te —4e +2e’t —3te™
3 2 2

4 _ _ _ _ _ ~
+§ezt+2tet—et:2et—et:et

Fort<0

izt

(z+1)e

Res. (z=-i) = Lim - > -
z>-i(z+1)(z—1)"(z—21)

¢! e e

T (2053 AD(3D)  12i

t et

1
So y(t)Z?(—Zm)%zg .0)

Verification :- Put (3) in L.H.S. of (1),

2 t t t
L.H.S.=d—§'+&+2 _dje |58, 20
dt 6 6

a7 Tl 6
t t t t
= e_+3i+2i:6i:et. Hence verified.
6 6 6 6
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Example:- Solve using F.T. techniques

d’y 3dy
— 4+ ——+ 2y = H(t) sin wt
a2 de Y ©
Solution :- Then we have on taking F.T. on both sides,
| w
iz)’+3iz+2]Fly(t)] =
[(i2) 1 Fly(®] N
171 w e”dz
Then y(t) =
y® A 27 _J;O \21 (W2 — 7z’ j(—z2 + 31z + 2)

T e dt

= yH= =
Y (22— w2 —3iz—2)

27

—00

_ ET elzt dt
21 (2> —w?)(z—i)(z - 2i)

Fort>0

(M

In this case singularity are at z =+ w, z = 21, z =1 and all these lies inside the upper half

plane.

z—2i1

Res. (z=2i)= Lim{ - -
(z—w)z+w)(z—1)(z-21)

(z-2i) e™ }

2 2 )
e ! e ! ie™

T Q—wQ2itwi —Gtw)iE wi+4

Res. (z=i)= Lim{ ), eij . }
(zi-)(z-2i1)(z" —=W")

Z—1

B e e'i e

S CiCl-w?) (Cl-w?) i(wi4)

izt

Res. (z=w)= Lim (z-—we ; .
ow (z—-w)(z+wW)(z—1)(z—21)
_ eiwt B eiwt

2w(w —i)(w=2i) 2w(w>-3iw —2)

Res. (z=-w)= Lim (z+w)e" : .
z>-w(z—w)(z+w)(z—1)(z—2i1)
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—iwt —iwt

3 e B e
- (2w)(—w —1)(—w — 21) s 2w(w +1)(w + 21)

e—iwt _ e—iwt
= Res. (z=-w) = 5 : = 2 .
—2w(w” +3iw —-2) 2w(w~ +3iw - 2)
. Dt .t iwt —iwt
() = 2w ey ° —— = :
21 w +4 —(w +1) 2w(w—-1)(W—=21) 2w(w+1)(W+21)
_ We—2t we—t 1 eiwt —i e—iwt

+ +_ . . . . .
wi+4  wi4l 2(w-i)(w=2i) 2 (W+i)(w+2i)

For verification :-

) - 2we ™ _owe ' we ™ _ we ™
T N i a T Wil 2w—i)(w=2i) 2(w+i)(w +20)
—4we™  we'  —iw’e™ iw?e ™
=  Yy'=——7 +— ; —+ , ,
w +4  wo+12(w—-1)(w—-21) 2(w+1)(w+21)
Then
—4we?  we iw?Ze ™
y'+3y' +2y=— +— " , ,
w +4  w +1 2(w+i)(w+21)
—iwZe™ . 6we _3we 3we™
Wiy w-20) w'+4 wi+l 2(w-i)(w-20)
—3we ™ 2we?' 2we™ 2ie™ — wie ™

2(w +1)(w +21) wlid " w’+1 ' 2(w —1)(w —21) 2(W +1)(W + 21)

—iwt
= "4+ 3y + 2y = iw? —3w-—2i
Y Y S (W 20) - |

iwt

N e
2w —i)(w —2i)

[ w? — 3w + 2i]

- —iwt . iwt 2 .
_ 16? _(w? + 3iw —2) ie (W' 3iw ' 2)
2(w +1)(w +21) 2(w —1)(w —21)

. iwt —iwt
-1 _ .o € —¢C
=_(elwt_e lwt):_IZ -
2 21
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= y" + 3y’ + 2y = H(t) sin wt

Hence y"" + 3y’ + 2y = sin wt. H(t) is verified for t > 0.

for t <0, there is no pole inside the lower half plane so residue = 0.
y(t)=0
y'" + 3y’ + 2y = H(t) sin wt is verified.

Fort <0.
fort<0,H(t)=0

So R.H.S. of (1) is zero.

And equal to L.H.S. Hence verify the result.

—at

e
Example: Find FST of

—at

Solution :- The sine transform of function f(t) = ©

= F{[f(t)] = \/%Tf(t) sin st dt
0

0 —at

S

Differentiation w.r.t. s, we get

0 —at o0
ﬂ:—F J(f(t) = \/7 .tcosstdt = \/Zje‘r’lt cos st dt
Ty
21 ™ . N
= 1|—| 9 (—a cos st + ssinst)
Tl a+s

0
~  Yerrm= \F a4
ds m a’+s> ds

Integrating we get,

sin st dt ...(1)

j—F [f(t)] = j

a+s

=  I=FJf(t)] = \/% tanl(zj +A (2

33



where A is constant of integration. For s = 0, we get from (2),

I=\/§(0)+A = 1=A ..03)
T

when s =0, from (1), 1= \/ZT(O) dt=0 ...(4)
o

from (3) & (4), we get
A=0

Hence the required FST of given function is

[

Solution of partial differential equations (boundary value problems)

Example: - Determine the distribution of temperature in the semi-infinite medium, x > 0 when
the end x = 0 is maintained at zero temperature & the initial distribution of temperature is f(x).

Solution :-

Heat equation is given by

611(X,t) _ C2 52u(x,t)
ot ox?

where u(x, t) is the distribution of temperature at any point x and time t. We want to determine

,x>0,t>0 (D

the solution of (1) subject to initial condition u(x, 0) = f(x) ...(2)

and the boundary condition u(0, t) =0 ...(3)
Since (u)x- 1s given, we apply F.S.T.

Denote Fy[u(x, t)] = u,(s,t) =u, and F.[u(x, t)] = u,

Taking FST of both sides of (1), we get
[2%6u [2%0°
—I—sin st dx = ¢? —J.—lzlsin sx dx
Ty Ot T OX
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© 2
= 2 Iu51nsxdx—c J.— sin sx dx
V dt Vn ox?

= \/7 J.u sin sx dx = — F sfu(x, t)]

) lz{au : T [27 du
=C 4, [—| =sinsx| — —Is—cos sx dx
n| Ox 0 Ty, OX

= du =0-c’s —I—cossxdmf@—)Oasx—)oo
dt T OX
2 %+ 0u
=—Czs\/7_[—cossxdx
T, OX
2 2
=% [ ~[u(x, t)cossx ] —c’s’ Iu sin sx dx
T i
d_

dt

du; =¢? {\/Zs u(0,t) — szﬁs}
dt T

By using (3), u(0, t) = 0, we get

= d—ﬁs +0282ﬁs =0
t

Also taking FST of (2), we get
Fs[u(x, 0)] = F[f(x)]
= u,(s, 0) = t_“s (s)
from (4), we have (D + C* 5% u, =0
Auxiliary equation is m + ¢* s* = 0
= m=—c’s’
Solution of (4) is
U(s,t)=T, =Ae™

To find A, we use (5), from (*), we have u (s,0) =A

, (2 _ :
—u, = =c?,[=su(0,t) —c’s’ u,; assuming u—0 as x—o
T

(4

.05

(%)
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= A=f/(s) [using(5)]
Hence solution is
— r —c%s%t
u,(s,t) =f (s)e
Taking inverse FST, we get

F[U,(s,0)] = F'[F (s)e "]

200
= ux,t)= \/:J.ﬁ sin sx ds
To

=  ux,t)= \/2 J.fs (s)e_Czszt sin sx ds
o

This is the required solution of PDE.

Example:- The temperature u in the semi-infinite rod 0 < x < o (or x > 0) is determined by

equation
2
M _gdu
ot ox

subject to conditions
(1) u=0whent=0,x>0
re.u(x,0)=0

(i1) ? = —u (a constant) when x =0,t> 0
X

ou
re. —(0,t)=—
ox 0, =-n
or ux(0, t) = —u
ou
Solution :- Since (—j is given,
[8)

x=0

So taking Fourier cosine transform of both sides of (1),

200 200 2
—j@cos sx dx =K —J.a—lzlcos sx dx
Ty Ot T, 0X

= iﬁc (s,t) = K\/E[QCOS SXj| +K s\/zj@sin sx dx
dt n| 0x 0 T, O0X

(D)
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= iﬁc = —K\/g(@j + Ks\/zj.@ sin sx dx
dt T\ 0X /) T, OX

pyssening > 0|
Byassumlng&—>0asx—>oo

= —u —K\/EquKs %usmsx KS\/ZIuscos sx dx
T T T

[2
=K, [=pn—Ks™0, ifu—0 as x—wo
T

= iu +Ks? u, —K],L\/E ...(2)
dt T
2 un
ﬁc:\/7 2(1_ _KSt)
TS
2 o0
u(x, t) = _uj«coszsx a _e_KSZt)dS

S

This is linear DE of Ist order.

2 2
LF. eJks dt _ e kt

2
Solution of (2) is U™ = [Kyt |~ e dt + A
T

= u.c’ _A+Ku\/Ee _A+—\/7

= T =AM+ \E% ..(3)
TS
_ 2 u
Putt=0 = T,(5,0)= A+ |~ (4
TS
from condition (i),
u.(s,0)= Iu(X,O) cos sx dx=0 ...(5)
0
2
4,5 =A== 5
TS
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(3) = ﬁc :\/z%(l_e_k%t)
TS

Finite Fourier Transform :-

Finite Fourier Since Transform :- Let f(x) denote a function that is sectionally continuous over
some finite interval (0, A) of the variable x. The finite fourier sine transform of f(x) on the
interval is defined as

x
fy(s) = If(x) sinsnTX dx where s is an integer
0

Inversion formula for sine transform

f(x) = %Z f.(s) sinsnTX for the interval (0, A).

s=l1

If (0, ) is the interval for fy(s),
2 )
f(x) = —Zfs (s) sin sx
T =1

Finite FCT :- Let f(x) denote a function that is sectionally continuous over some finite interval

(0, L) of the variable x. The finite Fourier cosine transform of f(x) on the interval is defined as
& STIX
fu(s) = If(x) COST dx where s is an integer,
0
If (0, ) is the interval,

fu(s) = i.zf(x) cos sx dx
0

Inversion formula for FCT

1 2 STTX
fx)=—-f (0)+—> f (s)cos—
() = ~£.(0) kgc() y

A

where f.(0) = j f (x) dx
0

If f(x) = 1, (0, ), then

fi(s) = J.sin sx dx = (ﬂj
0

S 0
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»n | —

[—cossm + cos0] = 1[1 —(-1’]
S

and  £(s) = [cos sx dx = [S‘“SXJ =0 ifs=1,2,3,....
0 S Jo
If s =0, then

f(s) = jl. dx =7
0

ou o*u

Find Finite FST and finite FCT of a—, y ,ux,t) for0 <x <A, t>0.
X

Solution :- By definition, finite FST of % is

A
£ = | M i 5™ dx
Jox "

A
=sin S7t—Xu(x,t) — s—n_[u(x,t)cossn—X dx
A Ay A

0

A
= fS(S) =F; |:@:| = ﬁ u(x, t) cos STX dx
x| A A

_p |Qu|_—sm
= fi(s) = Fs [6}(} == F.[u(x,t)]

ou

X A 0

= % Fs[u(x, t)] — [u(0, t) — u(A, t) cos smu]

0%u

To calculate the finite FST & finite FCT of ? ,
X

Replace u by % in (1) and (2), we get

2 p—
Al :ﬁp{ﬁ}
0> A ox

(1)
A S

F. [—} = j@cosm—xdx = cossn—xu(x,t) + js—nu(x,t)sinm—xdx
"0 A o A A

.Q2)
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_ St st st _
=— [ - F, (u)} = {u(0,t) —u(A t)cossn}
_ —s'r? ST
= ———E[u]l+—[u(0, t) —u(}, t) cos sr] ...(3)
73 A
2
Similarly F, B%} - +—;“F {%} — [uy(0, 1) — uy(h, 1) cos s]

- %(%) Fclu(x, t)] — {ux(0, t) — ux(A, t) cos st]

2,2
_=s'm
=—

Example:- Use finite Fourier transform to solve

F [u] — {ux(0, t) —ux(A, t) cos sm} ...(4)

a2
ot ox’
u(0,t)=0,u(4,t)=0

u(x, 0)=2x when 0 <x <4,t>0.

(1)

Solution :- (u)x - is given, we apply FST.

Here A = 4.

Taking Finite FST of (1), we get
tou . (smx t0%u . (smx
I—sm — |dx = | —sin| — |dx
) Ot 4 v dx 4

Writing u = FJ[u(x, t)], we get

2.2
A =5 g 50,0
dt 16 4

[Using equation (3) in previous article and given condition]
d s°m® _

—u, + u, =0
dt 16

=

—sznzt

=  u/s,t)=Ee ¢ cn (%)

To find A, we will take finite FST of u(x, 0) = 2x, we get
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u,(s,0) = I2x sm( )dx
4 4
= {X(— cosﬁ}—} + 2. —Icos—xdx
4 )sm STy, 4

4
oyt 10,8 sin(ﬁ}i
ST ST 4 )sm|,

16

=217 <0)
ST
32
=(-1)*"" == =-"cossn
ST ST
from (*), u (s, 0) = A
A= —"cossm
ST
32 _527]:2
Hence u,(s,t) = ——cossne '°
ST

Taking Inverse Finite Fourier sine transform, we get

2 2
2&(-32 =T STIX
u(x,t)= —>» | ——cossm [e '® sin
0= 25~ Reoss]e " snf

s=1

_16 &cossm |, ((smx ) it
u(x, t) = . SZ:; . sm( 1 je 16
Example :- Solve the equation
au_,0%
ot ox’
subject to conditions
(1) u(0,t)=0

(i)  ux,0)=¢"
(i)  u(x, t) is bounded when x >0, t> 0

Solution :- Since (u)x -y is given, so taking FST, we get

(D)
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\/Ej.%smsx dx —\/7'[2Tsmsxdx
\/7 ju51nsxdx—\/7j.2—51nsxdx
\/7J‘u sin sx dx = 2\/7Ia—smsxdx

d_ 2 ou” ou
= —u, =2 sinsx— —sjcossx—dx
dt oX/Jy O0x
—2\/7(0) 2 —s_[cos sx—dx

[assumlng . —>0asx — oo:|

= iu = 2\/2{— s(u(x,t)cossx), — szjsin sxu(x,t)dx}
T

0

2 < .
-9 \/:{_ g2 '[ u(x,t)sin sxdx} [assuming u(x, t) -0 as x—0]
n 0

= -2¢ \/Zju(x,t) sin sx dx
T

d
=  —u +28’Tu, = (2
dt
AE.is D+25°=0
2
Solution is U, (s,t) = Ae ™" ..(3)
To find A, taking FST of condition

(i)  u(x,0)=¢"
Taking FST, we get
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u,(s,0) =\/Z_|‘€:_X sinsx dx
T
2\/%1+ss2 att=0 (4

ax

5—— (asin bx — b cos bx) takinga=—-1,b=s

® using |e* sinbx dx =
{ gj a“+b

I2
and then taking lim, we get >
nl+s’

Putting t =0 in (3), we get
u,(s,0) =A ...(5)
from (4) and (5), we get

AT \E(nsszj

Putting value of A in (3), we get

U, (s,t) = \/%(ﬁ) o5

Taking inverse FST, we get

u(x, t) = \/7 ( J 2% Gin sx ds
T 1+5s

— 2 . : : 1 1
—— J' I " sin sx ds which is required solution.
+5°

Example: Solve the equation
8u 62
ot x>

subject to conditions

H w0, )=0

(D)

X, 0<x<1

(i1) u(x, 0) = {0 , <> 1
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(i)  u(x, t) is bounded

Solution :- Since (uy)x - is given, so taking FCT of (1), we get

2
\/5 @COSSX dx—\/ij.—cossxdx
ot ox?
\/7 J.ucossxdx—\/ij.—cossxdx
T
d_ \F(au j ou
—Uu, =,[—|| =cossx +sjsmsx—dx
dt |\ OX 0 Ox

[® u—0 as x>0 = ux =0 as x—0o0 and also uy(0, t) = 0]

iﬁc \E[(o —0) + s[sinsxu(x, t)]7 —s” Tu(x,t) cos sx dx
dt T 0
= —u —\/7(—3 )jcossxu(x t) dx
o (27
= (-s") \/:Iu(x,t)cos sx dx
T

d_

=  —u,=-s"1,
dt

=Yg ism -0 .(2)
dt

AE.isD+s=0
2
~. solution is U_(s,t) = Ae™" ..(3)

Now to find A, taking FCT of condition (ii)

u,.(s,0) = \/%J.u(x,O) cos sx dx
0

1
1/2J‘Xcos sx dx [OBu(x,0)=0,x>1]
yis

0

2 sinsx ! L sinsx
= —Hx } —'[ dx}
oL s Jo 3 s
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. 1
2 |sins COSSX
m| S S 0

2 {sins COSS —1}
= . |— + att=20

I S S2

Putting t = 0 in (3), we get

ﬁc(sa O):A :>A:\/2|:SIHS+COSi—1}
T S S

from (3) and (4), we get

_ 2|1 sins coss—1]| _2
U, (s,t) = ‘/—[ +— }e St
T s S

Taking inverse FCT, we get

u(x, t) = \/%J.ﬁc (s,t) cossx ds
0

2%(sins coss—1) _o
= u(x, t) = —J. + — |e™" " cos sx ds
Ty\ S

S

which is required solution.

Example:- Solve the equation

24
Subject to condition
(1) u(0,t)=0
()  u(x,0)= {1’ 0<x<l whent=0
0, x>1

(i)  u(x, t) is bounded.

Solution :- Since (u)x - is given, so taking FST of (1), we get

© 2
\/5_[@51nsxdx—\/7j—smsxdx
ot noax
\/7 J‘usmsxdx—\/ij.—smsxdx
ox?

(4

(1)
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d |27 . 2. oul” [27% ou
— —Iu sin sx dx = ,|— [sin sx— | - —Jscossx—dx
dtVm n ox |, Ty ox

= iﬁs =(0) - ESI@ cos sx dx [assuming a —>0asx > 00}
dt T, 0X Ox
2 " 2% .
=-s —[cos sx.u(x,t)]0 +8,/— I(—s sinsx)u(x,t)dx
T T
= iﬁs = s\/zu(o,t) — 52\/§J‘u sin sx dx
dt T T
=0-5" U, [© u(0, t) = 0 given]
= iﬁs+s2ﬁ5=o ..(2)
dt
AE.is D+s°=0
. Solution is T,(s, t) = Ae™ " ..03)

To find A, we take FST of condition (ii),

=

u,(s,0) = \/%Ju(X,O) sin sx dx
0

1
:\/Zj(l)sinsxdx [®u(x,0)=0forx>1]
T
:\/Z[—cossx}1
i S o
ﬁs(S,0)=\/%[—COSSS+ﬂ: %(1_?88) @

From (3), we have u (s,0) = A ...(5)

Ao 2[1_C055j
T S
(3) = u/s,t)= \/Z(l 08 SJeszt
T S

Taking inverse FST, we get

46



u(x, t) = \/gj‘\/z(l—cﬂje_s% sin sx ds
To\m S

=  uxt)= %J‘(m) sin sx e 'ds
Ty S

which is required solution.
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LESSON 3 CURVILINEAR CO-ORDINATES

Transformation of coordinates
Let the rectangular coordinates (x, y, z) of any point be expressed as functions of (u;, uy,
u3) so that
X =Xx(u;,u,,u;)
YZY(ulau27u3) (1)
z=1z(u,,u,,u,
Suppose (1) can be solved for uj, uy, us in terms of x, y, z i.e.
ul = ul(Xﬂ y,Z)
u2 = u2(X5Y7Z) (2)
u3 = u3(X>yaZ)
Here correspondence between (X, y, z) and (uj, Uz, u3) is unique i.e. if to each point P(x, y, z) of
some region R, there corresponds one & only one triad (u;, uy, u3), then uy, u,, us) are said to be
curvilinear coordinates of the point P.

The set of equations (1) & (2) define a transformation of co-ordinates.
Z u3 curve

P(x,y,z)
(uy,uz,us3)

u; curve
0 y

Uy curve

Co-ordinate surfa§ and curves:-
The surfaces
U =¢C, Up=C2, U3=C3
where ¢, ¢;, ¢3 are constants i.e. surfaces whose equations are
u =w(Xx,y,z)=c
U =w(X,y,z)=C

uz =us(X,y, z) =Cs
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are called co-ordinate surfaces and each pair of these surfaces intersect in curves called co-
ordinate curves or lines.
So u; = ¢; and u; = ¢, gives us—curve
Similarly u, = ¢, and u3 = c¢;3 gives u; — curve
and u; = c; and us = c3 gives uy— curve
So if u; = ¢, and u3 = c3 and if u; is the only variables then point P describe a curve known as u;

curve which is a function of u;.

u;—curve

X
Orthgonal Curvilinear Co-ordinates

If the three co-ordinate surfaces intersect at right angles (orthogonal), the curvilinear co-
ordinate system is called orthogonal i.e. co-ordinates (u;, uy, us) are said to be orthogonal
curvilinear co-ordinates.

Then u;, uy, uz co-ordinate curves of a curvilinear system are analogous to the X, y, z —
coordinates axes of rectangular system.

Unit vectors in curvilinear system
Let szi+yj+zl%
be position vector of P, then (1) can be written as

}fJ: F(111, u, u3)

A tangent vector to the u;-curve at P(for which u, & us are constant) is —
1

Then, A unit tangent vector in this direction is
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o _otiou,
o

ou,
of |éf
or —=€,|—
aul aul
= a—P:h1 ¢, where h, = G—P

1 1

Similarly if €, and €;are unit tangent vectors to the u, — & us— curves at P respectively, then

8_thz éz» a_F=h3é3
ou, du

bl | P

7h — |~
2 ! 81’13

where h, = ‘

The quantities hj, hy, h; are called scale factors.

Also, condition for the orthogonality of co-ordinate surfaces are

o o _ of aF . ofF ofF _,
ou, Qu, ou, duy  du, Ou,

Also the vectors Vu;, Vu,, Vu; at P are directed along the normal to the co-ordinate surfaces
u; = ¢y, Uy = ¢y, U3 = c3 respectively.

So unit-vectors in these directions are given by

E _ Vul E Vu2 E _ Vu3

3

b
|Vu, |

1 2

|Vu, | |Vu, |

uz—curve
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Thus, at each point P of a curvilinear system, there are, in general, two sets of unit vectors
€,, &,, €, tangent to the coordinate curves and E,. E,, E; normal to the co-ordinate surfaces.

