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LESSON-1      FOURIER TRANSFORMS 

Integral Transform: The integral transform of a function f(t) is defined by the equation 

g(s) = ∫
b

a

)t(f k(s, t) dt, where  k(s, t) is a  known function of s and t, called the kernal of the 

transform; s is called the parameter of the transform and f(t) is called inverse transform of g(s). 

 

Some of the well known transforms are given as under:  

(1) Laplace transform:-  

 When  k(s, t) = e−st,  we have Laplace transform of f(t) as:   g(s) = ∫
∞

0

)t(f e−st dt 

we can also write 

  L[f(t)] = g(s) or  F(s)  or  )s(f  

(2) Fourier transform:- 

 when  k(s, t) = 
π2

1  e−ist,  we have th eFourier transform of f(t) as 

  F[f(t)] = g(s) = ∫
∞

∞−π2
1 f(t) e−ist dt 

(3) Mellin transform:- 

When k(s, t) = ts−1, ,  we have Mellin transform of f(t) as:     M[f(t)] = g(s) = ∫
∞

0

)t(f ts−1 dt 

(4) Hankel transform (Fourier-Bessel):- 

 When k(s, t) = t Jn(st), ,  we have Hankel transform of f(t) as: g(s) =  ∫
∞

0
t)t(f  Jn (st) dt 

Fourier Transform:- If f(t) be a function defined on (−∞, ∞) and f be piecewise continuous in 

each finite partial interval and absolutely integrable in   (−∞, ∞) , i.e., f(t) be a function s. t.  

  ∫
∞

∞−

|)t(f| dt < ∞ 

then the function  
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  ∫
∞

∞−

=== )t(f
π2

1)s(F)]t(f[F)s(f e−ist dt 

is called Fourier transform (F.T.) of f(t). 

Then ∫
∞

∞−

−

π
= )s(F

2
1)]s(F[F 1 eist ds = f(t) is called inverse Fourier Transform of F(s). 

Remarks: 

 (i) If F(s) = ∫
∞

∞−

−iste)t(f
π2

1 dt, then  

  ∫
∞

∞−

− = )s(F)]s(F[F 1  eist ds 

(ii) If F(s) = ∫
∞

∞−

)t(f
π2

1 e−ist dt, then  

  ∫
∞

∞−

−

π
= )s(F

2
1)]s(F[F 1 eist ds 

(iii) If F(s) = ∫
∞

∞−

)t(f
π2

1 eist dt, then  

  f(t) = ∫
∞

∞−

)s(F
π2

1 e−ist ds 

Fourier cosine and sine transform  

  Fc(s) = ∫
∞

0

)t(f
π
2  cos st dt  is called Fourier cosine transform (FCT) and  Fs(s) = 

∫
∞

0

)t(f
π
2  sin st dt  is called Fourier sine transform (FST) of f(t). 

The functions  fc(t) = ∫
∞

0
c )s(F

π
2  cos st  ds 

  fs(t) = ∫
∞

0
s )s(F

π
2  sin st ds 

are called the Inverse Fourier cosine & inverse Fourier sine transform of Fc(s) and Fs(s), 

respectively.  
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Properties of Fourier Transform 

(1) Linearity Property  

 If f1(t) and f2(t) are functions with Fourier Transform F1(s) and F2(s), respectively and C1 

& C2 are constant, then Fourier Transform of C1 f1(t) + C2 f2(t) is  

  F[c1 f1(t) + c2 f2(t)] = c1 F[f1(t)] + c2 F[f2(t)] 

           = c1 F1(s) + c2 F2(s)  

Proof:  By definition  

L.H.S. = ∫
∞

∞−

−iste
π2

1 [c1 f1(t) + c2 f2(t)] dt 

               = ∫ ∫
∞

∞−

∞

∞−

−− + dt)t(fe
π2

cdt)t(fe
π2

c
2

ist2
1

ist1  

    = C1 F[f1(t)] + C2  F[f2(t)] 

    = C1 F1(s) + C2 F2(s)  

(2) Change of scale property or similarity theorem  

 If ‘a’ is a real constant and F(s) = F[f(t)] then  

  F[f(at)] = ⎟
⎠
⎞

⎜
⎝
⎛

a
sF

|a|
1  

Proof : For a > 0,  

  F[f(at)] = ∫
∞

∞−

−iste)at(f  dt 

Put at = x   ⇒  dt = 
a
1 dx 

∴   F[f(at)] = dx
a
1e)x(f

2
1 x

a
si

∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛−

π
 

        = ∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛− t

a
si

e)t(f
π2

1
a
1 dt 

⇒ F[f(at)] = ⎟
⎠
⎞

⎜
⎝
⎛

a
sF

a
1  

For a < 0 :- F[f(at)] = ∫
∞

∞−

− dte)at(f
π2

1 ist  
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Put  at = x    ⇒   dt = 
a

dx  

∴ F[f(at)] = ∫
−∞

∞

−
dxe)x(f

π2
1.

a
1 x

a
si

 