The sets become identical if & only if the curvilinear coordinate system is orthogonal.
Arc length and Volume element

From F=F(u,,u,,u;)

df= —du1 oF du, + oF du, (D)
ou, ou,

=h; du; €, +h,du,&, +h;du,e,
Then, the differential of arc length ds is determined from
(ds)* = dt.dF
For orthogonal system,
8,8, =8,8,=8,8,=0

oF oF ofF oF oF of
or . = . = . =0 ...(2)
ou, Ou, Ou, Ou; Ouy Ou,

using (%)
and (ds)* = (% ;u—{?lj(d u,)’

(5_9 G_PJ(d .

ou, Ou

(a—P a—Pj(d 3) 28—P 8—€du1 duz

du; Ous du, Ou,

28_? a—i‘jd d Za—i‘j a—i‘j du1 dLI3

of of of of of of
= (ds)’ = (E a}(d u,)? (Gu_ 8u_j(d 2+ (E 8u_J(d 3)°

[;fj (du,)* + [;f} (du,)’ {fj (du,)’ [using (2)]
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—  (ds)*= h’(du,)* +h2(du,)’ +h(du;)’

where h;

h2:

Then

ou, |

ou, |
of
h3: —| =
au3
Nowif F=F(x,v,2)

8u1 ou, » 8u

F ~ ox
&
ou,

Length along u;-curve

hldul

lk Vul
8
us—Ccurve
h3dll3
hodu, /

- Uy—Ccurve

u;—curve

For this u, & uj are constant.

U =C,u3=¢C

= du2 = O, du3 =

If ds; — differential of length along u;-curve (dsl)2 = hlz(dul)2

= ds; =h; du,

Similarly length along u,-curve is
ds, =h, duy

and length along us-curve is
ds; = h; duy

The volume element

For an orthogonal curvilinear coordinate system is given by



dV = |(h; du; &,).(h,du,&,)(hydu,é;)| [© volume=|4.(bx&)|
= dv =h; hy h; du; du, dus
Differential operators in terms of orthogonal curvilinear coordinates (u;, uz, u3)
GRADIENT
Let ¢ — scalar point function
and  F=fa+£,b+1£,¢

=f e, +f,¢e, +f;e,

1.€. ¢ = ¢(u1, Uy, Ll3)
= ¢[U1(X, Y, Z)a UZ(X, Y, Z)a U3(X, Y, Z)]
0_([):8(pau1+8(p5‘u2+5(p5u3

= ...(1)
0x 0Ou; 0x Ou, OXx Ouy OX
a_(P: 9¢ Ou, n d¢ Ou, " J¢ Ouy .2
dy Ou; 0y Ou, Jy Ouy Oy
% _ 09 0u, , Op O, | Op Ous 03

oz oOu, 6z odu, Oz Ou, Oz
Operating i x (1) + 3 x(2)+ k x(3), we get
Vo =grad ¢ = 8—(qu1 +a—(PVu2 +a—(P8u3
ou, u, us
But ¢, =h,Vu,, é, =h,Vu,, &, =h, Vu,

grad ¢ = Vo = 6_15_(P+e_28_(p+e_38_(p

=
hl 8u1 hz 8u2 h3 8u3

Example:- If (u;, uz, u3) are orthogonal coordinate then prove that

(i)  |Vu|=hp',p=1,2,3

i) & =E

p p

Proof :- (i) let ¢ = u,, then
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|Vul| == = hl_l
[hy [ hy
Similarly ¢ = u,, then
Vu, = L%éz :e_2
2 auz h2
I L 1W
[hy [ hy
Similarly if ¢ = u3, then [Vus| = h;™'
.. . ~ Vup
(i) By definition, E =
[Vu,, |

Results :-
L div(¢f)=V.@f)=¢ divf+ f.Grad ¢
—oV.f+f.vo
ILdiv(fxE)=V.(fx§)=curl f. § —curl §.f
1L Curl grad $ =V x V $ = 0
diveurl f =v.vx f =0

IV. Curl (0f )=V x(¢ f)=grad ¢ x f +¢ Curl f
DIVERGENCE
Consider a vector function
Flu,uy,uy) =1, 8, +1,8, + 1.8,
where (uj, uy, u3) are orthogonal curvilinear coordinates.
F=£(6, x8) + £, x8) + HE x&,)
using €, =h; Vu
¢, =h, Vu,

é3 = h3 VU3

%
f = fl h2 h3(VL12 X VU3) + fz h3 h1 (VU3 X Vul) + f3 h1 hz(Vul X VUQ)

54



dif £=V . T = V.[fihy hy(Vuy x Vus)]
+ V. [f2hs h; (Vu; x Vuy)]
+ V. [f hy hy (VU x V)] (%)
Taking first art,

V. [f] h, h3(VU.2 X VU.3)] =fi hy h3 V. (VUZ X VU.3) + (VU.Z X Vll3). V(f1h2h3)

[By using V. ((I)F) =d V.FJrF. V]
= V.[f1 hy h3(Vu, x Vus)] = £ hy hs V.(Vu, x Vus) + (Vu, x Vug).
V(fi hyhs) ..(1)
= V.[(Vuy x Vus)] = curl Vu, . Vu; —curl Vuz . Vu,
= (curl grad u,). (Vuz) — (curl grad uz). Vu,
=0-0=0
from (1), we get
V . [fi hy hs (Vuy x Vuz)] = (Vu, x Vus). V(f; hy hs)

0 0
=(Vwyx Vuz). | — (f; h, h3) Vu; + — ({1 h,h;) V
(Vuyx Vus) [%1(1 2 h3) Vuy a112(1 2 h3) Vuy

0
+ R(flhzhﬁvw}

e, xe;| 0 e, O e 0 e
== {—(flhzhg)—w—(flhzhg)h—% —<f1h2h3>h—3}

h2 h3 aul hl au2 2 au?) 3
hl h2 h3

0 e 0 e 0 e
= 1 '{a(flh2h3)h_l +8u_(flh2h3)h_2 +E(flh2h3)h_3}

h2h3 1 2 2 3 3
1 0
= _(f1h2h3)
h1h2h3 8l11
=  V.[fi hy h3(Vu, x Vuz)] = ! i(fh h3)
-[11 hp 3 2 3 h1h2h3.6‘u1 11z 3
Similarly V.[f; hs hj(Vus x Auy)] = ;ﬁ(f hs hy)
y V.l 030 3 1 h1h2h38u2231
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1 0
— (G5 hi hy)

and V.[f;3 h; ho(Vu; x Awp)] = ———
[f3 hy hy(Vuy 2)] hhhy Ous

So from (*), we get

0 0 0
{a(flhzhs) +8u_2(f2h3h1) +g(f3h1h2)

3
CURL
Consider £ =f, &, +£,8, + 33
= f=f,h, Vu+fhy Vs + £ hs Vs [©h Vu =8§]
then Curl %}z Vx%} =V x(h; f; Auy)
+V x (h; f, Vup)
+x (hs f3 Vus) (1)
Taking the first art, we have by using property
Curl (¢ F)=V(|)>< F+¢V><E
we get
V x(h;y f; Vu;) = V(h; f;) x Vu; + hy £} (Vx Vuy)
=V(h; f}) x Au; [® Ax Au; = curl grad u; = 0]

= Vx(hf) Vu)) = [aui(flhl)Vu1 +6‘ui(flh1)Vu2 +8ui(flhl)vu3 xVul}
1 2 3
[® By definition of gradient of a function]

= x[hif Vui] - {i(flho%+<f1h1>;—2+i(f1hl>e—3xe—l}

ou, | »  Ouy hy h,
= Vx(hif; Vuy) = h?lzl3 &%(flhl) —ﬁ.auiz(flhl)
Similarly Vx(h,f, Vu,) = hiill auil(fzhz) _3é12 %(fzhz)
and  Vx (hs f3 Vuz) = fl . auiz(f3h3) - h?}213 &%(f} h;)

. from (1),
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2

P& 0 0
Curl f= L |:au—(f3h3)—au—3(f2h2):|

0
b, | ou, —(f}h, )—a(f h )}

0 0
—(f,hy)———(f;h
h1h2 _61,11( 2 2) Guz( 1 l)i|
hlél h2é2 h3é3
_ 1 |8 a8 2
h1h2h3 6ul 6l,12 6‘u3
hlfl h2f2 h3f3

LAPLACIAN OF SCALAR POINT FUNCTION (V? ¢)

Now

Vi =V.(V $)

= V2¢=V.{§u—@Vu1;—@V 2+§u—(PVu3}
1 2 3

_v 1 a@A1+1 acpé2+1 09 2,
h&u h, ou, h; ou,

We know that
P 1 0
V.f= —(f}h,hy)+— (f h;h)+— (f h;h,)
Here put f; = L@_(p

hy ou,’
oo 1 oo

1
ST o, P Thy
2 2 3 3

Therefore

V- 1| 0 (hohsdp) @ (hsh 20 2 (hh, G

)
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CYLINDRICAL POLAR COORDINATES (r, 6, z)

Let P is a point having Cartesian co-ordinates (X, y, z)

OM=x, MN=y(=0Q),PN=z2 /4
P(x,y,z)
y
N 9 z 9>y
X 0 r
y r M
N
&
AN
M X 0
x =OM = ON cos 0
= X =r1cos 0 ...(1)
& y=MN=Nsin 0
= y =r sion 0 ...(2)
and z=1z ...(3)
so we have,
r=qx>+y?
and O=tan' Y
X

Determine the transformation from cylindrical to rectangular coordinates :- Operating equation

(1) + (2%, we get
r2=x2+y2 = r= w/x2+y2

2)/(1) = Y=tand — 0= tan"' (Xj
X X
and z=z.
(ds)* = (dx)* + (dy)” (dz)’ - (4)
Now dx=cos0dr—rsin6do
dy =sinO dr + r cos 6 dO
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dz=dz
4) =
(ds)* = (dr cos 8 — r sin 0 d8)* + (sinB dr + r cos 08d6* + (dz)
= (dr)* (sin0 + cos”0) + (r dO) (sin®0 + cos’0) + (dz)”
= (ds)’ =(dr)’ + (rd0)* + (dz)
Comparing it with (ds)* = h{(du;)* +h3(du,)* +h3 (du;)*
We get,
hi=1,h=r, =1, u =1, u,=0, =2z
Take &, =&,, &, =&, &; =&,
Using these, we have

op, 100, 0D,
grad ®=—e, +——¢,+—¢,
or r 00 0z

where @ is a scalar point function
. P 1|0 0 0
div f =—| —(fir)+—(f,)+—(f
v r[&r( i) 69( 2) 8Z( 31’)}

Ar rée c,
o 8 9
o 00 o0z
f, fr f

V2o L E[raﬁji[laﬂji[raﬁj
rlor\ or ) 80\ro0 ) oz\ oz
0’0 100 1 0*°0 0*0
t——F—+—
2 ro r?oeo? o7’
SPHERICAL POLAR COORDINATES (r, 6, ¢)

Z

(r.9,9)
P(x.y,z)
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OM=x, MN =y, PN =7z, OP=r z=PN=r cos® ON=rsind
In A OMN, x =0OM = ON cos ¢

O
X
[ ]
M y N
= X =1 sin0 cosd
y=MN=ONsinp = y=rsin0sin¢
Now (ds)* = (dx)* + (dy)* + (dz)* (D)

dx = sinB cos¢ dr +r cosO cos ¢ dO —r sin O sin ¢ dd
dy = sin sin¢ dr + r cos0 sing dO + r sinO cosd do
dz = cos0O dr — r sin 6 dO ...(2)
Put the value of (2) in (1) and collecting the coefficients of (dr)*, (d0)*, (d)*, we get
(ds)” = (dr)* (1) + (d0)” (") + (d9)” (x” sin’0)
Comparing it with,

(ds)* = hi(du,)” +h3(du,)” +h3(du;)’

we get
hi=1,hy=r, h3=rsin 0
u =1, wuw=0,u3=¢
. 0D & 00 €, 0D
Sograd®=¢ —+-20—+ 2

+ —_—
o r 00 rsind O

p
div F=—1
r-sin

2 .
Curlfp: 21 ﬁ r sm@&;(b
r sin@|orl (1) or

[g(flrz sin ) +%(er sinf + %(fg)}
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ey rsinf ¢,
o 2
00 op
f,r  firsin®

Vi = ! ﬁ(rz sin6(3;()J+i(sinea;()]+i —‘1 62
r’ sin | or or) 09 00 ) 0o\ sin® oo

’® 200 1 d*®  cosh OD 1 o’
P P RPvy R R BNV S P
or ror r°00° r°sin® 00 r°sin” 0 dp

[

[\S]

=2.

5

D

-
Yo &

Example:- Prove that cylindrical coordinate system is orthogonal.

Solution :- The position vector of any point in cylindrical coordinate is
Poxi+yj+zk

P=rcos®i+r sin93+zﬁ
P= ip(s) %, @, 24 are unit vector
0s Os 0s

The tangent vector to the r, 6 and z curves are given by

oF ofF oF .
—, —, — respectively.
or 00 o0z

where o = cos9f+sin63
or

ox = —rsin6f+rcosej
00

of -
=k
0z
Therefore the unit-vector in these tangent directions are
. Fler
61 - er = |
or||or
. cos01i+sin ] 5L
= e, = ] =cos0 1+sinf]

' Vcos? 0 +sin’ 0
6?/86 —rsin9f+rcosej

‘af’ \/r2 sin?0+r12cos’ 0
00
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. —rsinBi+rcosf] . 2
= €y = =—sin01+cos0 ]
r

_krez -

BT T Rer)

Now ¢,.8, = (cos@f + sin@j).(—sin@i + cosej)

= — c0s0 sin0 + sinb cosd =0
&8, =(cosBi+sinbj).k =0
&y.8, =(—sinBi+cos0]).k=0
&,.8, = (cosOi+sin0F.(cosOi+sinOF
=cos’0 + sin’0 = 1
€y-Lp = (—sinBi+ cos@}).(—sinei + cosG}')
= §in°0 + cos’0 = 1
6,8, =kk=1
This shows that €, €,,¢, are mutually L, and therefore the coordinate system is orthogonal.

Example:- (a) Find the unit vectors €, ¢,, ¢, of a spherical co-ordinate system in terms of

¢

A A

Lk,
Solution :- The position vector of any point in spherical coordinate is
R =xi+yj+zk
= (r sin O cos ¢)i + (r sin O sin ¢) 3 + (r cosH) k

oR &R oR

We want to find —

or’ o0 o
0 . s . A ~
Now e =sin O cosd isinB sin¢d j +cos O k
r
So . éli/ar _sinecoscp§+sin9 sing j+cos0k
' laﬁ/éﬂ \/sin2 0(cos” ¢ +sin? @) +cos* 0
= ¢, =sinb cos ¢ i+sin 0 sing j+cosOk

Also Z—e=rcosecos¢ i + 1 cos 0 sind 3 —rsin® k
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A 8&/8@ B rcosecoscpf+rc0s6sin(p3'—rsin612

So €y = £ =
|OR /00| \/r2 cos? 0(cos” ¢ +sin? @)+’ sin’ 0
_ rcosBcoso i+rcosGsin(p3—rsin912
r
= &y =cosOcosd 1 +cos O sind j—sind k

Also Z—Z—r sinf sind i +rsin@ cos ¢ 3'+6.12
¢
& = 61§/8(p _—rsinOsin(p§+rsin6 coscpj+9.f<

So = =
' |8ﬁ/8(p| \/r2 sin? O(sin” ¢ + cos” )

—rsinfsin@ i+rsinBcosoj

rsin®
= €, =—sin¢g 1 tcos¢ j

Example:- Prove that a spherical coordinate system is orthogonal.
Solution :- ¢,.&, = (sinOcos i +sin@sind j +cos 0 k).
(cos O cos ¢ i+ cos O sin ¢ 3 —sin 0 k)
= cos’¢ sind cosO + sin’p sind cos® — sind cosO

= sin0 cosO (sin’d + cos’P) — sind cosO

€y-€, =(cos 6 cos ¢ i +cosOsind j —sin® k). (=sing 1 +cos ¢ ] )
= —sin ¢ cos ¢ cos O + cosO cos¢ sing — 0
= €&, =0
Also ¢,.¢, = (-sind i + cosd j)(sinB cosp 1 +sind sing ] + cosd k)
= —sind sind cos¢ + sinO sind cosd + 0
= €,€, =0
and &8, =(sin® cosd i + sind sind j +cos 0 k) (sind cosd i
+ sin@ sind 3 +cos0 1A<)

= cos’( sin’0 + sin’¢ + cos’®

63



= sin’0(cos’ + sin’$) + cos’O
= e.6 =1
and ¢,.6, = (cosO cosd i +cos0 sing j —sinB k)
(cosO cosd i +cosO sing | —sinOk)
= cos’$ cos’0 + cos’0 sin’d + sin’

= cos’0 (sin’¢ + cos’$) + sin’0

A

o
=
o
[¢]

0o = (—sing i+cosd j).(-sing i +cosd j)

= sin’¢ + cos’p = 1

This shows that ¢, €y, ¢, are mutually and therefore the coordinate system is orthogonal.

Example:- Represent the vector K = 2yi -z 3 +3x k ...(1)
in spherical coordinates
Solution :- Here x = r sinO cosd
y =1 sin0 sind
Z=r1 c0s0 ...(2)
and & = sin6 cosd i+ sinb sing | + cosO k
¢, =cosfcos ¢ i +cos0 sing 3 — sind k
e, =—sing i+coso ] ...(3)
Solving (3), we get
i= ¢, sind cosd + €, cosO cosd — &, sind
= €, sin0 sind + €, sind cosd + €, cosd
k = &,cos — &, sin® ..(4)
Put (2) & (4) in (1), we get
K = 2r sinb sing( €, sinb cosd + €, cosO cosd — &, sind)

—1cos0 (&, sind sing + & sind cosd + & cos0)
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+ 3 rsind cosd (€, cosO — ¢, sin0)

= K =¢e, (2r sin’0 cos’d — r sind cosd sind + 3 r sind cosd cosd)
+ €4 (2r sinb cosO sin cos¢ —r cos”0 sind — 3r sin’0 cosd)
+ €, (—2r sinb sing — r cosO cosp)

= A- &, 2r sin® (sin® cos’ + cosd sind)
+ €, 1(2sin6 cosb sind cosp —r c0s”0 sing — 3r sin’® cosd)
— €, 1(2sin sin’$ + cos 0 cosd)

= K:Arér+A9ée+A(Pé¢

Example :- Prove that for cylindrical coordinate system (r, 0, z),

Lo =de,
dt
iée = _&r
dt
Solution :-We have &, =cos0 i +sin@ (1)
€, = —sin0 i +cosh j ...(2)

%ér = (—sin 0)&4i + (cos 0)&;]

= %Ar = (-sinB 1 +cos0 J) &:&ée [using (2)]

Also %ée =(—cos 9)@‘} + (—sin0) §‘3

=—(cos 0 i+sin0 3)@

= %éez—&ér [using (1)]

Example:- Express the velocity { and acceleration & ofa particle in cylindrical coordinates.
Solution :- Position vector of a particle P in rectangular coordinates

F=xi+yj+zk
vector ¥ in cylindrical coordinate system is

F =rcosB(cosd &, —sin6 &)



+rsinO(sin O €, +cosb &y)+z¢€,
= P=rcos?0 &, —rcosd sind &, +1sin’0 & +rsind cosd &, +z &,

=  F=re +z8,

Then velocity £ ym

O=se +rfe, + &8, {@ %é o} (D)

Differentiating (1) again, we obtain acceleration g (clf j ?
t?

= §- (Ige +r§‘e +z¢,)

— & 8l sde, o, o6, @ 8l
it it it

d . n d
using aer=§€e, dtee_ &e =0,

we get
B, +88, + 8%, + 8, +rfe, + -G )+ &,
= Ro@ Ry + (o6 28856, + &,

Example: - Prove that in spherical coordinates (r, 0, ¢)

ie = &o=0%, +sin0ge,,

dt

4 &,

€y =€g=—0%, +cosOe,

dt

d,. . . . . %

aeq, =¢g=—sin0€, —cosO &, ()
Proof: - Now ¢, :sinecoscpi+sinesin(pj+coselz ...(1)

%ér = cosBcos @& + sin O(—sin )&

+cosfOcos isin0cos (p(&j —(sin 9)@?42
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= (‘?(cosecosq)f+cosesin(p3—sin9f<)

+sinO@&—sin@i+coso ) ...(2)
using ¢, :cos@coscpf+cosesin(p3'—sin6f< ...(3)
€y =—sinQi+cosg] ...(4)

Put (3) & (4)in (2), we get
d .
—e
dt

Also from(3),

%Ae = —sin0cos & — cosOsin p &

. zfg‘%e +sin0 e,

—sin@sin(p&—cosesin(pq&j—coselz§‘

= §(sin9cos<pi+in6sin(p3+coselz)+cos6(§(—sin(pi+coscpj)

= iAe =—§‘ér+coseéw(&
dt
d A n . . ’:
Also from (4), ae(p =—cosQ@i —sinp&—sin & ...(5)

Taking R.H.S of equation (*)
R.H.S =- sin0&e, —cosgqée,
=— sinet&(sinOCOS(pf+sinesin(pj+cos(91A<)
— cosO@cosbcos (pf + cos0sin (pj —sin0 l;) [using(1) & (3)]
= —sin’ cosh & — @sin’ Osin ¢ j— &sin O cosO k
— 08’0 cosd @i —cos?Osin ¢ ¢&j+sinOcosh &k
= —(&I cos (sin” 0 + cos” 0) — (&3 sin ¢ (sin’® + cos’0)
=—@cos ¢ i—sing j = L.H.S. [from (5)]
= L.H.S.=R.H.S.

So %é(p =—sin0 e, —cosO e,

Example:- Express the velocity { and acceleration & ofa particle in spherical coordinates.

Solution : Position vector of a particle P in rectangular coordinates
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P=xi+ y} +zk vector ¥ in spherical coordinate system is
F=rcos ¢ sin (&, sin® cos¢ + &, cosOcos @ —¢,sin ¢)
+1sin 0 sin ¢ (€, sinOsin @ +¢&, cosOsin@ +¢€,, cosP)
+rcos 0 (€, cosd—¢,sin0h)
= i‘):rér(sinz90032(p+sin29sin2(p+cos2 0)
+1e, (sinBcosOcos’ ¢ +sinOsin’® ¢ cosd —cosOsin)
+ 1€, (—cos@sinOsin @ +sin Osin p cos )
= b= ré, [sin’0 (sin’d + cos’) + cos 0]
+1 €4 [sind cosd (sin® + cos’) — cosO sind]
=r ¢, (sin®® + cos’0) + r €, (sinB cosO — sinb cos0)

= i:]:rér(l):rér
Then velocity Qis €= d—F = i(r e,)
dt dt
= ezgér+ri(ér)
dt dt
= &e, +r(§‘ée +sin0 ¢e,) [from previous eg.]

= &8, +1 &%, +rsind &2, (D

Differentiating (1) again, we obtain acceleration

g_de_d_2?

Tdt de?
= g:%(&ér+r§‘éa+rsin9(&é¢)
. d . . d .
= & +1§E(er)+&§‘ee +r@‘€9 +r§‘a(ee)

+ &in0 €, +rcosd §‘(&é(p +rsin0 &, + r sind q&%(é(p)
= &, + &<, +sin0&e,) + 88, +r &,
+ 162, +cosd &) +8sin0 &e,



+1cos 0 &é®§4|-r sin0 ¢,
+ 1 8in® §—sinOe, —cosOH &e,)
= gzér(&r&—(&r sin? 0)
+ ée[Z&(&kr &rsinecose&]
+ &, [2885in 0 + 2r &icos + 1 sind ]

= g:ér(&r&—rsiﬁ@&)
e [——(r2§§ r sinf cos6 (63}

A 2
+ e Lsmea( sn 9(&} ...(2)

{@ li(r & = (r2&2r&(‘f§—r&+26§and —(r sin? 0 @
r

[r2sin? 0 &+ 2r Ssin’ 0 G+ &r>2sin O(cos0)$

rsin0

=rsin 0 &2 &&sin 0+ 2rFdeosd }

So (2) is required expression for acceleration of a particle in spherical coordinate.

Example : %éw = ¢4 =—sin0 §e, —cosO¢ke,
Solution :- Now ¢, = —sin¢ i+coso 3

d A a . ~

aem =—cos( &i—sinp &j ...(5)
Put values of i and 3 in(5), we get

d, 5 sind . 0 A

aem =—cos@ ¢, sinOcosp+¢, cosOcosp—¢, sing)

—sin ¢ @€, sinOsin @ +¢€,.cosOsinp +¢, cosp)
= —sin® &8, (cos” @ +sin” @) —cosO &, (cos® @ +sin” @)

+ ¢, cos@sing ¢ ¢, cospsino
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= —sinf e, —cosO &&, . Hence Proved.

g 2 A ~ . . .
Example:- Represent the vector A =zi—2x j+ yk in cylindrical coordinates.

Solution :- In cylindrical coordinates,

x=rcos0, y=rsinf,z=z
and ér:cosei+sin93

&y = —sin0i+cosd

¢, =k
The position vector of a particle P in rectangular coordinates is

K = zi+(—2x)}+ y1A<
= Kzzf—Zrcosej+rsin9f<
Solve (2) for i and 3', we get on operating €, xsin0+ ¢, x cos0

= cos0 sind 1 + sin’0 3—sinecos6f+ cos* 0 3
= &, sin® + &, cosd = (sin” 0 + cos” 0)] =3
Similarly &, cos®—&,sin0 = cos?01i+sinBcosh |
- (- sin’0 i+ cosesineﬁ)

= &, cos® — &, sin® = (sin” O + cos’ 9)f+sin90059 j—sin@ cos@j
= &, cosf—&,sinf =1
Put the value of f, 3, k from (3), (5), (6) in equation (4), we get

A= z(€, cosf —¢, sinB) —2rcosO(€, sinO + &, cosO) +rsin O ¢,

= ¢,(zcosO—2rcosOsin0)

— &,(zsinB +2rcos” ) +&, (r sin 0)
= A=AG ARG AR ()
where

A, =2z cos 0 — 2r cos0 sind

Ag=—zsind —2r cosO sind

A,=r1sind

(1)

Q)
..03)

(4

..(5)

..(6)
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Equation (1) is required vector K in cylindrical coordinates.
Example:- Represent the vector K =zi- 2x3’ + y1A< in spherical coordinates (r, 0, ¢)
Solution :- In spherical coordinates,

X =1 sinf cosd

y =r sin0 sind

Z=r1cosO ...(2)
and

&, = sinO cosd i+ sinb sing j+cosOk

¢, =cos0cos ¢ i +cos 0 sin [0} 3 —sind k

¢, = —sind i+cosd ...(3)
Solving system (3) for i, 3 , k by Cramer’s rule, for this we have

sinfcos@ sinfsing cosO
D= [cosOcosp cosOsing —sin6
—sin@ Cos @ 0
= sin0 cosd(sind cosd) + sinb sing (sind sing)
+ cosB(cosO cos’d + cosO sin’d)
= sin”0 cos’ + sin’0 sin’d) + cos’® (cos’ + sin’P)
= sin’0(cos’¢) + sin’d) + cos’0 (1)

=sin%0 + cos’0 =1

A

¢, sinOsing cos0O

Dy=|e, cosOsing -—sinb

>

0 cos @ 0
= €,(sin0 cos) + sind sind (-sind ¢€,)
+c0s0 (€4 cos —¢, cosOsin )
= ¢, sinf cosd + &, cosB cos — €, sin O(sin®0 + cos’0)

= D; = ¢,sin0 cosp + ¢4 cos B cosd — €, sind
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sinfcosp e, cosO

e
D, =|cosOcosp €, —sinb
e

—sin@ 0 0
= sin6 cos ¢(sind ¢, )+ ¢, (sind sing— 0)
+cos 0(¢&, cos 0 cos + & sin ¢)
=sin0 sin¢ €, + cosO sing &, +cosd &, (sin’® + cos’0)

= D, = ¢,sinf sing + ¢4 cos 6 sin ¢ + cosd €,

a>

sinfcos@ sinBsin@
D3 = |cosBcosp cosOsin@

—sin@ cos @ 0

r

0

a> o>

= sin6 cos¢ (cosO sind €, —cosd &)
+ sin sing(—sin¢ &, —¢€,,cosO cosd)
+ &,(cosf cos’d + cos B sin’})

= &, cosO(sin’} + cos’P) +
&y (~sinBcos” ¢ — sind sin’d)

+¢,(sin6 cosO sing cosd — sind cosO sind cosd)

= D; = €, cosO —sinb ¢,
2 Dl A . A A .
Then i =— = €,sin0 cos¢ + €, cosO cosp — ¢, sind
D ?
~ D2 A . . A . A
j =3 =¢,sinfsing + ¢, cosB sing +cos ¢ €,
~ Dy . A
k=—=¢,cos0 — ¢, sinf

from (1), (2) and (4), we get

P A . A A
A(rcosb)(e, sinf cos ¢ +e, cosb cosp — ¢, sind)
— 2r sin0 cosd (€, sinO sind + €, cosO sing + €, cosd)

+ 1 sin6 sind (&, cosO — &, sinb)
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= K =ré, (cosO sinb cosd — 2 sin®0 cos¢ sing + sind cosO sind)
+r ¢, (cos”0 cosd — 2 sind cosd sind cosd)
+r1¢,(-cosh sing — 2 sin® cos’d)
=r & [sinBcosP (cosd + sind) — 2 sin’ cosd sind]
+r1 e, (cos”0 cosd — 2 sin cosd sind cosd)
+r1 €,(—cosb sing — 2 sind cos’0)
= A=A & +A, & +A G,

which is required expression.
Example:- Find the squre of the element of arc length in cylindrical & spherical coordinates
Solution: - In cylindrical coordinates,

x=rcosf,y=rsinf,z=z

Now (ds)* = (dx)* + (dy)* + (dz) 2 ..(D)
as dx = dr cosB® —r sin6 dO
dy = dr sinf + r cosO dO ...(2)
dz=dz

Put (2) in (1), we get
(ds)* = (cos0 dr —r sin6 dz6)
+(sin® dr + r cosd dB)* + (dz)*
= (dr)? (sin®® + cos® 0) + (d0) ( 1 sin’0 + 1* cos’0)
—2r sind cos6 dr dO + 2r sinf cosd dr dO + (dz)
= (ds)’ = (dr)’ +r* (d6)* + (dz)* = h{(dr)* +h3(d0)* +h3(dz)*
In spherical coordinates (r, 0, ¢)
X =1 sin0 cosd, y = r sin0 sind, z=r cosO ...(1)
as  (ds)’ = (dx)* + (dy)’ + (dz)’
using (1), we get
(ds)* = (dr)*+ r* (d6)* + r* sin’0 (d¢)*
Camparing it with,

(ds)2= hlz(dul)2 +h§(du2)2 +h§(du3)2, we get
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hi=1,hy=r,h3=rsin 6
111:1‘,112:9,113:4)

we get (ds)* = hi(dr)* +h3(d0)* +h3 (d9)®

Example : - Find expression for the elements of area in orthogonal curvilinear coordinates.

Solution: -
U3 7] h3dll3 é3

U
P /7

\(/ul

Now area element is given by

dAl = |h2 dU2 éz X h3 dl,I3 é3|

=h, h3 |€, x&;| dup dus =h; h3 | €,| du, dus;
= h, h; du, dus
dA; = |h3 dus é;x h; du; €|
=hs hy| &5 x€, | dus du; =|¢, | dus du=1
dAs = | hy du; & xh,du,d, |
=h; hy | & x¢&,| du; du,
=h; hy |€,x €, du; du,

= h] hz |é3’ du1 dll2 = h] hz du1 duz

[©]¢, |=1]
[®|éz|:1]
[O]¢, |=1]

Example:- Find the volume element dv in cylenderical & spherical coordinate system.

Solution: - We know that volume element dV in orthogonal curvilinear coordinates is

dv = h1 hz h3 duldU.2 dU3
In cylindrical coordinates (r, 0, ¢)
h1=1,h2=r,h3=l

u=r,u=0,u3=z

(1)
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So(l)=dV=rdrdodz

In spherical coordinates (r, 0 , ¢)
hi=1,h,=r,h;=rsin0

111:1‘,112:9,113:4)

So (1) = dV * sin” dr dO d¢
Example:- If u;, uy, us are general coordinates, show that — of a_F ai—lf}& Vu;,Vu,,Vus are
1 Oup COuj
reciprocail system of vectors.
Solution: - We know that if ¢ = ¢ (x, y, z)
do = 8—(pdx +a—(de+a—(pdz
dx oy 0z
= 8_(pi+8(pj 8(p (dX1+dy_]+de)
ox oy 0z
=  dp=VvpdF
Replacing ¢ with V up, we get
du, = Vu, . dF¥ (1)
= dLI1 = Vul .d F
dU.2 = VU2 .d F
dU3 = VU3 .d i‘}
Now F: F(ul, Uy, U.3)
=+ g, o X, (2)
1 ou, du
Taking dot product with Vu,;, we get
Vu,.df= Vul.a—P du, +| Vu,.— of du, +| Vu,.— of du, ..(3)
ou, ou, ou
= du;=|Vu,.— of du, +| Vu,.— of du, +| Vu,.— of [using (1)]
ou, du, du
Comparing like coefficients on both sides,
Vulsl—i‘)—l Vul a—F—O Vula—F—O

1 2 3

75



Similarly taking dot product of (2) with V u, and V us, we get

Vug,—alrj =1, Vuz.a—F =0 Vu,.
0u, ou,
VU.3.8—F = 1,
ou

3
So we get the required result i.e.

a_?_{l if p=q

p = .
du, (01if p=#q

Vu

Where (p, q) = (1, 2, 3)

Example: - Prove that €,=h, hs Vu, x Vu; with similar equation for €, and €, where uy, uz, us

are orthogonal coordinates.

Solution: - We know that

>

>

Vu=-L, Vu,=-2%,
h, h,
e, xe &
Then Vu,x Vuz= —2—3 -8
h,hy  hyhy
= ¢,=hy h3 Vu, x Vup x Vu;

Similarly Vusz xVu; =

= ¢, =h;h,Vu; xVu,

and Vu xVuy=

h3h1 - h3h1

€ xe, _ ¢
hih,  hjh,

Hence proved.

Example: - If u, u,, u; are orthogonal curvilinear coordinates, show that the jacobian of x, y, z

w.I.t. uj, Up, U3 1S
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o(x,y,z) | 0x oy 0z

ox oy oz
du;  Oup  Ou

I X,¥,Z |
uju,uy

_8(u1,u2,u3)_8u2 Ou, Ou,

ox oy oz
Ous Ouy  Ouy
= h1h2h3

Proof: - we know that A = Ali+ Ay ] +Ask

g = (B13B29B3)3

Then

>

1

K.(]gx 8) = K B,

C

5:C(C1=C2:C3)

ik
BZ B3
c, C,

=(A1]+As] +Ask) [} (B.C3-B3Cy) + j(B3Ci—-BiCs + k (B;C,-B,C))]

%
= A(ﬁx E) = A](B2C3 - B3C2) + A2(B3C1 - B1C3) + A3(B1C1 - B2C1)

A Ay Ag

C, G

= X.(]gxg): B, B, B;
G
Therefore
x oy az
ou; ou;  ow
ox oy oz
du, Ou, Ou,
ox oy oz
duy Cuy Ou,

—(ﬁnﬁA 5_1{1(6" P A ]
au1 aul aul auZ 2 auZ
| 2 5 g )
8u3 6]'13 61’13
(R ek o
ou, J\ou, o,

=hy &.(h,E, xh,E))
=hy 8,.h,h,(E, xE)=h; E h,h,E
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=h hyhs §.8,

=h hyhs £.8,

=h; hy hs ©  EE=1]
Hence proved.
Contravariant Components of K and covariant components of K

A A

I . . Ja) n n r 1
A in terms of unit base vectors ¢,,¢,,e; or E;,E,,E; can be written as

Ko A sty 1Ay sasfy ach

of ofF of

P
Where A, Ay, Az & ay, a, a3 are components of A in each that — ,——,—— and Vu,, Vu,,
1 2 3

.. . P,
Vus constitite reciprocal system of vectors. We can also represent A in terms of base vectors

boof oF . .
a—,a—,a— or Vu,, Vu,, Vus which are called unitary base vectors & are not unit vectors.
Ou, Ou, Ou,

In general,

P
p
& K = C1Vu1 + CzVle + C3VU3

P
where C;, C,, C; are called contravariant component of A and C;, C,, Cs are called covariant
[
components of A .

[ . o .
Example: - Let A be a given vector defined w.r.t. two gereral curvilinear coordinates system

(u1, uz, u3)& (u,,u,,u5) . Find the relation between the contravariant components of the vector in
the two coordinate system.

(Find relation between Cy and C,))

Solution: - Suppose the transformation equation from rectangular (x, y, z) system to the two

general curvilinear coordinations systems (uj, u, u3) and (u,,u,,uy)are given by

X = x;(uy, Uy, U3), y = yi(uy, uy, u3), z=z1(uy, Uz, U3)
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X=X2 (ﬁlaﬁz >1_13) ) Y=¥ (ﬁlaﬁz ’1_13) 5 =17 (ﬁ1’ﬁ29ﬁ3)

Then

(1)

I a transformation directly from (u;,u,, us) system to (u,,u,,u;)system is defined by

up = ug (U, Uy, u3), Uz = U (U, Uy, U3), u3 = uz (U, U,,us)

u; = Uy (ug, ug,u3), u, =U,(u;,uy,u3), Uz =uz(u;,u,,uz)

Let F=xi +y3' +zk

Then use (1)
b= lf)(ul, up, u3), F=F (U, u,,03)
d?: G—qul +6—qu2 +£dU3
aul auz 81’13

= &)ldu1 +t>{2du2 +53du3
4P oF of oF

& —dﬁl +Tdﬁ2 +Tdﬁ3
1 ou, ou,
— 6,dTW, + 0,du, + adu ,
where 813:6_?, gpzﬁ—y,p=1,2,3
8up 8ﬁp

from (3) & (4), we get

from 2(i) since u, = u, (U;,u,,u;)

= duy = Mgy, + Mgy Mgy,
! du, du,
u, du, du,
du; = O du, + 833 du, + 823 du,

1 U, du,

using these in L.H.S of (5) and equating coefficient of du,,du,,du,, we get

1 U,

ou, .. Ou, . Ou
8,du, +&,du, + E,du, = [ﬁ‘ du, + d‘l du, + =

...
Q)

..3)

(@)

.05
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| M2 gy 4 M2 gy Mgy |6
ou, du, du,

1 U, uj

| M3 g N g Mgy |6
ou d d
= b,du, +&,du, +b,du,

We getf‘)%l 281 ou, +82 My +83 O
ou ou ou

1 1 1

Bop g0 p
2 2 2

83 =8, 2;1 +8&, 2;2 +8, 233

3 3 3
Also A=8.C,+8,c,+8,C,

Y= Fr = Y =

...(6)

(7

— — — . [
where Cy, C,, C3 and C,,C,,C; are contravariant components of A in the two systems (uj, uy,

u3) and (4,,u,,U;). Substituting (6) in (7),

.8 +cb, b, =81(81 o, p2 i, Zf—lj

1 1 1

+82[81 LTI AL %3]

ou, ‘ou, o,

; 8{& W, p, % g;}

3 3 3

= 81 81 ou, +C, ou, +C, ou,
aﬁl aﬁz 6ﬁ3

+ 82 81 ou, +C, ou, +C, ou,
8ﬁl 8ﬁ2 aﬁ3

+ 83(81 ous +C, ous +C, 6‘u3j
aﬁl 6ﬁ2 aﬁ3

Equating coefficients of 51 ,52,&}3, we get
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Ci=C—+C,—+C,
ou, ou, du;
Uy ou, dus
C;=C,—+C, 3+c38113 ..(8)
1 2 au;
— Ou, — Ou, — Ouj
or C,=C +C,—+C, ,p=1,2,3 ...(9)
au, au, ou;
3. __ COu
or  C=>C,—".,p=123 ...(10)
q=1 6‘uq
Similarly by interchanging the coordinates,
We can get
3 ou
C, Zanu—,p—l,,23 ..(11)

LN

=
Equation (8), (9), (10), (11) gives the relation between contravariant components of vector in two

coordinates systems.

[ . - :
Example: - Let A be given vector defined w.r.t. two curvilinear coordinates system (u;, u, us)

and (U,,u,,u;). Find the relation between the covariant components of the vectors in the two co
ord system.
Solution: - Let the covariant component of K in the system (uj, uy, u3) and (u,,u,,uy)are Ci, Ca,
C;and C,,C,,C, respectively

A= Vu+ CoVuy + C3Vus = G,V + C, Vi, + C, Vi, (1)
Since u,(uy,uy,u;3),p=1,2,3

ou, ou, du, 8ﬁau 61—18u3
0x 6u6x6u8x 6u6x

ou, du, du, 6_ ou, 8ﬁ ou,
dy du, dy 511 ay au dy
aﬁ10=6ﬁpaul+aﬁ1oauszaﬁp&us
0z Ou, 0z Ou, 0z Ouy Oz

.2

81



Also C1Vu; + C,Vu, + C3Vus = Cl(%l;l y ou, j+ a;l 1‘(]
Z

+[Cla“1+cg 2-+c36“3jﬁ ..(3)

and GV, +C,Vi, + GV, :(a e M E 5“3)

+ (El %_1;1 +C, 8;; +C, a;;}j

+E&WQ&MQ@E (%)
0z 0z 0z
Equating coefficients of i,}',f( in(3) & (4),
We get
C, ou, +C, ou, +C, o =C, ou, +C, o +C, o

ox ox ox ox ox ox

oy oy oy oy oy

0z 0z 0z 0z Z 0z

Substituting equation (2) with p =1, 2, 3 on R.H.S in the corresponding equation of (5) and

equating coefficients of ou, ’Guz ouy or Ou; Ou, Ou; or Ou, Ou, Ous

9

, , , , on each side,
ox oOx Ox 0y 0Oy 0Oy Oy Oy Oy

We can get,
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Taking first equation of (5),

du, du du —{%léul+6ﬁ1 ou, | 0u, 8u3}
1

+C,—2+C,—=C
du; 0x Ou, Ox Ouy Ox

G,
Ox ox Ox

Lol auy o, ow, o,
ou, &x  0u, ox  Ouy &
+C du; Ou, +‘9ﬁs u, +6ﬁ3 duy
16u, ox du, dx  duy ox
Here equating coefficients of %,%,%
0x 0Ox O0Ox
We get
S R B GRCLE Ry GRELE
ou, ou, ou,
R LI SRR SRLE
ou, ou, ou,
C;=C, U, +C, ou, +C, o ...(6)
duy uy ouy
or  C=C LT, M T M 03
ﬁup p p
3 __ Ju
or Cq=ZCq—q,p=1,2,3
q=1 aU‘p
Similarly, we cam show that
- ou
cp=2cq8u—q,p=1,2,3 (D)

q=l q
Equation (6) and (7) are required relation.
Example: - Show that square of element of arc length in general curvilinear coordinate can by

303
ds® = Z ngqdupduq

q=1 g=1

Solution: - (ds)* m = df= dP.di‘):( of du, + of du, + of J
ou Ou

1 2 3
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.(a_Pdul+6_Pdu2+ i ]

ou 0w, o duy
(ds)2 = (Bfldu1 +52du2 +&}3du3).(t)€1du1 +&}2du2 +g3du3)

where 8p :a—F
p
= 81 .81du12 +8l .82du1du2 +81 .83du1du3
+ 82 .8ldu2du1 + 82 .82du§ Jr82.83du2du3
+ 83.81du3du1 +83.82du3du2 +83.83du2du§
, &
(ds)” = 1 Z}gpqdupduq, 8pq =8p.8q
a=l q=

Thos is called fundamental quadratic form or Metric form. The quantities g,q are called

metric coefficients and these are symmetric i.e. = gyq = Zqp
If goq = 0 p # q , the coordinate system is orthogonal.
and in this case g;; = hlz, gn = h%, g33 = h%

Here also

81 :a_lf}:hlélﬂ 82 :a_%)hzéza 83 :a_¥h3é3
8u1 8‘12 8u3

Example: - (a) Prove that in general coordinaye (u;, uy, us)

g 82 8ns (8?8_?6_?]2

2= 821 Bx» 8x|= E'auz'a%
231 832 833

where g, are coefficients of du, dug in ds

Solution: - we know that

. _oF oF
pq = UpUg =7 — 7
P oh, du,
=6X(3X+6y 8y+82 6z,p=1,2,3
p Oug Ou, dug  du, dug
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of R fY |ox oy az||lox oy @z
du, du, Ou,

ox oy 0z ox O0x OX
du; Ou;  Oup| |Ou; Ouy, Oug
_|ox oy oz||ody Oy Oy
du, Ou, Ou,| |Ou Ou, Oug
ox Oy 0Oz 0z 0z 0z
Ouy; Ouy Quy| [Ou; Ou, Ouy
g1 812 83
=182 8» 83|78
g31 832 833

Example (b) show that the volume element in general coordinate is \/g du; du, dus.