   = ∫
∞

∞−

−− t
a
si

e)t(f
π2

1.
a
1 dt 

⇒ F[f(at)] = ⎟
⎠
⎞

⎜
⎝
⎛−

a
sF

a
1  

Hence, F[f(at)] = ⎟
⎠
⎞

⎜
⎝
⎛

a
sF

|a|
1  

Particular case:- If a = −1,  then  

  F[f(−t)] = F(−s) 

 

(3) First shifting Property  

 If F[f(t)] = F(s), then  

  F[f(t − u)] = e-ius  F[f(t)]  = e−ius  F(s)  

Proof :- F[f(t −u)] = ∫
∞

∞−

− )ut(f
π2

1 e−ist dt 

Put  t − u = v     ⇒  dt = dv 

  Θ   F[f(t − u)] = ∫
∞

∞−

)v(f
π2

1  e−is(v + u) dv 

    = e−isu  ∫
∞

∞−

)v(f
π2

1 e−isv dv 

    = e−isu ∫
∞

∞−

)t(f
π2

1 e−ist dt 

    = e−isu F[f(t)]. 

(4). Second shifting property  

 If F(s) = F[f(t)], then  

  F[f(t)eiat] = F(s − a) 
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Proof :- F[f(t) eiat] = ∫
∞

∞−

)t(f
π2

1 eiat e−ist dt 

         = ∫
∞

∞−

)t(f
π2

1 e−i(s−a)t dt = F(s −a) 

(5) Symmetry property  

 If F(s) = F[f(t)], then F[F(t)] = f(−s) 

Proof : We know that  

  ∫
∞

∞−

= )s(F)t(fπ2 eist ds 

changing t to − t, we have  

  ∫
∞

∞−

−=− iste)s(F)t(fπ2 ds 

Interchanging t & s, we get  

  ∫
∞

∞−

−=− iste)t(F)s(fπ2 dt 

⇒ f(−s) = ∫
∞

∞−

)t(F
π2

1  e−ist dt 

⇒ f(−s) = F[F(t)] 

Example. 1. Find Fourier transform of  f(t) = 
⎩
⎨
⎧

<
>α≥α−

0t,0
0,0t,e t

       …(1) 

Solution :-  By definition, F(s) = ∫
∞

∞−

)t(f
π2

1 e−ist dt   

⇒ F(s) = ∫ ∫
∞−

−
∞

−− +
0

ist

0

tαist ee
π2

1dte)t(f
π2

1 dt 

         = ∫
∞

+−

0

t)istα(e
π2

1  dt    [using (1)] 

⇒ F(s) = 
∞+−

⎥
⎦

⎤
⎢
⎣

⎡
+−

0

)isα(

)isα(
e

π2
1  



8 
 

         = 
)sα(π2

siα
isα

10
π2

1
22 +

−
=⎥⎦

⎤
⎢⎣
⎡

+
+  

Example.2. f(t) = 
⎩
⎨
⎧

>
≤

a|t|,0
a|t|,1

 

Solution  F(s) = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++∫ ∫∫

−

∞−

∞
−

−

−−
a

a

ist
a

a

istist dte)t(fdte)t(fdte)t(f
π2

1  

             = I1 + I2 + I3 

Let I1 = ∫
−

∞−

−
a

ist dte)t(f
π2

1  

Put t = −u    ⇒  dt = −du 

∴  I1 = ∫
∞

−
a

)u(f
π2

1 eisu (−du) 

     = ∫
∞

−
a

isue)u(f
π2

1 du = 0 

Similarly I3 = ∫
∞

−

a

ist dte)t(f  = 0 

∴ I2 = ∫
−

−
a

a

iste)t(f
π2

1  dt 

     = ∫
−

−
a

a

iste.i
π2

1 dt   [Θ f(t) = 1] 

     = ]ee[is
π2
1

si
e

π2
1 iasias

a

a

ist
−

−
=⎥

⎦

⎤
⎢
⎣

⎡
−

−

−

−

 

⇒ I2 = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
si
ee

π2
1 iasias

 

     = ,
s

assin
π
2

si
assin2.

π2
1

⎟
⎠
⎞

⎜
⎝
⎛= s ≠ 0 

when  s = 0,  
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 F(s) = 
)1(
ascosa

π
2   as   s→0 [By L-Hospital rule] 

         = 
π
2  a.  