Solution: - The volume element is given by

LIENIE

ek R e

= _ X —

aul ‘auZ 81'13

dv =

dul dIl2 dU.3

= \/g dU1 dUQ dU3
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LESSON 4 RANDOM VARIABLE AND MATHEMATICAL
EXPECTATION

Sample space
The set points representing the possible outcomes of an experiment is called the sample space of
the experiment.
Example: - (1) In tossing one coin, the sample space is S = {H, T}
(2) Two coins are tossed,
S={HH, HT, TH, TT}
(3) In throw a dice,
S=1{(1,1),(1,2),(1, 3),(1,4), (1, 5),(1,6)
(2,1),(2,2),(2,3),(2,4),(2,5),(2,06)
M
(6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6)
Total outcome = 36
Rondom Variable
A random variable is a real valued function defined on a sample space. When an experiment is
performed, several outcomes are possible corresponding to each outcome, a number can be
associatd.
Example: - If two coins are tossed, the possible outcomes are TT, TH, HT, HH
Let X — denotes the number of heads
The number associated with the outcome are : TT, TH, HT, HH
No. ofheads, X:0,1,1,2
The variable X is said to be random variable.
and may be defined as
“ Let S be the sample space associated with a given experiment. A real valued function defined
on S & taking values in R( —o0, ) ( real no.) is called a random variable (or chance variable or

Stochastic variable or variate).
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Discrete and Continouse Sample Space
A sample space that consists of a finite number or an infinite sequence, of points is called a
discrete sample space and that consints of one or more intervals of points is called a cotinouse
sample space.
Discrete and Continouses Random Variable
A random variable defined on a discrete sample space is called discrete r.v. or If a r.v. takes at
most a countable no. values, it is called Discrete r.v.
A r.v. is said to be Continuous if it can takes al possible value between certain limits or certain
interval.
Example: -
1) If X represents the sum of points on two dice, X is a discrete r.v.
2) If X represents the height or weight of students in a class , then it is a continuous
r.v.
3) If X represents the amount of rainfall, it is a continuous r.v.
Density function (d.f) or probability density function(p.d.f)
A function associated with discrete r.v.
X s.t. f(x) =prob[X = x] is called density function of X.
Example: - In tossing twocoins,
Outcomes = {HH, TH, HT, TT}
X=[0,1,2]

f(0)=P[X =0]= %

f(1)=P[X=1]=2/4="%
f2)=P[X=2]=Y
Example: - In throwing two dice, the sample space of sum of points on two dice is

S=11,2,3,...... ,12]

f2)=P[X=2]=(1,1)= %z f(12) (6,6)
-2
f(3) = v f(11) [©@ (2, 1),(1,2)]

f(4) = f(10) = %
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£5) = f(9) = %

—f8) = 2

f(6) = f(8) 36
f(7)=P[X =7] = 6
36

Also D f(x;)=1
X=xi=2,3,...... 12
Distribution function
For a r.v. X, the function F(x) = P(X < x) is called the distribution function of X or Cumulative
distribution.
Since F(x) = P(X < x), then f(x) the p.d.f.
We have

F(x) = f()

t<x

If P(X £2), then
D f(x)=1(0) + (1) + f(2)

x<2
Example: - A r.v. X has the following distribution
X:0 1 2 3 4 5 6 7 8
f(x): k 3k 5k 8k 9k 11k 12k 14k 17k

(1) Findk, As ) f(x)=1

= k+3k+...+17k=1

= 80k =1 = k=—
80
(2) Find P(X < 2)
P(X=0)+P(X=1)=P(0)+P(1)
=k+3k=4k= i:L
80 20

P(X < 3)=P(0) + P(1) + P(2) = %
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(3)  P(X23)=P(3)+P@)+...+P8)= ;_é

Also P(X23)=1-P(X<3)=1- > =11
80 80

4 P(0O<X<5)=P(1)+P2)+P3)+P4) =25/80
Distribution function F(x) is obtained
1 4 9 17 26 37 49 63

F®): — — @ — = = = = =
80 80 80 80 8 80 80 80

Joint density function

Let X, Y be two r.v., Joint d.f. gives the probability that X will assume Y will taken a value y

ie. fix,y)=P(X=x,Y=Yy)

Example: - 52 cards and 2 cards are drawn
X — no. of spade in the 1% draw
Y — no. of spade in the 2™ draw

Without replacing the 1% card drawn.

£0,0)=P[X =0, Y = 0] = 22 x5
5251
39 13
f0,1)=P[X=0,Y=1]= 22x 2>
0. =Pl =55
Y 0 1 Total
X
0 19/34 13/63 51/68
I 13/68 117 17/68
Total 51/68 17/68 1
13 39
f(1,0)=P[X=1,Y=0]= 232
(1.0y=Pl =55
13 12
(1, 1)=PX=1,Y=1]= 212
(1, 1)=P[ ] 5

Let A & B be two events, then

P(A NB)

P(B/A) = A
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P(A/B) = %

Conditional density function
f(y/x) is defined as
fly/x)=P[Y =y | X=x]

gives distribution of Y when X is fixed

fy/x) = —f?((x?
and  f(xly) = %

Marginal density function
Here f(x,y) = f(y/x).f(x)

Condidional distance Y =y when X = x is fixed.

D f(y/x)=1
y

Summing over all possible values of y on bith sides of (1), we get

. fxy) =2 f(y/x) f(x)
= D fxy)=f(x)
y

This f(x) is known as Marginal density function of X.
Similarly g(y) = Zf (x,y)

This gives Marginal function of Y.

(1)

Example: - 2 white & 4 black balls find probability of having two white ball.

0 for black ball
X, Y = )
1 for white black

Solution: - (0, 0) = f(0) £(0/0)

(0, 1) = (0) f(1/0) = %%
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£(1,0) = (1) f(0/1) = %

(NN

f(1, 1) = f(1) f(1/1) = %.

| —

Marginal density function of X is
fx) = D f(x,Y)
y

= f(0)= ) f(0,y) =f(0, 0) + (0, 1)

> )= —+—=—=
15 15 1

& f(H)=2 f(Ly)

6 .4 10 2
3

8 2 10
f(LO)+f1,1)= —+—=—
(1. O)+ A1 1) 30 30 30
)=+ @
3
The conditional density function of Y for fixed x can be obtained from (1),
f(x)
f(1,0) 4/15 4 .
f0/1)= —=——=— using (1
(0/1) Fy 13 s [using (1)]
f1/1) = f(1,1) =1/15 :l

f(1) 1/3 5
Continouse r.v. :- —0o <X <o
Density function

A d.f. for a continuouse r.v. X is a function f(x) that possesses the following properties

(i) f(x) > 0

(i) Tf(x) dx =1

b
(iii) j f(x) dx=P[a<X <b] wherea<b
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Distribution function

F(x)= Tf(x) dx =P[X <x]

—o0
Provided integral exists.

Marginal density function

f(x) = jf (x,y) dy — Marginal density function of X

fly) = .[f (x,y) dx — Marginal density function of Y.

Independent Random Variable
Two r.v. X and Y are said to be independent if f(x, y) = f(x) f(y)

Example: - Let the joint d.f. f(x, y) of r.v.’s X and Y be

k(xy+e* , 0<x,y<l
f(x,y)={0(y : !

, otherwise

1) Determine k

2) Examine whether X&Y are independent.
Solution: - 1) For d.f. ﬂ f(x,y)dx dy = 1

k_l[‘l[(xy+ex) dxdy=1
00
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1
@ )= [f(xy) dy
0

1
fly) = [f(x,y)dx
0
check whether f(x, y) = f(x) f(y)
1
Now f(x) = jk(xy+ e*) dy
0

xy' |«
=k e
2 y:|0

=k §+ex}
2

1
fly) = kj(xy+e") dx
0

- I
2
=k X—y+ex}

2 0

=k Z+e—1}
12

So f(x,y) # f(x) f(y) so they are not independent.

2 )
Example: - f(x,y) = {O

2

1) Find marginal d.f. of X and Y
2) Find conditional d.f. of Y give
Find conditional d.f. of X give

O<x<l,0<y<x

otherwise

n X =x

ny =y
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3) Check whether X&Y are independent or not?

Solution: -(1)  f(x) = jf(x,y) dy
0
= [2 dy=(2y); =2x,0<x<1
0

1 1
fly) = J.f(x,y) dx = 2jdx = (Zy)ly

y y
=2(1-y),0<y<1

So  f(x, y) # (x) f(y)

= X and Y are not independent.

o=ty 2 1
2)  fY/X=x) S Ty 0<x<1

Xy =yy=Y__ 2 _ 1
flyy 2(-y) 1-y
Example: - A continoues r.v. X has p.d.f. f(x) =3x* 0 <x < 1.Find aabd b s.t.
(1) P(X<a)=P(X>a)
(2) P(X <b)=0.05

0<y<l1

Solution: - Since P(X <a)=P(X > a)

So, each must be equal to 2 because total probability is always one i.e. I +|=1
0

& —

P(X<a)= %:jf(x) dx:%
0

Also  [f(x)dx = [3x* dx =%
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1
(2) P(X>b)=0.05= jf(x) dx =0.05
b

1 3 1
- 3jx2 dx=0.5 - 3("—] =0.05
! 3
b
=  (1-b)= L —  p=2
20 20

9 1/3
20

Example: - If X be a continuous r. v. with

ax , 0<x<1

a , 1<x<2
f(x) =

—ax + 3a, 2<x<3

0 , elsewhere

(1) Find constant a

(2) Find P(X < 1.5)

Solution: - (1) [f(x)dx +[ f(x)dx +[ f(x)dx +[ £(x)dx +T f(x)dx =1

1 2 3
0+ jf(x)dx+jf(x)dx+jf(x)dx+ 0=1
0 1 2

j.ax dx+j.a dx +_3[(3a—ax) dx =1
0 1 2

2! 2\?
al > +a(x)12+a x——| =1
2 ) 2 ),



1.5
(2) Now P(X<1.5)= jf(x)dx

—00

= j)‘fdx+.l[f(x)dx +lff(X)dX
0 1

—00

1 3/2
=0+ Iaxdx+ Iadx
0 1

)

Example: - From the given bivariate probability distribution
(1) Obtain marginal distribution of X & Y.
(2) The conditional distribution of X given Y = 2

: -1 0 1 D f(x,y)=1(y)
0 1/15 2/15 1/15 4/15
1 3/15 2/15 1/15 6/15
2 2/15 1/15 2/15 5/15
6/15 5/15 4/15
f(x) = D f(x,y)
Yy

Solution: (1) Marginal distribution of X
From above table  f(x) = Zf (X,Y)
y

Therefore f(-1)=P(X=-1)=6/15
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f(0) =P(X=0)=5/15
f(l) =P(X=1)=4/15
Marginal distribution of Y
From above table  f(y) = Z f(x,y)

Therefore P(Y =0)=4/15
P(Y=1)=6/15
P(Y =2)=5/15
(2) Conditional distribution of X given Y =2, we get
PX=x/y=2)= PX=x,Y=2)
P(Y =2)
For X =—1,P(X =—1/y =2)= 213 _2
5/15 5
Similarly P(X=0/Y=2)= /13 _1
5/15 5
P(X=1/y=2)=2/15_2
5/15 5

MATHEMATICAL EXPECTATION:-

Let X be a r.v. with p.d.f. f(x), then its mathematical expectation (or its mean value) is defined as
E(X) = > xf(x)
It X assumes values  x; X3 ...... Xp.o..

With probalities f(x1), f(x2)...... f(xp)......
then E(X)= D> x f(x)
i=1

Also E(X) = Mean of distribution and Zf (x;)=1

The expected value or Mathematical expectation of the function g(x) of discrete r.v. X, whose

p.d.f. is f(x) is given by
Bl Y e(x)f(x,)
i=1

and f(x;)) = P(X=xj)

Example: - When 3 coins are tossed and
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X— represents the number of heads is a r. v., then total outcomes are
(HHH, HTH, HHT, THH, THT, TTH, HTT, TTT}
Here X can take values X=0,1,2,3

with fi(x) = l,é,i,l
8 8 88
1 3 3 1
Then EX)=)» xf(x)=0.—+1.=+2.—+3.—
(X) =D xf(x) g Tlgt2etig
12

~ 12 3 | Rs.=Rs. 150
g 2

If g(x) = x°
Then g(x) = 0%, 17, 2%, 3
E [g(x)] =Zg(xi)f(xi)
3 3

=0’ ><l+12 X =422 x =432 ><l
8 8 8 8

=§+£+2=Rs.3.0
8§ 8 8

Mathematical Expectation for Continuous r.v.

Let X be a continuous r.v. with p.d.f. f(x), then its mathematical expectation is

E(x) = Txf(x)dx

For function g(x), Elgx)] = T g(x)f(x)dx

Theorem: - If C is a finite real number & if E(X) exists, then

Proof: - for continuous r.v.

Let E (CX) = Tc x f(x) dx

=C TXf(X)dX: CE(X)

—00

for discrete r.v.;
E(CX)= ) Cxf(x)=C > xf(x)
= CE(X)
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Result: - E[a + CX] = E(a) + CE(X) = a + CE(X)
Proof: - Now E(a) = Zaf(x) = aZf(x)

=al=a ... (D)

for continuous r.v., E(a) = J.af (x)dx

—00

= E(a)=a]9f(x)dx=a.1=a

Now By definition, E[a + CX] = Z(a + Cx)f(x)
= Ela+CX]=)[af(x)+Cxf(x)]=> af(x)+ > Cxf(x)
=Y af(x)+CE(X) = E(a) + CE(X)
= E(a+ CX)=a+ CE(X) ...using (1)
Theorem: - The expectation of the sum of two r.v.’s is equal to the sum of their expectations,
ie.,, E(X+Y)=EX)+EY)
Proof: - For discrete case
Let X & Y be two discrete r.v., f(X;, yi) is the joint p.d.f. of X and Y. then (X + Y) is also ar.v.
f(x1, yi) = P(X=x;, Y =yj)
Now by definition,

EX+Y)= Zgj:(xi +yE(x;,y;)
= Z;Xif(xiayj')+Z;ij(xiayj')
= Zi:XiZj:(xi,yj)+Zj:iji:f(xi,yj)
= Zj:xif(xi)+zj‘,yjf(yj)

= E(X+Y)=EX)+E(Y)
For continuous r.v.

o0

E(X+Y)= j T(x +y)f(x,y)dxdy

—00 —00
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o0

I Txf(x,y)dxdy+T Tyf(x,y)dxdy

—00 —00 —00 —00

TX|: Tf(x, y)dy}dx+ Ty{ Tf(x, y)dx}dy

—00 —00 —00 —00

= Txf(x)dx + Tyf(y)dy
= EX+Y)=EX)+E(Y)
In general,
E(X1 + X2 + o + Xn) = E(Xl) + E(Xz) + o + E(Xn)

Theorem: - If Y = a;X; + a, X, + .....+a,X,, where a’s are constants, then
E(Y) = a;E(X)) + a,E(Xy) +.....+ a,E(Xy)

Proof: - As E(Y) =E(a; X + a;Xp+......+ apXp)

=FE(a; X)) + E(axXo) +...... + E(anXy)

=aEX)) + aEXy) +...... + a,E(Xy)

[ ®E(aX) = aE(X)]

Theorem: - If X is a continuous r.v. and a and b are constants, then E(aX
+b)=aE(X)+b, provided all expectation exists.

Proof: - By definition, we have

E(aX+B)= T(ax +b) f(x)dx

—00

= Taxf(x)dx + be(x) dx

=a Txf(x)dx +b Tf(x)dx
= E(aX+b)=aE(X)+b {@ Tf(x)dx = l}

Casel: - Ifb=0, E (aX) = aE(X)
Case2: -Ifa=1,b=— X=-E(X), we get E(X-X)=0
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Example: - If f(x, y) = e " ¥ is the joint p.d.f. of r.v. X and Y, then find
P=(1<X<2,0<Y<2)

Solution: - First we check for:-

o0 00

j jf(x,y)dxdy=1

—00 —00

L.H.S =T Te("*y)dxdy: T Texeydxdy

—00 —00 —00 —00

.|.P(1<X<2,0<Y<2)

22
= Ije_(x+Y)dde

10

22
= J.J.e_"e_ydydx

10

j dxjeYdy (-e )j

1Y(1 1

=(1-e¢) (' —e? =(1——](———J
( ) ( ) 7)o o
(e*-1)(e-1

e e

_ (== (' -e’—e+))
- 4

64 (&

C(x;x, +e™), 0<(x,,x,)<1
Example: - Let f(x;, x,) = (X%, ) ( 1‘ 2)
0 , otherwise

(1) Determine C

(1))  Examine whether X; and X, are independent or not.
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Solution: - For density function F(x;, X,) we must have

T Tf(x,y)dxdyZ 1

—00 —00

1
= CJ. =4t | dxp =1
0

|- _
= CI lxz+e—l dx, =1
0 2

1
= C %x%+ex2—x2} =1

= C l+e—1}:
| 4
= C[lt4e—-4]=4

4

or C=
4e-3

Theorem: - Show that the expectation of the product of independent r.v. is equal to product of
their expectations. i.e. E(XY) = E(X).E(Y)
Proof: - Let X and Y are two independent random variables, then

X: Xy, X2, ceuneen Xn
With d.f: - f(x)), f(x2), .....f(xn)
and Y: yi. y2 ...... » ¥Ym
with d.f: f(y)), f(y2), -..... f(ym)

n m

B = Zxif(), E(Y)= 2 yf(0))

Let f(x;,y;) is the joint p.d.f. of X & Y.

and  Since X & Y are independent, so

f(xi, yi) = f(xi) f(y;)

Now E(XY)=> > xyy;f(x;y;)

i=l j=1
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= 2 2 %y fxOE(y)

i=l j=l
= 2 xf(x)2 ()
i ]

E(XY) = E(X) E(Y)

Similarly for continuous r.v.: — f(x, y) = f(x) f(y) , since X and Y are independent.

Now E(XY)= j j xy f(x,y)dx dy

—00  —00

E(XY) = j j xyf(x)f(y)dx dy

—00 —00

o0

= [xf(x)dx [yf(y)dy=EX) E(Y)

In general, we get
E(X; X5 X5....X,) = E(X)) E(Xy)...... E(Xn)

Example: - Let X represents the number on the face of dice then
X: 1 2 3 4 5 6

T L R N S |
6 6 6 6 6 6
Now EX)= fo(x)

l(1+2+ ....... +6)=2:Z

6 6 2

And when X is sum of points when two dies are thrown, i.e.

X: 2 3 4 5 6 7 8 9 10 11 12

f: 1 2 3 4 5 6 5 4 2 2 1

E(X):ZXf(X)=%[2+6+12+20+30+42+40+36+30+22+12]

— EX)= -.252=7
36
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Example: - Let X be the profit that a person makes in a business. He may earn Rs. 2800 with a
probability 0.5, he may lose Rs 5500 with probability 0.3 and he may neither earn nor lose with a
probability 0.2. Calculate E(X)
Solution: - Here P(X =2800) = 0.5

P(X=-5500)=0.3

P(X=0)=0.2
Then E(X)= fo (x)

= 2800(0.5) + (-5500) (0.3) + (0) (0.2)
= 1400 — 1650 = — 250, he may lose Rs 250.
Example: - A and B in turns throw an ordinary dice for a price of Rs. 44. The first to throw a

“six” wins. If A has first throw, what is his expectation?. Also calculate B’s expectation

Solution: - The problem of getting a “six” on dice is p(x) =

| —

A has 1% throw, so he can win in the 1%, 3% 5% .

Hence A’ chance (probability) of winning is

Amount of A = 44><%= Rs. 24

Similarly B can win in 2™, 4™, 6", .....

Hence B'(chance) of winning are
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(98]

6 5

1 11

Bl
=

AN —

Amount of B = %x 49 =Rs. 20

Example: - A bag contains a coin of value M and a number of other coins whose aggregate
value is m. a person draws one at a time till he draws the coin M, find the value of his
expectation.

Solution: - Let there be K other coins each of value m/K, so that their aggregate value is m. he
may draw the coin M at 1% draw or 2™ or 3™ or....or (K+1)" draw with probability

1 1 1
K+1'’K+1'K+1’

o - Lo Lt b
K+1 K-1]K K+1 K|K-1

_ 1 1 1
K+1'K+1 K+1’

The corresponding amount drawn X is

M, 2 iM, 2—m+M, ....... ’(k—l)m+ Km
K K K k

E(X)=L M+2+M+2—m+M+ ....... +K—m+M
K+1 K K K

- M+(K+l)+2(l+2+3+ ...... +K)
K+1 K
_ 1 .EK(K'H):M_,_E
K+1 K 2 2
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LESSON 5 MOMENTS AND MOMENT GENERATING FUNCTIONS

Moments: - Let X is a r. v., then E [X"], if exists is called the r™ moment of X about origin and is

denoted by p.

ie pu =E[X] .. (1)
and about some point ‘a’, it is defined as

n; (@) =E[(X - a)]
and r'™ moment about mean is

b= E[(X - E(X)] = E[(X = p)’] - (2)
Moments about Mean are called Central Moments.

In case of discrete r.v.:-

u,=E[XT= D x"f(x)
&  w=E[X-pT=D(x;-wf(x;)
i=1

Where p = E(X)
and f(x;)) = P(X =xj)
when r =1 from (1), we get

u=EX)= fo(x) = Mean

and from (2),
m=EX-pw=E(X)-E(Ww
=  w=p-p=0 [© E(w) = p, E(X) =]

Moments about Mean (L) in terms of moments about any point ‘a’:-
Let X —>r1.v.,
EX)=X=p
then pw=E[X-pu]'=E[X-a-pu+a]
= W=EX-a-d)f
Where d=p—a
or w=E[X-a)-"CdX-a) "+ ... . +C_ (-1 'd(X-a)+d(-1)]
=  w=pla-"Cdp.  @+..... +Co (D) T E(X - a) + d(-1)
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Now ;=0 [l = py (@) —d=pj(a) - pj(a)=0]
and = p(a) - 2d pi(a) +d°

= =y —pf [0 d=E(X)-a=E(X -a),d= pj(a)]
This p, is called Variance. Similarly,
Al ' Al '3
H3 = p3 = 3popy + 21y
_ ! ) 4
and W= pg —4ps +6popy” -3

If X is a continuous r.v.

= T(x—a)" f(x)dx

b= J(x =" () dx
—0

and E(X)= p{ > Mean
Also  py =E(X — p)>. This E(X — p)” is called Variance and is denoted by o°.
Covariance between X and Y

Cov(X,Y)=E[(X- X) (Y- Y)]

=E [(X-E(X)) (Y —E(y))]

Example: - Find E(X), E(X?), E(X — E(X))* from the following:-

X: 8 12 16 20 2

13
) + L3
@2 5 3

1

r 1
4 12
Solution: - E(X) = fo (%)
=8><l+12><l+ ....... +24><i
8 6 12
= E(X) =16 = Mean

and E(X2)=2x2f(x):64x%+144x%+256x§+ ...... +576x%

=  EX%)=276

w = E [X - EX)I* = E(XY) - [E(X)T [Op2 = py —pi ]
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=  w=276-(16)>=20

This p, = 20 is the variance.

Example: - Find E(X), E(X?), E(X — E(X))*

X 2 3 4 5 6 7 8 9 10 11 12

fx: 1 2 3 4 5 6 5 4 2 2 1
36 3 36 36 36 36 36 36 36 36 36

Solution: - E(X) = Y xf(x) = % [2+6+12420 + 30 + 42 + 40 + 36 + 30 + 22 + 12]
=7 =Mean
E(X%) = Y Ex*f(X) = % [4+18+48+10+305+49+64+81+100+121+144]

L 197432
36 6

o =E [X - E(X)]* = E(X?) - [EX)]’

329-294 35
6 6

Let m represents median, then
P(X <m)=P(X>m)

In thiseg, m=7
mode =7

Also mean =7

So it is a very good distribution.

Example: - For distribution,

i(3 x? , —3<x<-1

16

1 2

—(6—-2x , -1<x<1
f(x) = 16( )

1 2

—0B3-x , 1<x<3

16( )

0 , otherwise

Check whether it represents a probability distribution or not. Also find its mean and variance.
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Solution: - First we prove that

Tf(x)dx:l or jf(x)dX:l

Now J'fdx—(:f+:£+j.l+.|.+j }fdx

0 -1 1 3
1 1 1
=N If(dx): L E(3+><2)dx+j1 E(6—2x2)dx+.!. E(3—xz)dx

W] a5l
1637316 3], 16 -3 ]

2 2 1
- g 503 g0

Also Mean = E(X) = I xf(x)dx

—00

3
=  EX)= jxf(x)dx

-3

—1 1 3

X 2 X 2 X 2
= | —@B+x)dx+| —(6-2x%)dx+| —(B—-x)"dx
_1316( ) _1116( ) ! 60

37 4
SO 0 g
-3 -3

N x(3— x)} (1)(3 x) }
16{{ - 1 I

[Integrand in second integral is an odd function of x, so its value is zero]
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_1[(3+x) - (3-x)
[()80] {4}_3 [1] {_41

11 1
S 0+————0 16
6 48 4( ) 48 ( )
= E(X)——ilm R PP
48 4 48 4 12 12
Also Variance = V(X) = E(X — E(X))* = E(X?) - [EX)]*

Now

3
E(X%) = j x*f(x)dx

-3
x’ 2 [ x2 2 ¢ x? 2
=£E(3+x) dx+J‘1E(6—2x )dx+J‘E(3—x) dx

2 1 3 2
= EX)=| ’1‘—6(9+x2 +6x)dx + [ %(6){2 —2x*)dx + | ’1‘—(9+x2 —6%)x
-3 -1

-1 1
119x3 x° e6x* 1]6x> 2x°
= | /| - —-"
16| 3 5 4| 16[3 5|
3 5 473
1 ]9x X 6x
+— +—-
16 3 5 4
=i(—3—l+é+81 E—§><81j ! (2—£+2—z]
16 5 2 5 2 16 5 5
+i 81+ &—E x 81— 3—l><81
16 5 2 5

=2. L —3—l+3+81+%—% +i 4—i
16 5 2 5 2 16

5
:é{m_@ 242} 116

2 5

= 1{ 42+&}+l
8 5 5

16 5
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132 1 4 1

_._+—:—+—:1
85 5 55

Hence Variance = E(Xz) - [E(X)]2
=1-0>=1

=  EX)=

Example: - Show that the value of cov(X, Y) for probability distribution

e Y3 0<x<y<w

1
f(Xa Y) = 5 ’ 1s 9.
0

, otherwise

Solution: - We Know that Cov.(X,Y) = E(XY) — E(X) E(Y)
Thus we have to find E(X), E(Y) and E(XY)

But EX)= Txf (x)dx

—00

E(Y)= [yf(y)dy

—00

First we have to find f(x) and f(y).

Now marginal density function of X is given by

g(x) = Tf(x,y)dy= Tf(x,y)dy +Tf(x,y)dy

001—/3 1—/3 :|OO
= | e dy=|=-¢""(-3
£9 y[g 3|

= g(x)=§e_y/3 LO0<x<w
Similarly Marginal density function of Y will be

h :ylfy/fid _Ye V3 g<v<
) jge x=ge”,0<y <
0

E(X) = | xf(x)dx

S =38

o0
e_X/3dx=%jx e /3 dx
0

W | =

o0
= [x.
0
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_ % [X-e—x/3(_3)k +3;|je—x/3 dx}

- %[0+3[e—x/3(—3)]]§ -3 (1)

00

1%,
E(Y) = fyh(y)dy=§jyze Yidy
0 0

O | =
1T 1

{2 13- 3)} T t/3dy:|

0

2
3

ye v -3)f + 3Te‘y”dy}
0

=§x3[e_y/3(—3)]:=2><3=6 (2

E(XY)= ]3 Txyf(x,y) dxdy

x=0 y=x

=é T ){ Tye_y/3dy dx

= é ]O X{[ye—y/3(—3):f +3Te_y/ 3dy}dx
x=0 X

- %{l‘x%e[—[xm dx+3]e“"/3x dx}
0
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_54+27 81 _ .

3 3
Cov(X, Y) = E(XY) — E(X)E(Y)
=27-3x6=27-18=9

Hence proved

X — b| < a. Find mean and variance.

1 |X —b|
Example: - If f(x)= —| 1-——— |,
a a

| 1, Jx-
Solution: - f(x) = —| | ———
a a

Now [x—Db|<a = -a<x-b<a

= b-a<x<a+b

f)= 1|1+ E= | forb—a<x<b ~x—b|=—(x—b) for (h—a) <x <b
a a

Similarly

f(x)=l 1—(X—_b) forb<x<b+aas|x—bj=x-bforb<x<b+a
a a

Mean = E(X) = Txf (x)dx

—00

b+a
= J. x.l{l+w}dx+ I X.l[l—w}dx
b

a

b, @ a a
b 2 b+a 2
= l I (X+X bx dx+lj [X—X—+b—Xde
a.”, a as a a
b b
1 ) b 1x xT bk
al 2 3a 2a al 2 3a 2a
db-a b+a

b 2
3a? i 2a’ (b-2)

162 b b [b2+az—2ab]_(b—a)2
2a

1{b*+a’+2ab| (b+a)’ bb+a)> b> b b’
+t- T2 T 2 5.t 2752
2 3a 2a 2a 3a 2a
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_b2+b3 b> b> a’ 2ab b> a® 2ab

—t —t—t—+——
2a 3a 2a 2a 2a 2a 2a 2a 2a

. (-b* +a’ +3ab* —3a’b) N b’ +a’b—2ab?
3a’ 2a’

. (-b* —a® —3ab? —3a’b) s b® +a’b+2ab?

3a’ 2a’
b2 b b
" 2a 32’ 2a’

Variance = V(X) = E[X - E(X)]?

=E(X -b)’ = T(x —b)*f(x)dx

—00

b b+a
_ J‘ (X—b)z_l(l-'-x_bjd n J‘ (X b)2 1|: (a b):l
bea a a a

b b+a
_1 | {(x— 4 (=) }d += j{( —b)2—ﬂ}dx
a,’. a a

b

e o0t e xent ]
a 3 4a b @ 3 4a b

Example: - Find mean and Variance for the following distribution

x-1’
f(x) = 4
, otherwise

1<x<3

Solution: - Check for If (x)dx =1

—00

f; t(x—1)°
As mean = E(X) = j xf(x)dx = j X

—o0 1
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3

1 4 3 2 13
=—|(x"—x-3x" +3x7)dx=—
f¢ ydx=—

41

2
Variance = V(X) = E[X - E(X)’] = E(X _%j

:l

4

1 4 1 13V (x=1)° [
= —4x———||x—— (x-1) +
4 25 2 5 5

4 4 2 4
:___X_+_

25 5 5 15

4 8 4 4 4 8

T 25 2515 2515 75

Theorem: - If X is a r.v., then V(aX + b) = a’ V(X), where a and b are constants.

Proof: - Let Y = aX + b, then
E(Y)=aE(X) +b
Then V(aX + b) = V(Y) = E[Y — E(Y)]
= E[aX + b — aE(X) — b]?
= a’E(X?) + a’[E(X)]* - 2a’[E(X)]*
=a’E(X?) - 2’[E(X))°
= a’[E(X?) - [E(X)T"] = a* V(X)
Cor(i) If b= 0, then V(ax) = a* V(X)
(i)  Ifa=0, then V(b)=0
(ii)) Ifa=1, then V(X + b) = V(X).

1 1
— X —

2

5

|

2 3 2
R
| ]

(x—1)°
6

|

3

1

|
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Theorem: - Prove that V(X £ Y) = V(X) £ V(Y) £ 2 Cov(X, Y) and V(X £ Y) = V(X) +V(Y)
provided X and Y are independent r.v.
Proof: - V(X +Y) =E[(X + Y) - EX +Y)T
=E[(X+Y) - EX) - EM)J’
=E[{X-EX)} + {Y -E(Y)}T’
= E[X - EX)F +[Y — EY)I" + 2E[(X - EQOI[Y — E(Y)]
= E[X -E(X)J + E[Y - E(Y)I” + 2E[{X - E(X)}{Y - E(Y)}]
=V(X)+ V(Y)+2cov(X, Y)
Similarly V(X -Y) = V(X) + V(Y) - 2cov(X, Y)
VX 2Y)=V(X)+V(Y) £ 2cov(X,Y)
If X and Y are independent, then cov(X, Y) =0
VX2Y)=V(X)+V(Y)£2.0
= V(X) + V(Y).
Covariance: - If X and Y are two r.v., then cov between then is defined as
Cov(X, Y) =E[[X - EX)[Y -E(Y)]]
= E[XY - XE(Y) — YE(X) + E(X) E(Y)]
=E(XY) - E(X)E(Y) — E(Y)E(X) + E(X)E(Y)
= E(XY) - E(X)E(Y)
We can also express it as
Cov(X, Y) = E[[X -E(X)][Y — E(Y)]]

= Z Z:(xi —i)(yj —?)f(xi,yj) for discrete case
i

Cov(X,Y)=E[XY - XY-XY +XY]
=E(XY)- XE(Y)-YE(X)+XY
=EXY)- XY-YX+XY
=E(XY)- XY

If X and Y are independent r.v., then
E(XY) = E(X) E(Y)
Cov(X,Y)=EX)E(Y)- XY=XY-XY=0
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= Cov(X,Y)=0if X and Y are independent.

Remark
1) Cov(ax, by) = E[(aX — E(ax))(bY — E(bY))]

=E[(aX —aE(X)) (bY — BE(Y))]
= E[a[X - E(X)] . b[Y = E(Y)]]
= ab[E(X — E(X)) (Y — E(Y))]
=ab Cov(X, Y)
= Covariance is not independent of change of scale.
i) Cov(X+a, Y +b)=E[{(X+a)—E(X—-a)} {Y+b—-E(Y +b)}]
=E[{(X+a)-E(X)—-a} { Y+b-E(Y)-b}
=E[{X-EX)} { Y -E(Y)}]
=Cov(X,Y)

Thus Cov(X, Y) is independent of change of origin but is not independent of change of scale.

MEAN DERIVATION FOR CONTINUOUS CASE

E[IX —a[] = T| x —a |f(x)dx

—00

Variance = 6> = E[X — EX)])* = T(x ~-X)? f(x)dx

Absolute moment
Let X be r. v. with p.d.f f(x), then its r' absolute moment about any point a is given by

E[IX —af] = T| x —a|" f(x) dx

—00

For Variance i.e. i, = E[X — E(x)]?
= E[X? - 2XE(X) + EA(X)]

= E(X%) - 2E(X) B(X) + E* (X) [0 E(X) = ]

o = E(X?) - 2[E(X)]* + E(X)
=B(X’) - [EX)]

' 12
H2 = Mo — U

Effect of change of origin & scale on moment
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Now E[U]= U = E(X;aj - % [E(X) - E(a)]

ﬁ:%(i—a) — X=a+hU

Then p,=E[X- X] =E[la+hU-a-hUT

—

=Eh(U-U)]=h"E[U-UT

—

Where E[lU- U] = " moment of U about mean
MOMENT GENERATING FUNCTION (M.G.F)

M.G.F of ar.v. X with p.d.f. f(x) is given by
Mx(t) = E[e"]
where t is real number.
Then Mx(t) is known as Moment generating function about origin.
Now, M.G.F about Mean is given by
M () = E[¢*™]
If X is a discrete r.v.: -

MGF about origin is given by

Mx(t) = E[e¥]= D> e™ f(x) (D
x=0
2~72 I~ T
or Mx(t)=E 1+E+t X +o +t X +....
1! 2! r!

t2 t'
Mx(t) =1+ tu] +Eu'2 Fore— 1

. th . . .
where = coefficient of —in Mx(t), is the ' moment about origin.
r!

The moments can also be obtained from the M.G.F through following relations:
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4
nh = dtZMX(t)/
t=0 etc.

when X is continuous r.v., then MGF about origin is given by

Mx(t) = Te”‘ f(x) dx

& MGF about mean is given by

Mx(t) = j ' fx) dx

and MGF about any point ‘a’ is

Mx(t) = Te“"‘” f(x) dx

—0

_ x _ tx t?x> t'x"
As Mx(t)—lee f(x)—;f(x)[1+ ST }
d s 2tx? 3t%x° it x !
—Mx(t)= > f(x)|x+ + +.o + +....
g "XV Z:(:) ( ){ 2 3 r

%Mx(t) = fo (x) =Z xf(x) = uj= 1* moment about origin.
x=0

x=1

Example: - Let x be a r.v. with p.d.f

X , 0<x<1
flx)=<2-x , 1<x<2
0 , otherwise

Find MGF for this distribution. Also determine mean & variance.

Solution: - First we shall prove that given distribution is probability distribution or not
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ie. If(x) dx =1 or not

—00

Now Tf(x) dx = (

0 1 2 oo
j+j+j+j Jf(x)dx
o 0 1 2
1 2
:0+IXdX+I(2—X)+O
0 1
[ b-2]
2 0 2 1

_0+4-2-2+1
2

N | —

? 11
= jf(x)dx=5+5=1

= Given distribution is a probability distribution

1 2
Mean = E(X) = j xf(x)dx + j xf(x)dx
0 1

1 2
= jx.x dx + IX(Z—X)dX
0 1
{XST {2){2 X3T
= RN + R —
3, 2 3

1 2
=  EX)= j x? f(x) dx + j x2f(x)dx
0 1

1 2
= J.xz.xdx+.[x2(2—x) dx
0 1

{x“}l [2){3 X4T
= R + S —
4 0 3 4 X

120



1 2 2 1

- L S®) -4

43 374

1 14 3-24+28 7

SR A e e

2 3 6 6
Variance = Z—12 =%

Now Mx(t) =E[e™] = Te”‘ f(x)dx

—00

O e —

2
e™ xdx + I(2 —x)e™dx
I

[ Hosedent]-

SO

t

et 17, et 17,
= et e et
e ]
t? t2 2 ¢
1 e? 2¢' 1
= S = -2 )
t2 2 2t
2
t
e —1
Mx(t)—E
t
d
ny=-—Mx(t) Ou; =
Now dt t=0

s =Mx<t)/

then variance, p = p5 — p’lz

— Mx(t)
dt*

t=0
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2 3 4 2 3
also MX(t)=i2 1+2t+(2t) +(2t) +(2t) +..... -2 1+t+t—+t—+.... +1
t 2! 3! 4l 21 3!

-1 (4—2)i+(8—2)£+(l6—2)i+
2! 3! 4

B t (7t
Mx(t) = |:1+F+(g]§+ ...... j|

, . t
u, = coefficient of 1 — Mean

' =coefficient of i 7

= 26
1 ’ 12 7 2 1
Variance = - =L _14==
K2 —H 6 6

Property: - (1) Mcx(t) = Mx(Ct)
Proof: - By definition,
Mx(t) = E[e'*] = E[e¥]
Mcx(t) = Mx(Ct)
(2) MGF of the sum of a number of independent r. v. is equal to the product of heir respective

MGF’s i.e.

MX1+X2+ “““ +Xpn (t) = MXl (t)sz (t) ....... MXn (t)

. . t t .
If Xy, Xs,....., X, are independent r.v., then function e™!,e™2.....e"™n are also independent.

= My, (0:My, (D).....Mx_(t)

(3) Effect of change of origin and scale on M.G.F

122



Let us transform X to the new variable U by changing both the origin and scale in X as follows: -

Proof: - If X is ar.v., then

U= X; a X=a+hU where a & h are constants
Now Mx(t) = E[e™] = E[¢"®""Y)]
— E[eat ethU]

— eat E[e(th)U]
where Mx(t) is the m.g.f. of X about origin.
= Mx(t) = e"Muy(th)
= Mu(th) = e_ath(t)
Put th=1t = t=1
h

it' t,

then My(t)=eh MX(EJ = M.G.F of U (about origin)

Standard normal variate

If X is a r.v., then the variable Z defined by

7= X-p is called standard normal variate
o

where p, 6 are Mean & standard derivation, respectively
Also E(Z)=0
Variance (Z) =1

Now E(Z)= E(ﬂj LExop
(@) (e}

E@) = L[ECO -p]=L[u-n]=0
() (¢}
2
and V(Z)=E(X_uj =%[E(X—u)2]
(¢) (o)
= V@)= Lz.cz =1 [0 6® = E(X - p)’]

o

If X ~ N(p, 6%),then Z ~N(0, 1)

The m.g.f of standard variate Z is My(t) = ¢ "/° My (1)
c
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Example: - Let X is a discrete r.v.
PX=r)=pq ', r=1,2,.....
where p is the probability of success in one trial and q is the probability of failure in one trial.
Then find MGF, Mean & variance.
Solution: -  Mx(t) = E[¢]

— ietrpqr—l
r=1

=  Mx()= %ie“qr =§(qet)i(qet)r_l
r=1

r=1

.qet[1+qet +(qe)? +...... ]

o o

1
= Mx(t) = pe' (1—qe) [sum of G.P]

d © (1-qe').pe’ —pe'.(-qe")
p_dt X 1-ge')?

pe' —pge' + PQE*"

(1-qe")’
t=0
_ D
(1-q)°
- “;:(lpf% [©1 —q=7p]
-q)° p
= u; =—=Mean

d2
, dtzMX“)/
and p,= ~0
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(1-ge')pe' —pe'.2(1-ge')(—qe")
_ (1-ge')*

t=0

(1—ge")pe' +2pqe”*
_ (1-ge')’

t=0

pet +pqe2t
_ (1-ge')’

_ ptpqg _pd+q) l+q
i-q@° p°  p’

Variance, 1 = p}) — >

_I+q 1 _q
2 pz pz

= 95

CUMULANT GENERATING FUNCTION AND CUMULANTS

The logarithm of m.g.f about origin of a r.v. X is called second m’g.f or cumulant generating

function (c.g.f.)

ie. Kx(t) = log Mx(t) = Krt_

- r!

T

and K, = coefficient of t—'in Kx(t)
r!

This K, is known as r' cumulant

Now K(t) = log Mx(t) = log[E(e™)]

2~72 I~ T
=log{E(l+tX+t X + e +tX +..... H

2! r!

oo b a3

=log |1+| pit+p5 —+.c+ . —

2! r!

ot Lo
= Kx(t) = || pit+p) —+ .o, —+... ——| Uy Uy —

2! r!
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3
+l "t + 'ﬁ+ + '£+
(R TR

1 it+ ’ﬁ+ + i +
2 nit+py T 1M a e

t2 t? t*
= —+ —_ R _
Now Kx(t) =Kt + K, > +K; 3 +K, m o

Equating coefficients of like terms in equation (1), (2) we get

Mean

K, = coefficient of % =
K, = p, —p| =, = (variance)
Ks = g —3uhu; +2u7 = py

&:ﬁ_l(u'f . 2uiuéJ+13uizué ot

4 4 204 3 3 2 4

= Ka=p-3p5 —duip 1200 -6
= (1 —dui) + 6o =3t )= 305 — 257 + 4t
=  Ki=p-3Ki=p-3p;

dr
dt’

Also K;= K (1)

Characteristic function
Characteristic function of a variable X is defined as ¢x(t) = E[¢"]

If X is continuous r. v., then
dx(t) = [e™F(x) dx
If X is discrete r. v, then

dx(t) = D e ™f(x)

(1)

.(2)

126



LESSSON 6
BINOMIAL DISTRIBUTION

Let n represent the number of trials in an event.
X—> consecutive successes
(n—x)— failure

then ppp....pqq....q=pq" "

But x successes in n trials can occur in "Cx ways.

Probability of x successes in any order in n trials = "Cy p* q" ",

parameters.
Therefore, probability density function for a Binomial distribution is
P(X=x) = B(n, p; x)
=fx)="Cxp*q" . x=0,1,2.....n
>f(x)=1

Moments about origin of Binomial distribution

Also p+q=1 and

The r'™ moment of the Binomial distance about origin is

=E[X']= anxrf(x)
x=0

— “rr :Zxr nCX px qn—x
x=0

n
whenr =1, 1* moment, pj = >x "C,p* q"™~

x=0

! C X n X n—X
= =Y B g
x=0 n_Xlﬁ

— > |£ X _Nn—Xx
é—n_x el
_n Z |_ xfl n—x
x=1N—X IX_
N [n—-1
ol-D-(x-1) |x-1

(n-1)-(x-1)

THEORETICAL DISCRETE DISTRIBUTIONS

here n and p are called
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n

-1 -1 (n-1)—~(x-1

=np D, "'C,p* "D
x=1

=np (q+p)"" > fx)=(q+p)" =1]
= i, =np= Mean

Now Second moment about origin is W, = E(X?)= sz f(x)
uy = D [x(x=1)+x]"C,p*q" ™
x=0

X

n n
= Yx(x-1)"Cyp*q" T+ Xx "Cyp*q"”

x=0 x=0
— ZX(X-]) nCX px qnfx +ZX an px qnfx
x=2 x=1

= W= +np
—=|x-2 |n—x
L -2
=n(n—l)p2 Z n px—2 q(n—2)—(x—2) +1p

=2 [x=2|(n-2)—-(x-2)

— n(n—l)p2 Z n72CX72 px—2 q(n72)7(x72) +np
x=2

=n(n—1)p>.(1) + np
= py=n(n-1)p’+np
Also variance, = py —p}?
= 1 = n(n—1)p? + np—n’p?
= nzp2 - np2 +np — nzp2
= w=np(l -p)=npq
So,  variance =npq
Also variance < Mean
re.npg<np asq<l
and  variance = Mean ifq =1
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Now pj=E(X’)=>x’f(x)
x=0

As X =x(x-1)(x-2) +3x (x-1) + x

So  ph= i[x(x —D)(x —2)+3x(x - 1)+ xJf(x)
x=0

> ox(x=D)(x=-2) "C,p*q"* +3Y x(x~1) "C, p* q"
x=0 x=0

+ix ncxpx qn—x
x=0

> x(x-D(x-2) "C, p* ¢"*+3) x(x-1) "C, p* ¢"*

x=3 x=2

+ix nCX pX ql’l—X

x=1

— N m X n—x
= ~1)(x -2
éx(x e o YRR

+3n(n - l)p2 +np

— i . . In__3 X _n—-x N 2
n(n—1)(n 2),§|x—3|(n—3)—(x—3) p-q " +3n(n—-Dp” +np

T =n(n—1)(n-2)p’ Z "S3C, L p 7 qU Y L 3n(n—1)p? +np
x=3

= p=n(n-1)(n-2)p’ + 3n(n-1)p’ + np

Also 3 moment about mean is
Ms = s —3php +2u;
=n(n—1)(n—2)p> + 3n(n—1)p* + np — 3[n(n—1)p* + np] np + 2n’ p°
= (n*—n)(n—2)p’ + 3n’p” — 3np” + np — 3n’p’ + 3n’p’ — 3n’p” + 2n’p’
= n3p3 - n2p3 —2n2p3 + 2np3 - 3np2 +np — n’ p3 + 3n2p3
=np + 2r1p3 - 3np2
=np(1-3p +2p”) =np(p — 1)(2p ~ 1)
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=np(—q)(2p—p—q) = npq(q—p)

=2 x" "Cyp* g™
x=0

Now x*=x(x—1)(x-2)(x-3) + 6x(x—1)(x—2) + 7x(x—1) + x

So p, =n(n—-1)(n-2)(n— 3)p* +6n(n—1)(n-2)p° +7n(n-1)p* +np
and =y —4uip +6phu; —3p)

=  me=npq[l +3(n-2)pq]

Moment generating function (M.G.F) about origin for a Binomial distribution

Mx(t) = E[¢"] = D e"™ f(x)

— ietx an px qn—x

x=0

=3 e, a7 ety CRNEN

x=0

Mx(t) = (q + pe")"”

= Mx<t)/
Now t=0
, d
My :dtMX(t)/
= t=0

' d t\n
=—(q+
U dt(q pe )/
t=0
_ n(q+pe")™” pe/
t=0

=np(q+p)"'=np

42
Hy = 72Mx(t)
Also dt ~0
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di¢ tn—l]
=np— +
np e (@+pe’) /o

=np[e'(q + pe')" + 1 (n-1)(q + pe)* peT t=0
=np[ 1(q+p)*" + I(n-1)(q+p)"p]
=np[l + (n—1)p] =np+ n(n—l)p2

Pearson’s Coefficients

2
Blzu—g, B, =”—§, 0, :\/E» o, =B, -3

Ha K
1-2p)* 1-6
B1=( P B2=3+( Pq
npq npq
_1-2p 1-6pq

= R az =
v 1pq npq

Characteristic function

¢x(t) = E[e"] = (q + pe")’
Cumulants
Cumulant generating function (c.g.f) of a Binomial distribution is

Kx(t) = log Mx(t)

= log (q+ pe)" =n log (q + pe’)

t?
=nlog |q+p 1+t+5+§+ ......

t?
=n log (q+p)+p(t+—+—+ ........ ]

21 3
I t?
=n log 1+p(t+5+§+ ........ J
XZ 3
using log (1 +x) = x—7+? ....... , we get

2 3 p? 2 3 2 P’
Kx()=n|p| t+—+—+.... |——| t+—+—+.... | +—
X p[ 23 ]2( 23 ] 3

The '™ cumulant is
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dr
t" r Kx (1)
K, = coefficient of - in Kx(t) = dt A
r! =

So K;=np = pu;

2
K, = np - np” = coefficient of %

= K> =np(1-p) =npq = . [OGp +q=1]

K 2 3
& Xs_np_mp”2 mp”

33 2203
= Ks = np—3np” + 2p°n = np(1-3p+2p?)
= np(p—1)(Zp-1)
=np(=q)[2p—p—q]
=npq(q—p) = 3
Example: - p = probability of getting a head = 2
q = probability of not getting a head = 2

The probability of getting x heads in a random throw of 10 coins is

X 10—x 10
o= ()2 (2) (22 =012t
X X

Probability of getting at least 7 heads is
P(X>7)=p(7) + p(8) +p(9) + p(10)

- {FEHEHE)

_ 120+45+10+1 _ 176
1024 1024
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Recurrence Relation
d
W1 = pqnr g + — ]
dp
where L, is the ' moment about mean.
Now, p=E[(X-np)]= D (x—np)" "C,p*q"™

x=0

Differentiating w.r.t.p, we get

d].,t n |: n X _n—-X r—1 r n d X Nn—Xx
—=)1(CC,p q Hr(x—np) (-n)+(x—-np) "C, —(p" g )}
dp Z(:) dp

=-nr ) (x—np)"”" "C, p*q""
x=0

£ (x-np) "C, g™ xp ! +p* (- x)0" (D)
x=0

{@pzl—q,qzl—p.'.ﬂ:—l}
dp

— > x—p) £+ Y (x— 1) "C, p* q“[f— “‘X}
p

x=0 x=0 q

. rn x n—x (X—1
=-—nr g+ Y (x—np)" "C, p*q (x-1p)
x=0 Pq

X _(n-x) _xq-np+xp _x(p+q)—np _ X—np}

p q Pq Pq Pq
dur o (X - np)r+1 n X _Nn—-X
= ——=-nru,,;+ ) —— C,pq
dp Z:(; Pq

1
=—nrpe + —Hy
Pq
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M.G.F about its Mean

fonp(t) = [qe—pt + petq]n

Now by definition Mx_up(t) = e ™f(x)

x=0

n n X Nn—X
= MX—np(t)z Ze(x_np)t Cxp'q
X=

n
=DM e™ "C p g™

x=0
=e™ > "C, q"(pe")"
x=0

=e"(q+pe)’

= (e ™)"(q +pe)"

— [qe ™ + pe' P
= MX—np(t) = [qeipt + peqt]n [@ p + q — 1]
2.2 3.3 2.2 3,3 n
= _ ptt pt qt® q’t
Mix-np(t) q(l pt+ T +o J+p(1+qt+—2! + 3 +J

t? t3 !
- {(p+q)+pq(p+q)§+pq(q2 —p2)§+...1
As p+tq=1, we have
2

3 n
Mx-np(t) = {1 + (pq% +pq(q- p)% Fo ﬂ

t? t3
=1+ - )
l1+n|pq ) +pq(q—-p) 3 o

2
+n(n—1) i+ (q- )£+ .
ol Pq o pq(q—p g T | e

t? t3
=1+npq E+npq(q—p)§+ .......

m =0
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2
K, = coefficient of %= npq

3
13 = coefficient of % =npq(q — p)

Example: - In 8 throw of a dice, 5 or 6 is considered as success. Find the mean number of

successes and S.D.

Solution:-Heren=8,p=g=l,q=Z
6 3 3
Mean=np=8xl=§
3 3
8 2 4
and SD=./npg=.—-x==—
bl 3 3 3

Example: - 6 dice are thrown 729 times. How many times due you expect at least 3 dice to show
five or six?

Solution: -n=6, N =729

p=—=-,x=3,9=

|

1 2
3’ 3

P(X>3) = f(3) + f(4) + (5) +{(6) (D
Now f(x)="Cxp q""

4

6
() =P(X=3)=) "C,p*q"™

x=3

ol << MY -2

No. of times, at least 3 dice will show

5 0r 6= NP(X > 3) = 720x 255
729

=233
Fitting of Binomial distribution

By fitting of Binomial distribution we mean to find out the theoretical or expected frequencies
for all valuesof X=0,1,2....,n
The frequency F(x) for X =x is
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F(x)=Nf(x)=N) "C,p*q"™
x=0

forx=0
F(0) =Nq" (D)

fx) _ "C,p"q™
f(X _ 1) n Cx_l prlqnfx+1

Also

Nf(x) _n-x+1p
Nf(x—-1) X q

F(x) :(n—x+ljp

F(x—1) X  Jq

=  Fx)= (n_z_i_l].%F(X—l) .2

wherex=1,2,......,n

POISSON DISTRIBUTION

Poisson distribution can be obtained from Binomial distribution under three conditions
(i) no. of trials is large i.e. n — o
(ii) probability of success is very small i.e. p > 0
(ii1) the mean no. of successes is finite, i.e. np = m(say)
In case of Binomial distribution,
fx)="C,p*q" ™ ,x=0,1,2,...n
Taking limit case of f(x) in Binomial distribution, we get f(x) for Poisson distribution,
X —m

fxy="2° x=0,1,2,3,....
x!

Now n—oo,p—>0,np=m

. ~m . m
1.€. p=—,q=l-—asn—> o
n n

Probability of x successes in Binomial distance is
fx)="C,p"q"™"

Probability of x successes in Poisson distance is

136



f(x)= lim "C,p*q"™
n—oo
= lim “cx(ﬂj (1—2j
n—o n n

. n! m)" m)"
= lim ———| — (1——
n—o x!(n—x)!\ n n

. m* n(n-1)(n-2)...,.n—x—-1)n-x (I_Enx]
n—o |1 n_X(nX) n

" lim m_xn(n—l)(n—2)....(n—x+1)[1_E]n(1_2jX
n—»w |£ n* n n

i 202221
S G R ey U [

M (1 —Ej [®Rest of the terms tends to unity as n—o]

Il
5

I
5.

= lim 2 (1—Ej (1)
n—wo |x n
n _ 2 _ _ 3
Now lim [1-2] = lim 1—n.2+n(n—l)m——wm—+.m
n—o n n—o n 2! n2 3! 1’13
2 3
= lim (l—m+——— ..... J
n—o ! 3!
from (1)
fx)= 2 e™ x=0,1,2,.....
[x

Moments of Poisson distribution

u. =E[X"]= ' moment about origin
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Now

So

0 e—mmx
=2
=1 |x—1
0 mxfl
—me ™2
me & x -1

wh=E(X?) = ixze m M
x=0 X
_x | XE=DHX |
5]
“m x(x-1) , ~xm®
P

0 mx—2
— —mz +m
m ¢ Sx - 2

-m _m

=m’e ™"+ m
wy=m’+m
Variance, w, = p)— W

_ 2 2 _ _
l=m+m-m =m= [ =m

mean = Variance
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Moment generating function about origin

M.G.F about origin is by definition

=

Mx(t) = E[e™] = i e™ f(x)

x=0

t\2
_ m 1+met+(me) o
2
—Im met
=e¢™Me

Moment generating function about mean

Now

Mx_m(t) = i e £(x)

x=0

X

_ i o t(x=m) e "'m
x=0 \L

X
tx —mt _-m m
e —

€ ¢
x

I
[Ms

Il
S

X

= g (ITm i (met)x
x=0 |1

—m(1+t) emet m(et—t—l)

= =¢

(1)

)
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d2
, dtzMX“)/
and p5)= ~0

t_ t_
1’1’1|:€t m(e 1)+et em(e l)metjl

t=0

=m[l.e’+1.1.m. 1]
=m(l +m)=m’+m

Characteristic function
it .
(I)X(t) — em(e -1) — E[eltx]
Cumulant generating function about origin

Kx(t) = log Mx(t) = log ¢™¢ ™
=m(e' - 1)

t?
= Kx(t) =m t+7!+§+ ......

h .
The ™ cumulant is

T

K, = coefficient of v in Kx(t)
[t
K1=m,K2=m,K3=m, ......
i.e. Ki;=m, forr=1, 2, 3,.....

All cumulants are equal for Poisson distribution
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Recurrence Relation for Moments

d“’l‘ ]
dm

Now 1" central moment by definition is

pr = E[(X — m)’]

Hrer = mrpep +

X

e "m

= Y -m)’ £(x)= Y (x-m)’
x=0 x=0

x

00

% = z;) r(x=m)" ' (-1)e™ nl; } + go{(x —m)'e ™(~1) “I; }

x—1

e m
+ Z(x —m)'e "x
x=0 [x

o0 —m X o0 —m X
=Y (x-m) Y (x—m)f [1—1}
x=0 Iﬁ x=0 |1 m
=Y (x-m) " Y (x-m)f (X_mJ
x=0 x=0 Iﬁ m
1 0 —m X
=T Mg T —Z:(X_m)rJrlﬂ
mx:0 |1
du, 1
= - =TH. +_“r+1
dm m
du,
= L-l'rp'r—l =—HK
dm m
d
= e = mrp,_q + Hr]

dm
Recurrence relation or Fitting of Poisson distribution

e m

f(x) =
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mf(x)

=  fx+1)= (D)
x+1
Now Nf(x) = F(x)
F(0) = Nf(0) = Ne ™
S (1) = Nfx+1)= (ij f(x)N
x+1
=  Fx+1)="Fx),x=0,2,... Q)
x+1

Put x =0in (2), w get
F(1)=m F(0) =m Ne™
2

F(2) = %F(l) - mTNe_m

m m’ . .
F(3) = ?F(2) = ?Ne yeenen
Additive Property of Poisson variate
If X, X; are two independent Poisson variates with parameters m;, my.Then their sum X, + X is
also a Poisson varite with Parameter (m; + my)
i.e. X + X5 ~ P(m; + my;Xx)
Proof: - If X is a Poisson variable, then

e—l’l’l X

f(x) = ,x=0,1,2....

X
_ m(et—l)
& M (t)=e™

t
My, (1) =™

“The MGF of sum of two independent r.v. is equal to the product of their MGF.”

By using this result, we have
MX1+X2 (t) = MX1 (t) . MX2 (t)

_ eml(etfl). emz(etfl)

t
— e(e —-1)(mj+my)

This is the MGF of Poisson variate X; + X, with parameter (m; + my).
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Example: - Show that in a Poisson distribution with unit mean, deviation about mean is — times
e

the standard deviation.
Solution: - Here mean = 1

Variance =SD =1 [®In Poisson distance mean = variance]

M.D = Mean Deviation = E[|X-1]]

_ i |x—1]e™
x—0 |§

2 3 [4

n n+l-1
n+1 n+1
1

n+1

General term =

BNl

Puttingn=1, 2, 3..

_1{ 1__ L_LJ [L_LJ ]
c 12 2 3 3 4
l(1+1)——><1——><SD

€ (&

(¢]

M.G.F about mean
M.G.F about mean for Binomial distribution is
Mx-np(t) = E[e" ]
=[qe™ + pe " = [qe ™ + peT"

npt

[q+pe']"
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Put

As

pe’
log Mx_p(t) = —npt+nlog | q| 1 +—
q

t
=—npt+nlogq+nlog{l+£J
q

np =m, we get

t

Log Mx_np(t) = —mt + n log (1 —Ej +n log | 1+ e
n

@

m m’> m
=—mt+n{—————

T T +n -
n 2n° 3n n(l_mj 2 n[

me
3
n(l—mJ
n
2
me' 1 | me' m? ( 1 j
_mt-m-+ _ _moo =

n—o0, we have

lim logMy_,, (t) = —mt —m + me'
n—oo

limM,___(t)= gme —mt-m

N X UP
m(et—t-1)
=e

= M.G.F about mean of Poisson distance
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Example: - If X is a Poisson variate s.t. P(X = 1) = P(X = 2), find P(X =4).

Solution: - Probability of x successes in Poisson distribution is

P(X = x) = f(x) = &M
[x
PX=1)= S empy (D)
-m___2 2
px=2)=>1 =m7e*m (2)

Since P(X=1)=P(X=2)
from (1) & (2), we get

2
-m

m° _
me ZTem:nn=2

Therefore for X =4

-m,_4 2 /N4
P(X=4)=e m’_e 2)
|4 24
=102 409
24

Let e¢’=a
= logipa=-2logjo e
= logipa=-2(0.4343) = -0.8686
=T.1314
= a = antilog (T.1314) =0.1353
Example: -Six coins are tossed, 6400 times, using Poisson distribution, what is the probability of

getting six heads x times?
Solution: - When a coin is tossed, probability of getting head is = %
1 1
When 6 coins are tossed, probability of getting 6 heads :(Ej ~ = p(say)

Mean = np = 6400 x é =100 (Mean)
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= m =100

Probability of getting six heads x times

=& M ithm=100
[x
_ 67100(100))(
[x

Example: - After correcting 50 pages of the proof of a book, the proof reader finds that there are

on the average 2 errors of 5 pages. How many pages would one expect to find with 0, 1, 2,3 & 4

errors in 1000 pages of first print of the book?
Solution: - Now Mean = %= 0.4 =M (say)

X— Poisson distance,

fx) = PX = x) = S

[x
_ 670.4 (0'4))(
[x
Expected number of pages with 1000 pages is
1000e*4(0.4)*
1x
Now we want to find f(0), f(1), f(2), f(3), f(4) by using Recurrence Relation,

1000 f(x) =

flx + 1) = % fix

X=x f(x) Expected number of pages
= 1000 f(x)
0 f(0)=¢*=0.6703 670.3 ~ 670
! f1y = 2% £0) = 0.4 x 0.6703 268.12 ~ 263
0+1
=0.26812
2 0.4 53.62 ~ 54

f(2) = —f(1)=0.053624
1+1
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: f3) = %f(z) =0.0071298 7.1298 ~ 7
+

4 fay = 2% £3)=0.0007129 =1
3+1

Example: - In a certain factory making blades, there is a small chance%for any blade to be

defective. The blades are supplied in packets of 10. Use Poisson distance to calculate the
approximate. Number of packets containing no defective, one defective & 2 defective blades
respectively in a consignment of 10000 packets.

(e7"%2=0.9802)

Solution: - Let p—probability of blade being defective = %
n=10
Mean =m =np = %= 0.02

Number of packets containing x defective blades,

F(x) = Ne "'m
[x
_ 10000x¢™**(0.02)"
x
_ 10000x0.9802(0.02)"
[x
F(x) - 9802(0.02)
[x
X F(x)
0 0
F(0) = 9802(0.02)° _ 05
0
1 1
F(1) = 9802(;).()2) 106
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2 2
F(2) = 9802(0.02)
12
Mode of Poisson distribution
Let the most probable values of r.v. X be r i.e. r is mode.

Then P(X =r) should be greater than P(X =r+ 1) and P(X =r- 1)

1.e
e—mmr—l efmmr efmmrJrl
< >
r—1 [r r+1
mr—l m.mr_l 1,nr—lrnz
= < >
r-1 rjr—=1 (@+Drr—1
m m?>
= 1< —>
r r(r+1)
= r(r+ 1) <m(r+ 1) > m?
= r<m &(r+1)>m
= r<m &r>m-1
= m-1<r<m

Thus if m is an integer, there shall be two modes m and (m—1).
If m is not an integer, then mode is the integral value between (m—1) & m.
Example: - A Poisson distance a double mode at X = 3 and X = 4, what is the probability that X

will have one or the other of these two values.

Solution: - P(X=x)= c m
[x
e "m’
P(X =3)=
Iy (D
& PX=4=-""1
|4

Since the Poisson distance has a double mode at X =3 and X =4, so

P(X=3)=P(X =4)
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= mZﬁ:4
13

443
from (1), P(X = 3) = <2 =% 4
4 44 4 4 43
&P(X=4)=e 4 _e 4.4
[4 43
_ 4 _32 .
33
Now P[(X =3) Y (X =4)] = P(X =3) + P(X = 4)
:ﬁe_4
3

= 6—34 (0.0183) = 0.3904

X-m

Jm

Example: - If X is a Poisson variate with mean m, show that is a variable with mean zero

and variance unity.
Solution: - We know that
Mean = E(X) =m

LetZ= X—Wm
then E(Z)= E(X_WmJ = ﬁE(X —m)
= [0 - E(m)
= lmml=o
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= i.m =1
m
12
Also find M.G.F of this variable and show that it approaches ¢ as m—o0

LetY =

X-m
Jm

(Xem)
then My(t) =E[e"" ] —E[e Jmn

e Vmt i—eimm Jm
x=0 Iﬁ
_ e—«/Et —mi (met/\/a)x
x=0 Iﬁ
t//m t/4m 2
= gmmi|  TNC +(me ) Fo
[L 2

- t/m
e m «/Et eme

t 2 3
—m—/mt+m| 1+ —+ — + +o
Ym 2 pmym

=€

My(t)=¢’ B¥m

2
As m—o, lim M, (t)=¢' ’2 which is MGF of standard normal variate (Normal Distribution)?
m—o0
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GEOMETRIC DISTRIBUTION

Suppose we have a series of independent trials or repetitions and on each trial or repetition, the
probability of success ‘p’ remains the same. Then the probability preceding the first success is
given by

pq”
where X—Number of failures preceding the 1% success in series of independent trials.

and  p=P(success in a single trial)

eg., in tossing a coin, the possible outcomes of experiment are
S, FS, FFS, ...... FF,....FS,........
X=0,1,2,...... , X

Probability distribution of X,

f(x) = P(X = x) = pq ) x=0,12,......00
0 ) otherwise
Also Z f(x)=1
NOW Zf(x) = qux
x=0 x=0
=p+pq+pq +pg +....
=p(l1+q+q*+......)
_1 NP a
=P sum of inf initeG.P.S + —
I-q -1
=p. l =1
p

Moments of Geometric distribution

ui=EX)=) xf(x)=) xpq*
x=0 x=1

=pq (i xq“j

x=1

=pq(l +2q+3q°+...... )
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=pq(l -q)~
e

o]

1
= Wi =P9-—=
p

p
= 1y =Mean = %

wh =Y x*f(x) =) [x(x —1)+x]pq
x=0 x=0

= > x(x-1)pq* + > xpq*
x=2 x=1

Zx(x 1) g L9 [from (1)]
x=2 p
2
=2pq’(1-q)> + L = qz 3
p p p

which is 2™ moment about origin.

variance, [ = ) — W}

MGF about origin

Mx(t) = E[e™] Z e™ pq”*

=p > (qe")* =p[l-ge']"
x=0

p
1—qge

t

Moments from MGF

d p(-1)(-qe")
¥ :dtMX(t)/ _ (-qe)’
1 t=0 t=0
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d2 d| pge'
_dt? (t)/ dt| (1-qe")

[ —qe)’et —e'.2(1— qet)(—qe‘)}
—qe")*

[( —qe )e +2qe

c
- pq —qe')’

+2
pq{ -q) 3q}
+2 2q>
=pq(p 3QJ q q
p p P
d3
MO
M3= t—O
i[et(l—qet)*2 +2qe2t(l—qet)73]

=pq [e'(1-qe") * + €(-2) (1-qe")  (—qe') + 2qe™. 2(1-qe') > + 2qe*(-3)
(1-qe) ™ (—qe")]
=pq[(1—-q) > +2q(1-q)> + 4q(1-q) " + 6q°e(1-q) ]
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d4
, wMX“)/
g = t=0

d _ _ _
=pqa[et(1—qet) 2 4 2qe? (1-qe') ™ +4qe? (1 - ge')

+6a%e" (=g ")/
t=0

=pq [e‘(l —qe') 2 +e'ge.2(1-qe') > +4qe* (1-qe") ™

3

+6q%e(1-qe') ™ +8qe* (1-qe') > +12q%e* (1-qe') ™
+18q%e* (1—-qe") ™* +24q%e™ (1-qe") (qet)]/
t=0
=pq [(1-q) > +2q (1-q) > +4q (1-q) >+ 6q° (1-q) *+ 8q (1-q) > +
12q° (1-q) "+ 18q° (1-q) * + 249’ (1-q) ]

1, l4q_ 369’ 24q3}

=pq | — + +
p> p> p* P

, 149> 36q° 24q°
=100, 300, 2
P p p P
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LESSON 7 THEORETICAL CONTINUOUS DISTRIBUTIONS

Uniform or rectangular distribution

A continuous r.v. X is said to have continuous uniform (or rectangular) distribution over an

interval [a, b] if its p.d.f. is given by

K , a<x<b
f(x) = 0

, otherwise

b
also j f(x) dx =1

a

b
=  [Kdx=1 =[Kx]=1

a

= K(b-a)=1 =K-= !

N4

b-a
1
, a<x<b
f(x)={b—a *
0 , otherwise
f(x)
_ 1
k- T
PR

Moments

b
[T :E[Xr]:J. x" f(x) dx
b
[T :J.xr(biajdx

1 Xr+1 b
- (b—a)(r+1j

a
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o ey

, 1 b’ —a? _b+a
ST (R 2

= pl=Mean=bJra
2
, 1 (b3_a3)_(b—a)(b2+a2+ab)
b= a3 3(b—a)
=%(b2+a2+ab)

Variance, pp = p), — )

= %(b2+a2+ab)—% (b* + a’ + 2ab)
_b? a’ 2ab
2 12 12
_ 2
= L2+ a2+ 2am)= 3200
12 12

1 2
= = —(b-a
M2 12( )

MOMENT GENERATING FUNCTION

b

B 1
Mx(t>—£ romel
1 tx b
B e
- oL
— 1 bt_ at
t(b—a)[e ]

Characteristic function

ibt —e iat

ox(t) = I ™ f(x) dx _t(b—a)
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Mean deviation

b
E[|X-Mean|] = I ‘x —@‘.(b—ia)dx

b
- [|x- atbi g (D)
(b—a): 2
Put t=x—a+b = dt =dx
when x=b, t=a—(a+b):a_b
2 2
when x=b, t:b_(a+b)=b—a
2 2
b-a
1 2
(1) = E[|IX — Mean|] = |t|dt
=
{7
2 b-a/2 2 t2 b%a
= tdt = —
(b—a) '([ (b—a)[Z}

Example: - Show that for the rectangular distance if f(x) = PR —a<x<a,
a

The MGF about origin is sml‘z at
a

aZn

S T

Also show that moments of even order are given by

Solution: - By definition,

b 1 1
Mx(t) = | e™.—dx =—|e*
x(® _J‘a 2a 2at[ ]ia
L(eat —e M= 1 oginhat
2at 2at
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N Mx(t) = sinh at

3 5
=l at+&+&+
at 3! 5!

=1+M+M+ ....... ...(1)
3! 5!

Since there are no terms with odd powers of t in Mx(t), all moments of odd order about origin are
Zero 1.e.

W5, (about origin) = 0
In particular, u; =0 i.e. Mean =0

= ! (about origin) = . (about Mean)

b w =EXx"], b, = E[(X—p)']
if u=0=Mean,then p, =E[X"]= u’r]
Therefore o =0

The moments of even order are given by

2n

uhH, =HU,, = Coefficient of |Ein Mx(t)
a’" :
= - [using (1)]
2n+1

THE EXPONENTIAL DISTRIBUTION

A continuous r.v. X assuming non-negative values is said to have an exponential distribution

with parameter 0 > 0 if its p.d.f. is given by

—0x >
f(x) = Oe , x>0
0 , otherwise
Also  [f(x)dx=1 fx)
0

f(x)
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The Cumulative Distribution function
F(x) is given by,

F(x) = j f(x) dx = e? e ™ dx
0

0

0x
z{l—e_ , x>0

0 , otherwise

MOMENT GENERATING FUNCTION

Mx(t) = E[e*] =0 j e%e ™ dx
0

=0 j e® V% dx
0

_ e[ o~ (0-0x T
—(0-1) |,
= i’ 0>t
00—t
0 0 1

— Mx(t) = = =

(1)
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2 3
(= Myty=1+ L+ 28 BT,

0’2 03
tr
i = E[X"] = coefficient of — in Mx(t)
[r
r
= 9—2, r= 1,2,3, ........
Mean = pj =—
, 2
) :6_2
L2 11

Also by definition,

Mean=.|.xf(x) dx:jx 0 e ™ dx
0 0

B i e—Gx * ® e—ex
_ (x —e) —_[(1) 4 dx]

0 0

17 - 1 1
= e == [0-11=
0 b o 17
E(X) = b = [x? £(x) dx = [x20e™™ dx
0 0
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Variance = E[X—E(x)]*
2

1 2y 1

=E|X-—| =EX°)-—

x| —poc)-

211
92 9 o2
Mean Deviation

EX-E(X)|=E H X —%‘ }

|

0~ dx

D~

X —

= 9j|xe—1|e—ex 01x=j|xe—1|e—ex dx
e0 0

Put Ox=y=06dx=dy
when x=0=y=0

X=0 =Dy =00

_ I O\
E[[X-E(X)[] £|y He™ =

15 _
=—j|y—1|e Y dy ()
0
0
when |y—1]=—(y-1) fory-1<0
= y-df=1ly, y<l
and |y-1|=y-1 fory-1>0
=y-1 fory>1

l_

1 0
~(1) E[X-EX)1=—| [(-y)e™ dy+[(y-1~ dy}
0 1

D
T

1 0
1 e i e e
o [(l—y)_—lj - { (—1)_—1dy+[<y—1)_—1j

0 1
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= %[1+(el ~1)-(0-¢™)]
| -1 -1
= —+ =
5 [e e | 5 e
Cumulants
The c.g.f. is
£ t
Kx(t) = log Mx(t) = log (1 —aj = —log(l —Ej

T

lr
L ,r=123,....
0"
K1=% ,Kzzei2

Example: - Let X have the probability density function f(x) = 0e™™ for x > 0 and zero,
otherwise. Prove that if the +ve part of x-axis is divided into intervals of equal length h starting
at the origin, then the probabilities that X will lie in successive intervals from a G.P. with

common ratio e .
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h h
Solution: - P(0 < X <h) = j f(x) dx = j 0e % dx
0 0

2h
P(h<X<2h)= jee—eh dx
h

O _gx It - -
=__eex]h =—[e 200 _ eh]

= (1=

P2h <X <3h)=- [e—ex E};

— 20 _ 30 _ -20h ) _~0h)

and so on.

Thus the probabilities that X will lie in successive intervals from a G.P. with common ratio ¢ ",
Example: - The r.v. X has the exponential distribution with density function given by

-2X
fx) = 2e , x>0
0 , x <0

(1) what is the probability that X is not smaller than two?

(ii) Show that 2030 _ |
S.D

(iii) Find its M.G.F

Solution: -(i) Probability that X is not smaller than two

P(X22)= jf(x) dx = 2je—2* dx
2 2

K e

— 5 e

(i) Mean=p;=E(X)= Txf(x) dx
0
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=2_0—0—%(e2")ﬂ

YN PN P
=240 1)}_2.4_

N | —

wh =E(X?) = Ixzf(x) dx = 2jx2e—2x dx
0 0

-2x *® 0 —-2x ['s]
nh =2 (xze J + 2% — dx =2[0—0+1.2 [xe™ dx}=2{l.l}:
0 +2 2 0

Variance, [, = p) —p) =
1
S.D.= 4] :E

Mean _2 1
S.D 1/2

1
4

| =
NG

(iii) M.G.F., Mx(t) = E[¢"] = Tetx f(x) dx
0

© © (=) @
= j e®(2e X dx =2 j eDX dx =2
0 0
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NORMAL DISTRIBUTION

A r.v. X is said to have Normal distribution with parameters p and o *, called Mean & variance

respectively if its density function is given by

f(x) = ﬁ eé[ij

—00 <X <0;0 > 0;—00 < <o

b

If z=2TH Xk
c o
Here Mean=E(z)=0

and  variance = V(Z)=1=S.D.

12

2
then f(z)= e , —0<Z<0

1
A2
then f(z) is known as Standard Normal distribution.

froo L[]
Now _jw £(x) dx:mf e dx

—00

Putz= > - c dz=dx
c
© 1 0 7122
f(x)dx = e? odz
_'[O ) o+2n _'[O
w 12
1 —z
= e ? dz
21 ‘[O
© b 0 _122
f(x)dx = e? dz [®Integrand is even function of z]
freoe=]
Put l 2=t
2
= zdz=di=dz- ﬁ:%

Z 2t
< 2% dt 17
f(x dxz\/: e =—|ete™? dt
Jregax= | Jet mo= 7]
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=_j:“p(%j::ﬁ£:1 ()

= it is a probability density function.

This is called Normal distribution or Normal probability curve or Gaussian distribution.

This curve is symmetrical w.r.t. y-axis. The area under the curve gives the probability density

function, f(x) = P(0 < X < x) where x is constant.
Mean, pj=E(X)= fo(x) dx
1 —LZ(X—H)2

) e 20 dx
oy 21

I
é'—.S
b

put z=>_H o)
c

= Xx=pt+toz=dx=cdz
< — 22 sdz

L)
= p=w(l)+0 [from(1)] [@© integrand ze 2 is an odd function of z]

= p=p(Mean)

Variance, W, = E[(X—p)*]
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Put Z—=t:dz=—
2

Ho = — o
T
-1 fer ¢ dt
T
= i&r(i} :i(ﬁ lr
T 2) Jn 2
02
= = T=06" = =0

Normal distribution as a limiting case of Binomial distribution
It can be derived under these conditions: -

(1) n, the number of trials is infinitely large i.e. n— o

(i1) neither p nor q is very small.
p.d.f. of Binomial distribution is

fix)="Cxp"q""

_ I«
[X[n—x
7o XZEX ., _xmp
4/ var(x) A/1pq
where x=0,1,2,.....,n

(D)

Q)
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when x=0 = z=- /E; Asn — o,z —> —©
q

when x=n = z=n_np= nq _ |q
\ypq  4/Npq p
and Asn— oo, Z—> o

Thus in the limiting case as n—o, z takes values —o to co.

Using Stirling’s approximation formula,

1
r+—
Ir = AJ2ne 'r 2

From (1) as n — o, we get

- 2 X N—X
lim f(x) = lim 2re n “p g

n—oo n—o0

n—x+% XJ%

_ 1 lim 2 ' 1 (n.q) '(np)
A/2m n=>* npq ot nox+ Xk

X

(n-x) ? n 2 n

n-+l

1
lim

/27 n—>® /npq X n—x

from (2), x =np + z/npq
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L 1+z—“npq=1+z a4 ...(4)
np np np

and n—Xx =n-np-z./npq

=n(1-p) -z /npq =nq —z4/npq

LR R ..(5)
nq nq

Hence probability difference of the distribution is

lim f(x) dx = lim 1

1
L ..(6)
n—w n—© 270 \/npq N

x-*% n—x+%
where N = (ij (n X]
np nq

using (4) & (5), we get

1 1
(Ilp-i—Z Ilpq-f-*j (l’lq—Z npq+fj
2 { 2
N=[1+z i] (l—z L]
np nq
1 q 1 p
. logN=|np+znpq+— |logl l+z |— [+| nq—znpq +— |log| 1—-z_|—
2 np 2 nq
3/2
=(np+z npq+lj z i—lzziqufq—}/2 .......
2 np 2 np 3 (np)
2 3032
+(nq—z npq+1) '/ i_z_i_z_p_m .......
2 ng 2nq 3 (nq)

2 3372 3372 2
Z Z q 272 q zZ|qQ zZ q
= z\npq ——q+— Fovtzoq—— e e
Pq z q 3 \/a d 2 \/E 2\\np 4 np

Collecting the terms in decreasing power of n, we get
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1ogN——2(p +q)+ %{%{ @ pWJ g(\g—\/gjr ......

2 3
:Z?jL%MZEp\/_q J _[qf} [terms of higher powers 1/\/_]

Taking limitas n — oo

lim logN=z*'?

n—o0

_,2/2

or lim logN=z*? = lim i:e
n—»o0 n—>o N

Put this value in (6), we get the probability of the distribution of Z is given by

. . 1 —z/2 dx
dP= lim f(x)dx =1lim ———e¢ npq dz [®dz= ]
n—oo n—»o0 [27-[ [npq lnpq
L e 2 4z

NP

Hence probability function of Z is

f(z) = Le_zz/2 —0 <z <0

2 ’

The probability function of normal distribution with variable X is

f(x) = ﬁe_;ﬁ‘uj

Some characteristics of Normal distribution

L 0.5 | 05
fx)= ——e ' ° '
o2m
where —o0o <x < o0
2 X—| -0 X=U—6 ., Xx=pt+c +o0
and f(z)= —e 2 where z= X=H

Vo o

(1) The curve is Bell shaped & symmetrical about the line x =
(2) Mean, Median & Mode coincides.

(3) Max. probability occurs at the point x = u and is given by
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1
f =
[£(X) e, ——

(4)p1=0,B=3
(5) All odd order moments are zero i.e. pop; =0

(6) Linear combination of independent normal variate is also a normal variate

(7) Points of inflexion of the curve are given by x =p +

(8) Mean Derivation is %G (appox.)

\F

=,|—0C

T

(9) Area property
P(u—o<x<p+0o)=0.6826

P(u—20 <x<pu+20)=0.9544
P(u—3c <xu+30)=0.9973

> 0.6826

A\

N
NN

'

-
~
N~

\
1
1
1
1
|
1
1
1
1|
\
1
A\

AN

x=p-36  X=u-o X =pt+oc x=pt+3c

when x=p-o z=-1 =2  z=—1 z=0 z=t1 712
and x=ptc  ,z=+l

P(-1 <Z <+1)=0.6826

P(-2 <Z <+2)=10.9544

P(-3 <Z<+3)=0.9973

also P(—z<Z <0)=P(0<Z<z)due to symmetry.

Theorem: - Prove that Mean, Median and Mode coincide.

Proof: - Mode

To calculate Mode, we have
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£'(x)=0 £'(x) <0

1 I(X*HJZ
Now f(x)=me Ao ..(D)

2
log f(x) = — log & \/2_—%("‘“)

9

Differentiating w.r.t. X, we get

L 0 =0- 2 (x—mw)= Lx—
o 00 =0 S (xmw =—xw)

f
= f’(x):—((j—)z()(x—u) ..(2)
Now f'(x)=0=>x-pu=0=>x=p

Also  f"(x)= _—21[1 Fx)+(x—pf'(x)]
(o)

=:%[ﬂxr%x—u}gixéiﬂg} from(2)
(¢ (¢}
:ﬂmﬁ_@—mﬂ
02 62
Put  x=p, we get
"x) = L -1 1 -
f"(x) = > [(F(x)],, gy <0 [By using (1)]

Hence x = p is the mode of Normal distribution.
Median

Median is the middle value of variate. Let M be the Median distribution, then

Tf(x) dx + Tf(x) dx =1
—0 M

M M
Also If(x) dx = If(x) dx

—00 —00

M 1
So we have | f(x)dx=—
[ 160 dx =

—00
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or

Now

Put

Put

=

M 1x—p2
J» 1 *5(7) 1
— dx =—
0\/% 2
2 2
po_lfx-p M _Ifx-p
! Iez(“jdx+ ! J.ez[“]dx—
ov2m *, c\/ﬂu
11+Iz=%
1({x—-p
1 ‘5[ s j
L[ =———|¢
: G«/2n'[
Z:x—u
c
Il— ! ]).CZ/ZdZ
ov2m 3.
1 % o
= e’ dz
Nl
17
I = e? dz
1 \/%'([
222 =t =zdz=dt :>dz=%
t
1 % 1
I = et —tV2 dt
i L
1 1 1 1
- == A==
NS (2) o2n 2
1 x—p
5 4
L=0=> e °/ dx=0
M=p

Hence Mean = Madian = Mode
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Moment generating function about origin

Mx(t) = E[e™] = Te”‘ f(x) dx

—00

X —_—
Put zZ= H
o)
= X=Uu+oz
dx=0cdz
1% -
Mx(t) = j e!(h97) ¢ 2 5 dz
ov2m *
pt o 1. 2-2toz)
e (z
M,(t) = j e 2 dz
N2m
¢ o 1 2+t262—2t62)+lt202
et ,E(Z 2
= J.e dz
V2w
p oo L 2 122
e (z—to) t“c
= je 2 e? dz
V2m ©
1 262
ept+2t . —7(z—tc)2
—S e .
N2nm o
Put z-to=p = dz=dp

pt+lt202 12
My =& [e 2" d
X — |e U
N2nm 7,
122
ut+—t“o
=e @
ut+%t202
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Moment generating function about mean
Mx_(t) = E[e®™M] = E[e%.e™]
= e M E[e™] =™ Mx(t)

122 122
_ut pt+—o”t —0°t
=e e 2 =e2
Also by defination
® _l[ﬂjz
Myx_u(t) = j el 2o ) gy
o+v2n

ov2n

—00

pt+%52t2 l52t2

=eM.e =e2 [from(1)]

Moment generating function about any point ‘a’

122
t(p—a)+—c“t
Mya()=c 2
By defination
Mx-o(t) = E[e"™]
2
0 1 x—p
1 _]
Myx_a(t) = j ¢! ¢ 2( ° ] dx

1 1 22
t+—o"t t(p—a)+—oc”t
ut+ _ (n )2

Cumulants
ut+702t2
Kx(t) =log Mx(t) =log | e 2
=put+ l o't
2
The 1* cumulants, K; = coefficient of t = u| (Mean) = p
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The 2™ cumulants, K, = 6> = variance = L2

K:=0 forr=3,4,.......
Thus p3 = K3 =0 and py = K4 + 3K5 = 36" [0 Ky =py—K3]
3 2
Now PBi= 4=22_-3 (B1=0,B,=3)
oy ©

Moments from Moment generating function

1 22
—0c°t
M.G.F about mean = e2

from here,

: t'
(1), = coefficient of — = rth moment about mean

Ir
Since there is no term with odd powers of t in (1), there fore all moments of odd order about

Mean vanish.

i.e. Won+1 = 0, n= 1, 2, ......

and  pp, = coefficient of

20 2%n
®t2n02n.|2_n_ GZH n t2n
nfzn | 2"l Ji2n
2n
Mon = ——[2n(2n~1)(20 ~n)....4.3.2.1]
[n
2n
= 2 _[135.....2n-1)] [2.4.6.2n-2)2n]
2n
2n
- % [135......2n-1)2"[1.2....n]
2“|£
2n
=2 [135....20-1) 2" [n
2“|£
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=  mm=0"[135......2n-1)]

M2 = lo’=0¢’

us =0, u4=1.3c54
ps =0, Ue = 1.3.56°
pi=0, p2=3

Also pj=moment about origin

=E[X']= Txrf(x) dx

—00

So Hon+1 = odd moments about mean

= T(x —)*™f(x) dx

—00

o0

and = I (x— u)zn f(x) dx = even order moments about mean

—00

Characteristic Function

i t—ltzc2

ox() =E[c™]=¢ 2

Mean deviation

M.D = j|x—u|f(x) dx

Put z= =dz= —dx
c c
_1,2
1 5 2
= |oz |
\2m _'[o o)
© 192
2 —z
M.D= oze ?2 dz
\/2n£

[® integrand is eveb function of z]
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Put —z° =t 2%.22(12:(1‘[

M.D. =

2 %
c|e dt
V21 '([

Points of Inflexion of a Normal Curve

At the points of inflexion,

£'(x)=0,  f"(x)#0

Now  £7(x) =100 {1_(x—u)2}

2
9 (&}

. 2
Put  £"(x)=0, 1—% -0

9
= (x-p)’=0" = x—pu=+0
= X=p*to
Now ()= 109 {1 G- w? } f();)[ 2 - u)}
9 o

4
(¢

f(x){1 (x— u)} 2 (x)(x — )

At X=uzo,

£7(0x) = f(x) {1 (10— u)} 22()

(L+o—p)

- pr=1® gx) [1- 1]+—2f(3x) o
o o
—0+ 2f(3x) _ 2f(u3+c) 20
o o
At X = U—0,
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2 4

() = L0 {1 (o) } FELICIP

(0} (¢} (o)
f'(x) 2f(x) 2f(x)
_ 2" (1-1)— 03" =0- 63"
= fm(X) — _2f3(X) — _Zf(l’;_c) £0
(0) (0)
2
£7(x) = (:_:—f)f(u + o){s - (i;) }
= M =0
(0}

The S.D. is the distance of point of inflexion from the axis of symmetry.

N

X=U—-C X=ll X=ptc
Example: - p} (about 10) = 40
uy (about 50) = 48
Find Mean and S.D.

Solution: - By defination 1% moment about 10,

w = T(x —10)f(x) dx =40

—0

= = Txf(x) dx—lOTf(x) dx =40
= = Txf(x)dx =40+10=50 {G) Tf(X) dx=1}

Mean = Ixf(x) dx =50

—00

As Mean is 50.
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1, = 48(4"™ moment about Mean)
=  3c'=48 =c'=16=2

= c=S.D.=2

Theorem: - If X, and X, are independent normal variates, then X; + X, is also a normal variate.

Proof: - X; ~ N(u, 612)

X>~N(pa, 63)

122
pit+-oqt

My, (1) = E[etXl ]= e 2

My, (1) = Efe?2]=e"2
As Xjand X, are independent,

MX1+X2 (t) = MX1 (t)'MX2 (t)

()t (2 402)

which is the M.G.F of Normal distance with Mean p,+u, and variance o; +6;

i.e. X1+X2~N(M1+},L2, 012+G§)

Theorem: - A linear combination of independent normal variates is also a normal variate. i.e.

if Y=a X +ta X+ ...... +a, + X,, then Y is also a normal variate.

Proof: - X; are independent normal variates.

122
pit+—t o

My (t)=¢ 2

i L2622
pjajt+—tTo a;

and My (a;jt)y=e 2 i

Now M.G.FofY = Z:aiXi is
i=1

122
p.lalt-%—%clzalztz “232t+502a2t
= .€

(D

[®X;’s are independent]

[O@Mex(t) = Mx(CY)]

[from(1)]
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(z ajug ) +%t2( ai2 ciz)

t
=e
which is M.G.F of Normal distribution with Mean = Zaiui and Variance = Z:ai2 o}

Remarks

(1) Ifwetakea;=ay=1,a3=as=...... 0,

then X;+ X5 ~N(yu + wo, 012 +0§)

if we take a=l,aa=-1l,a3=a4=........ 0,

then X;—X, ~N(u; + {2, 67 +03)

Thus we see that sum as well as the difference of two independent normal variates is also a

normal variate.

Note: - If X; ~ N (u, 62), X are identically distributed independent Normal variates, then their

2
n

) 1.
Takinga;=a;=........ = a, = —in the result
n

Y=YaX ~N(apu,Ya?c?) e

1 & 1 &
then l(XlJerJr ...... + X)) ~N —Zui,—z E (Si2
n n 5 n g

mean

= X, ~N {l.nu, %ncz}
n n

[OAs each X; has mean = p, variance = °]
— 1,
= X; ~N|u, —o
n

. X—np t2/2
Theorem: - If X ~ B (n, p), then prove that MGF of ———tends to e" '~ as n—oo.

\npq
X—np
J/npq
f(x)="Cxp"q""
MGF of Binomial distribution is

Proof: - Let U =
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Mx(t) = (q + pe")"

Muy(t) = e My (%) where U = X

npt t n

My(t)= e {npa qupe‘/ﬁ

log My(t) = —npt + n log lq+pe”mJ

v/ Ipq

—npt t t2 t?
+nlog |1+p + + 377 T oeeerns
Jnpq Jnpg  [2npq |3 (npq)

2

- L a-py+om™?)
2q
t? 1
%)
As n—»0, log My(t) = t*/2
2
= My(t) = e' /2

Area property
If X ~N(, 6%)
The probability that r.v. X will lie between X = p and X = x, is given by

X]
P(u<X<x))= jf(x) dx
n

2
xp _1fx=p
S Je z(cj dx
c 27tu
Put Z=X_“,thenz=ﬂ
c c
If X=u,thenZ=0
_ — _ X —u
& when X =x,, Z = z)(say) where z;
c

P(u<X<x)=P(0<Z<z)
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z; 1

1 12 7]
e? dz=|o(z) dz

2
where ¢(z) = e "% is the probability function.

1
N
z]

The definite integral J(p(Z) dz is known as normal probability Integral & gives the area under
0

Normal curve between ordinates at Z = 0& Z = z;. These are tabulated for different values of z;

/N

at interval of 0.01

=3 =2 | X=p | z=3
| =0 | z=2
x=lp—cs X=Iu+0
z=1 z=1
Plu—o<X<pu+o)=P-1<Z<1)
p+o 1 1
= If (x)dx = j(p(z) dz=2 '[ 0(z) dz [® curve is symmetrical ]
u—c -1 0
=2(0.3413)
=0.6826

and P(p—-20<X<pu+20)=P(-2<Z<2)
2 2
= J.(p(z) dz = 2.[(p(z) dz
-2 0
=2(0.4772) = 0.9544
and (U—-30<X<pu+30)=P(-3<Z<3)
=2(0.4987)=0.9974

and outside rangep + 3¢
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P(X-p| > 30) = P(Z| > 3)
=1-P(-3<Z<3)
=1-0.9974 = 0.0026
Example: - If X ~ N(12, 16)

Find (i) P(X = 20) (ii) P(X £20)
Solution: - (i) Here u =12, c =4
7= X-m_X-12
c 4

P(X>20)=P(Z=2)
=05-P(0<Z2<2)
=0.5-0.4772=0.0228
(i) P(X £20) = 1- P(X > 20)
=1-0.0228 =0.9772
(i) PO<X<12)=P(-3<Z<0)=P(0<Z<3)
P(0<X<12)=0.4987
(iv) Find x* when P(X >x") = 0.24

x' =12

Solution: - when X =x", then Z = =7, (say)

P(Z>z,)=0.24
P(0<Z<27)=0.5-0.24=0.26
From table, z; = 0.71

(D)= a=X"12_o7
= x' =14.84
noo?
Example: - X ~ N(30,25)
Find (i) P(26<X<40) (i) X >45

Solution: - Here p=30,6=35

when X = 26, Z

(1)

o 5

_ X-p 26-30

(iii) P(0 < X < 12)

(due to symmmitrical)

(D)

(iii) | X-30| > 5

-0.8
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_40-30
5

P26 <X <40)=P(-08<Z<2)
=P(-0.8<Z<0.8) +P(0<Z<2)
—P(0<Z<0.8)+P0<Z<2)
=0.2881 +0.4772

P(26 < X < 40) = 0.7653

& when X =40, Z 2.0

08 =0 08  z=3
(ii) P(X > 45) =P(Z > 3) = 0.5-P(0 < Z < 3)
=0.5-0.4987 = 0.0013
(iii) P(IX-30[>5)
Put |X-30| = Y| ~Y|<5
= -5<Y<5
P(|X-30| < 5) =P(25 < X < 35)

=P(-1<Z<1)=2P(0<Z<]1)
Then P(X-30|>5)=1-P(X-30| < 5)

=1-0.6826 = 0.3174
Example: - X ~ N (12, 16)
Find xjand x| when P(xy <X < x])=0.50 and P(X >x})=0.25

Solution: -

0.5
0.25
0.25
x=x) ! X=Xy’
z=z; =4
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!
Xl_

when X=x|, Z= 2 =z, (say)

Xp—12
4
P(X> X|)=025 =P(Z>z)=025

when X = xy, Z=

=—z, (from figure)

and [P(Z>z)=05-P(0<Z<7)=0.25]X
P(0<Z<27)=0.5-P(Z>z)=0.25
from table, z; = 0.67

!

Hence —1— 2_ 0.67

= x|=0.67x4+12=14.68

12
and X04 =-0.67 = x), =9.32
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LESSON 8 MULTIPLE AND PARTIAL CORRELATION
INTRODUCTION.

When the value of the one variable is associated with or influenced by other
variable, e.g., the age of husband and wife, the height of father and son, the supply
and demand of a commodity and so on, Karl Pearson’s coefficient of correlation
can be used as a measure of linear relationship between them. But sometimes there
is correlation between many variables and the value of one variable may be
influenced by many others, e.g., the yield of crop per acre say (X;) depends upon
quality of seed (X3), fertility of soil (X3), fertilizer used (X4), irrigation facilities
(Xs5) etc. Whenever we are interested in studying the joint effect of a group of
variable upon a variable not included in that group , our study is that of multiple
correlation and multiple regression. The correlation and regression between only
two variates after eliminating the linear effect of other variates in them is called the

partial correlation and partial regression.
Yule’s Notation:

Let us consider a distribution involving three random variables X;, X, and

X3. Then the equation of the plane of regression of X; on X, and X3 is
Xi=a+bi3 Xy +bi32 X3 (1)

Without loss of generality, we can assume the variables X, X,, and X3 have been

measured from their respective means, so that

E(X1) =E(X;) =E(X3)=0
Hence on taking expectation of both sides in (1), we get a=0
Thus the plane of regression of X, X5, and X3 becomes

X1 =b3Xs+bi132X3 (2)
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The coefficient by, 3 and b3, are known as the partial regression coefficients of

Xj on X; and of X; on X3, respectively. The quantity

€123 = b3 Xo +bi32 X;5

is called the estimate of X; as given by the plane of regression (1) and the quantity.
X123 =X - b3 Xa-b132 X5

is called the error of estimate or residual.

In the general case of n variable X; X,...... X, the equation of the plane of

regression of X; on X5 Xj3....... X, becomes

The notation used here are due to Yule. The subscripts before the dot (.) are
known as primary subscripts and those after the dot are called secondary
subscripts. The order of regression coefficient is determined by the number of

secondary subscripts, e.g.,

bi23, bioza........ 01234 n

are the regression coefficients of order 1.2,...... (n-2) respectively. Thus in general,
a regression coefficient with p-secondary subscripts will be called a regression co-
efficient of order ‘p’. It may be noted that the order in which the secondary
subscripts are written is immaterial but the order of the primary subscripts is

important, e.g., in bj234 n, X2 1s independent while X is dependent variable but

_________ n, X is independent while X, is dependent variable. Thus of the two

primary subscripts, former refer to dependent variable and the latter to independent

variable.
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The order of the residual is also determined by the number of secondary
subscripts in it, e.g., Xj23, X1234........ X1.23...n, are the residual of order 2,3,.......

(n-1) respectively.

Remaks: In the following sequences we shall assume that the variable under

consideration has been measured from their respective means.

Plane of regression:
The equation of the plane of regression of X; on X, and X3 is
X1=b13 Xy +b132 X3 (3)

The constants b’s in (3) are determined by the principle of leastsquares, i.e., by

minimizing the sum of the squares of the residual, viz.,
S=Y X2 =Y (Xi - b2 Xz - bi32 X3)%,
the summation being extended to the given values (N in number) of the variables.

The normal equation of estimating bj, 3 and b3, are

oS
=0= —2ZX2(X1 _b12'3X2 _bl3.2X3)
b, (4)
oS
=0= —22X3 (X, =b;,;X, —by3,X;)
b3,
Le, 2 X2Xi23=0 and } X5X;23=0 ®)

= ZX1X2 _b12.3ZX§ _b13lsz2X3} (6)

lexa _b12.3ZX2X3 _b13.ZZX§

Since X;’s are measured from their respective means, we have
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c; :EZX“ (?ov(xi,xj):EZXiXj
7
_Cov(X, X)) _¥XX, 7)

0,0, No,o;

ij

Hence from (6), we get
2 _
1261 62— b123 62" —by321236263=0
2 _
136163 —b123123062,03—b13203 =0 ()

solving equations (10.30d) for by, 3 and b3, we get

I[,6, 15303 I, Iy
I,.0C o o, |r 1
130, 3|0 I3
b12.3 = - 1 (9)
G, IpG3 O, I3
306, Oy r; |1
Similarly, we obtain
1 1,
o, I L3
b13.2 = 1 (10)
G; I3
r, 1
If we write
1 1, r;
o=, 1 1, (11)
n, 1, I

And w;; is the cofactor of the element in the ith row and jth column of ®, we have

from (9) and (10)

o, ® o, ®
_ 1 O _ Oy O
b, =- and b,;, = (12)
G, Oy G, @y
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Substituting thes values in (3), we get the required equation of the plane of

regression of X; on X; and X3

o, O O, O

X =——X, - X, =0
G, O G; Oy (13)
= ﬁa) +& O, +—.0,;=0
Oy W, W3 =
G, 2 3

or Eliminating the coefficient by, 3 and b;3; in (3) and (8), the required equation of

the plane of regression of X; on X; and X3 becomes

X, X, X,
2 _
[,6,0, G, 1,,6,6,/=0
2
I[36,6; 136,06, G,

Dividing C;, C; and C; by o, 0, and o3 respectively and also R, and R; by 6, and o3

respectively, we get

Xl X2 X3
6, 6, G
Iy 1 Iy =0
rl3 r23 1
X X X
= o, +—2o,+—0,=0
0, 2 3
Where wj is defined in (11)
Generalization:
In general, the equation of the plane of regression of X; on X;, Xj...... X 18
Xi1=bi3s. .0 Xo+bizos o Xst....oonbins w1 Xa (14)

The sum of the squares of residuals is given by
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S= ZX12.23 ..... n

=2(Xi- b . Xo+bizo  n Xz- bin2s.....m-1)Xn

Using the principle of least squares, the normal equations for estimating the

(n-1), b’s are

oS
ab— =0= _ZZXZ(XI - b12.34 .......... WXy = b13.24 .......... n X3 T bln.23 ........... (nfl)Xn)
12.34....... n
oS
8b— =0= _2ZX3 (Xl _b12.34 ........ WXy~ b13.24 .......... n X3 T bln.23 ........... (n—l)Xn)
13.24........ n
oS
6b— =0= _22Xn (Xl - b12.34 AAAAAAAAA WXy = b13.24 AAAAAAAAAA n X3 T, bln.23 AAAAAAAAAAA (nfl)Xn)
In.23......... n
(15)
ie, > XX ,=0, (i=23,...0) (16)
which on simplification after using (7)
11261 62 = bi2sa.. . .n G2 +bizoa.... nf23 0203t ...... bin2s...... (n-T2n 62 6, = 0
1361 63= bi23a.. . n1230203Fbi3og . 003+ .ooe. bins..... (n-)[3n 03 6, = 0
InG1 On = b1234...nT20 62 6n + bi324. . .n3n 030, + ..ei. bin2s....... () On” =0
(15)
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Hence, the elimination of b’s between (14) and (15) yields

X, X, Xy X,
1,,6,0, o) ;0,03  eeeveeeennn. I,,6,0,
6,0, 1,;0,0, OF e, r,,6,6,/=0
M M M M M
r,0,0, 1,0,6, r,c,0, K.... Gl
Dividing Cy, C; ........ ,Cn by 61, G2........ o, respectively and also R,, Rj;.....R,, by

02, 03.... Oy respectively, we get

Xl Xz X3 Xn
o o, o o,
I, I 1, e 1,
=0 18
r13 r23 | 1‘3n ( )
M M M ... M
rln r2n r3n ......... 1
If we write
1 1, I3 e o
o8 1 ;..o Ty,
W= r31 r32 1 ...... 1”3n (19)
M M M M M
T, T, T3 ... 1

And wj is the cofactor of the element in the ith row and jth column of ®, we get

from (18)

X X X X

= Lo, R0, F O F e +.—" 0, =0 (20)
G, G, G; G,

As the required equation of plane of regression of X; on X, Xj...... ),

Equation (20) can be re-written as

193



c, ® c, ® o, ®
X, =——bt 22 x 2L X ——X, =0 (21
o, ®, c, O, G, O

Comparing (21) with (14), we get

G, O
b12.34 ==
G, Oy
o oo
13.24 =
G; O (22)
M M
b _ 6, 0y,
1n.23....(n=1)
G, Oy

Properties of residuals

Property 1. The sum of the product of any residual of order zero with any other
residual of higher order is zero, provided the subscript of the former occurs among

the secondary subscripts of the latter.

The normal equation for estimating b’s in ftrivarate and n-variate

distributions are
2 XoXi123=0, 2 X3X123=0
And Y XiXj23.2=0;1=23,...... n
respectively. Here X; (1=1,2,3....... ,h) can be regarded as a residual of order zero.

Property 2. The sum of the product of any two residual in which all the secondary
subscripts of the first occur among the secondary subscripts of the second is

unaltered if we omit any or all the secondary subscripts of the first.
eg 2 XnXin=Y2XiXins
also YX 252 =Y X, X123

50 Y X127 =Y X12X123=Y X1 X123
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Property 3. The sum of the product of two residuals is zero if all the subscripts

(primary as well as secondary) of the one occur among the secondary subscripts of

the other, e.g.,

> Xi12X312=0

Variance of the Residuals

Let us consider the plane of regression of X; on X;, Xj...... X, as.
X1 = bisa..aXotbioa  n Xzt bin2s......1)Xn

Since all the X;’s are measured from their respective means, we have
EXi)=0;i=1,23,...... n = EXixs. .. ..)=0

Hence the variance of the residual is given by

1 1
2 _ 2 2
C123.n = Ez[Xl]&mn —E(X 5. )] = szl.zamn
1 1
2 _ _
C123.n = EZXLBM.nXLBM.n - EZXIXI.BMn
1
= szl(Xl _b12‘34....nX2 _b13.24...‘nX3 e bln.23...4(n—1)Xn2
2
=0, —by34 1112010, = D354 11130105 — v —b 0-nT1n 010,
2 2 _
= 0] =025 = D1234.21120:0, =Dy 11136/05 =i, =bs 0-nTin 010,

Eliminating the b’s we get
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I.lncylcyn

I,

G,0

n

n

Dividing Ry, R;.....R, by 6;, 02.... 6, respectively and also C;, C; ........

02.unnnn. o, respectively, we get
2
c
1.23...n
1- . PR I,
0,
I, | B r,|=0
M M M M
1, L, e 1
2
c
1.23......
I 1, ... I, o (TR
r | SR r °1
12 a0 | B
M M M
M M M
I, T, e 1
1n 2n
0 L, e
2
c
= 1.23;“n = O
O,

2 2 O
G123..n =01 —

Oy

Remarks: In a tri-variate distribution,

Where ® and w;; are defined in (11)

(23)

24)
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Coefficient of Multiple Correlation:

In a tri-variate distribution in which each of the variables X;, X, and X3 has N

observations, the multiple correlation coefficient of X; on X, and X3, usually

denoted by R 13 is the simple correlation coefficient between X; and the joint effect

of X, and X3 on X;. In other words R 3 is the correlation coefficient between X,

and its assumed value as given by the plane of regression of X; on X; and X3 i.e.

€123 = b3 Xo +bi32 X;

we have,

X123 =X - b3 Xo-bis2 Xz =Xi- €123

=e123= X1 - X123

Since X;’s are measured from their respective means, we have
E(Xi23)=0and E(e;23) =0

By definition

_ Cov(X,e,,;) (25)

R =
W V(X))V(e,,;)

Cov (X, e123) = E[{Xi-E(X1)} { e1.23-E(e123)} ]= E(X, €1.23)

=0 12 —01.232
Also
V(e123) = 61> 0123
R . = 612 - c512.23
1.23

2, 2 2
6, (0] —0113)
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2
1_R12.23 = (26)

Using (24), we get

1-R},, =— (27)
Q)]

n, I, |1
1 r
23
and o,, =
r,, 1
Hence from (27), we get
2 2
2 O I+, — 21,1315,
R1.23 =1- -

2
Oy 1-r5;

This formula expresses the multiple correlation coefficient in terms of the total

correlation coefficients between the pairs of variables

Generalisation:

2
R12,23 ....... n =1 01‘235 AAAA -
G,
R, ,=1-—> (28)
©y

Where o and ®;; are defined in (19)
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Coefficient of Partial Correlation:

The partial correlation coefficient between X; and X,, usually denoted by
r123 1S given by
_ Cov(X;3,X53)
JVar(X; 3)Var(X, 3)

123

We have

1 1
Cov(X,;,X,;) = ﬁzxmxzs = ﬁlexzs

1 1
= ﬁle(xz _b23X3) = §2X1X2 _b23ZX1X3

= I120] 02- (12362 113 G1 63)/ G3

=01 0a(T12- 123 T13)

1oy 1
Var(X =—>X7i2=—YX;2:X
(X13) N X = XisXas

1 1
=—3YXXr1=—YX{(X; -b1:X
N XX = (X1 =b13X3)

1 _o» 1
= —¥ X7 -b;3.—3 XX
N 1 13 N 143

2 O]
=01 — 13— 1130103
G3

2 2
=oi(l-13)

Similarly, we can get  Var(X,,)=0c3(1-1,)

016, —T3Th3) (I —Ty3753)

Hence, 153 = =
JoR(—B)o3(-1%) (-r3)1-13)
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Example: From the data relating to the yield of grain (X),fertilizer used (X,) and
whether condition (X3) for 18 crops the following correlation coefficients were

obtained:
T = 0.77 , I3 = 072, I3 = 0.52
Fond the partial correlation coefficient rj; 3 and multiple correlation coefficient R »3

Solution:

(1, —T5,)  (0.77-0.72x0.52)

I,y = = =0.62
Ja-r2)(A-13)  J(1-(0.72)")(1-(0.52)*)

2 2
Re ot 2t _ (0.77)% +(0.72) —2(0.37)(0.72)(0.52) 0334
| 112 1-(0.52)

R1‘23 = +0.8564

Central Limit Theorem

| 1D, ST, CHTT X, are independent and identically distributed variables with
E(X) =
VX)=0,,i=12,......n

Then the sum S, = X; + Xo+.......... +X,, is asymptotically normal with mean p =

n p; and variance 6° = n 6,
Hence we make the following assumptions
(i) The variable are independent and identically distributed

(ii) E(X%)exists fori=1,.2,.....
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Proof: Let M,(t) denote the M.G.F. of each of the derivation (X-p;) and M(t)
denote the M.G.F. of the standard variate

Z = (Sy-p)/c
Since p, =E(X, —p,)=0, p, =EX,-u,)’ =o;

We have

’ It2 ! 2
Ml(t)=(l+u1t+u2?+p3—+ ........ ]
: (1)
:[1+?cf +O(t3)}

Where O(t*) contains terms of order t and higher powers of t

We have

Z

S, -p (X +X, +X, (X —u
c c i=l

And since X;’s are independent, we get

1

M,(t)=M,/x. _ t)y=M, /t
() Z(XI ulj() =1X1—H1(G )

i=1 o

n

My, /) =[M, /)] =My, t/no,

i=1

, a From (1)
=[1+t—+ O(n“/z)}
2n

-3/2

For every fixed ‘t’, the term O(n"“)—0 as n—oo. Therefore, as n—o0, we get
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2 n 2 t
.. . t -n/2 t Y
limitM,, (t) = lim [ 1+—+O(n )| =expl—|=€?,
n—>o0 n—>o0 2n 2

which is the M.G.F. of standard normal variate

Hence by uniqueness theorem of M.G.F.’s, Z = (S,-p)/c is asymptotically N(0, 1),
or S,=X;+Xo+.......... +X,, is asymptotically N(p, 6%), where p=n p; and o° =

2
n oj

Weak Law of Large Number:

For all n > ny, where € and n are arbitrary small positive numbers, provided

. B
lim —2 >0
n—o n

Proof. Using Chebychev’s inequality, to the random variable

X+ Xt +X,)/n, we get for any € >0,

P{|X1 +Xp tot Xy
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n

1,1282

Since € is arbitrary, we assume —0, as n becomes indefinitely large. Thus,

having chosen two arbitrary small positive numbers € and m, number ny can be
found so that the inequality

n

2.2
ne

<n,isl

Is true for n > ny. Therefore, we shall have

Chi-Square Distribution

Definition. If X ~ N(1, %) . then Z=~—H  ~ N(0. 1)
(e)

2
X - . . . .
And Z° = [ “) , 1 the chi-square variate with 1 d. f
c
In general, if X;(i=1.,2,...... n) are n independent normal variates with men p; and
variance czi, (i=1.,2,...... n), then

2
X, -, . . . .
= Z(‘—H‘} , 1s the chi-square variate with n d. f
i=1 G;

1

Chi-square distribution: if X; (i=1.,2,...... n) are independent N(p;, 6%), we want
the distribution of
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Probability density function

P =

1 0/ 2)—
e ) o)
2 0< Xz <00

1 X2 2N(n/2)-1 4.2
=———|exp(—"— dy~,
2""?T'(n/2) [ p( 2 )}(X ) x

Which is the required probability distribution function of chi-square distribution

with n degree of freedom

Students t distribution

Definition. Let x; ( i=1, 2, 3,...,n) be a random sample of size n from a
normal population with mean p and variance °. Then student ‘s t is

defined by the statistic

t=2"H/n,

S

where X is the sample mean and s” is an estimate of population variance of
G° . It follows Student t —distribution with v = (n-1) degrees of freedom

with probability density function
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f(t): 1 —o<t<oo.
2 v+1

ITvig. .ty 2
\NB<2,2>{1+V}

Moments

The probability curve of t is symmetrical about t=0 and therefore,
Mode=mean =median=0

All odd order moments are zero i.e. [or+; =0

Even order moments are given by

Mor = HZr, = Itzrf(t)dt =

_ W B(

1
v'B X—r,r+—
(2 2)

1 v
B(—,—
(2 2)
n
Put r=1, then y,= —— , n>2,

n-2"

is known as variance.

F —distribution.

If U and V are two independent y” variates with v; and v, degrees of freedom,

respectively, then F —statistic is defined by
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U

Vl Vi
F= v (Vi> v2), | as 5
(—) Vi~xg,
V2

In other words, F is defined as the ratio of two independent chi-square variates
divided by their respective degrees of freedom and it follows Snedecor’s F-

distribution with (v, v) degrees of freedom with density function given by

Vi
\% A A%
oo
f(F) = —2 , 0<F<ow.
B(Vilviz v Vitva
272 1+-Lp 2

)

Moments.

The rth moment about origin is given by

Vi
Vi.~ %
F* Yly2 Mg
‘ n _ T ® (Vz) F2
w =E(F)=JF f(F)dF = | dF
0 0 B(Vil V72) v Vitva
2727 1+-LR 2
V2
v
Gl oy
pr =B+, 1)
gL V2, 272
(>3
22
. ' V2
Putting r=1, we get mean = p; =
\%) -2
! Vo' (vi +2)
Further p, = Vo >4

va(vy =2)(vy —4)’
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' ! V22 V12—4—V1V2 +4V1

. . . 2
Now variance is obtained from [y, =y — i =
(V2 =2)| vi(va =4(v2-2)
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