Example. 3 :- f(t) = 
⎭
⎬
⎫

⎩
⎨
⎧

>
≤

a|t|,0
a|t|,t

      …(1) 

Solution :- F(s) = ∫
∞

∞−

− dte)t(f
π2

1 ist    

    = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++∫ ∫ ∫

−

− −

∞
−−−

a

a

a

a a

ististist dte)t(fdte)t(fdte)t(f
π2

1  

    = ∫
−

−
a

a

ist dtet
π2

1   [using (1)] 

     = 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∫

−

−

−

− a

a

ista

a

ist
dt

is
e)1(

si
et

π2
1  

     = ⎥
⎦

⎤
⎢
⎣

⎡
−

−
+

−
+

−
−− )ee(

)is(is
1e

si
ae

is
a

π2
1 iasiasiasias  

     = ⎥⎦
⎤

⎢⎣
⎡ −−+
−

−− )ee(
s
1)ee(

is
a

π2
1 iasias

2
iasias  

⇒ F(s) = ⎥⎦
⎤

⎢⎣
⎡ −

−
assinsi

s
1

is
ascosa2

π2
1

2  

         = 
π2s

2
2  [i as cos as − i sin as] 

⇒ F(s) = 2s
i

π
2 [as cos as − sin as] 

Example. 4. If F(s) = F[f(t)]. Find F.T. of f(t) cos at 

Solution :-  We know that  

  cos at = )ee(
2
1 iatiat −+  

Then F[f(t) cos at] = 
2
1 F[f(t) eiat] + 

2
1 F[f(t) e−iat] 
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or prove by definition  [By linearity property] 

⇒ F[f(t) cos at] = 
2
1 F(s −a) + 

2
1  F(s + a)  [By using shifting property] 

Example. 5. If Fs(s) and Fc(s) are FST and FCT of f(t) respectively, then  

  Fs[f(t) cos at] = 
2
1 [Fs(s + a) + Fs(s − a)] 

    Fc[f(t) cos at] = 
2
1 [Fc(s + a) + Fc(s − a)] 

  Fs[f(t) sin at] = 
2
1 [Fc(s − a) − Fc(s + a)] 

  Fc[f(t) sin at] = 
2
1  [Fs (s + a) − Fs(s −a)] 

Solution :- (i) By definition of FST,  

  Fs[f(t) cos at] = ∫
∞

0

)t(f
π
2 cos at sin st dt 

             = ∫
∞

0

)t(f
π
2.

2
1 2 cos at sin st dt 

Using        2 sin A cos B = sin (A + B) + sin (A−B), 

⇒ Fs[f(t) cos at] = ∫
∞

0

)t(f
π2

1 [sin (s + a)t + sin (s −a)t] dt 

            = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−++∫ ∫

∞ ∞

0 0

dtt)assin()t(f
π
2dtt)assin()t(f

π
2

2
1  

            = 
2
1 [Fs (s + a) + Fs (s −a)] 

(ii) By definition FCT, 

 Fc[f(t) cos at] = ∫
∞

0

)t(f
π
2 cos at cos st dt 

            =  ∫
∞

0

)t(f
π
2

2
1 [cos(s + a)t + cos (s−a) t]dt 
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            = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−++∫ ∫

∞ ∞

0 0

dtt)ascos()t(f
π
2dtt)ascos()t(f

π
2

2
1  

            = 
2
1 [Fc (s + a) + Fc(s −a)] 

(iii) By definition of FST, 

 Fs[f(t) sin at] = ∫
∞

0

)t(f
π
2 sin at sin st dt 

            = ∫
∞

0

)t(f
π
2

2
1 [cos(s −a) − cos (s + a)] dt 

     [Θ 2 sin A sin B = cos (A − B) − cos (A + B)]   

            = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+−−∫ ∫

∞ ∞

0 0

dt)ascos()t(f
π
2dt)ascos()t(f

π
2

2
1  

            = 
2
1 [Fc (s−a) − Fc(s + a)] 

(iv) By definition of FCT,  

 Fc[f(t) sin at] = ∫
∞

0

)t(f
π
2 sin at cos st dt 

            = ∫
∞

0

)t(f
π
2.

2
1 [sin (s + a)t − sin (s−a)t] dt 

            [using       2 cosA sinB = sin (A + B) − sin (A−B)] 

            = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−+∫ ∫

∞ ∞

0 0

dtt)assin()t(f
π
2t)assin()t(f

π
2

2
1  

            = 
2
1 [Fs (s + a) − Fs(s + a) − Fs(s − a)]. 

 

Example. 6.  Find Fourier sine & cosine transform of e−at, a > 0. 

 Let ∫
∞

−

0

at cose  st dt = I1      …(1) 
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  ∫
∞

−

0

at sine  st  dt = I2      …(2) 

Integrating (1) by parts  

 I1 = ∫
∞

−
∞

− −⎥⎦
⎤

⎢⎣
⎡−

0

at

0

at estcose
a
1  sin st dt 

     = ∫
∞

−−
0

ate
a
s

a
1  sin st dt 

     = 
a
s

a
1

−  I2        …(3) 

Integrating (2) by parts, we have  

 I2 = 1Ia
s         …(4) 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎥⎦

⎤
⎢⎣
⎡−

= ∫
∞

−
∞

−

0

at

0

at
2 dtstcose

a
sstsine

a
1IΘ  

solving (3) and (4) for I1 & I2, 

 I1 = 
a
s.

a
s

a
1

−  I1 

⇒ I1 22

2

12

2

as
a.

a
1I

a
1

a
s1

+
=⇒=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+  

⇒ I1 = 22 as
a
+

 

and I2 = 2222 as
s

as
a.

a
s

+
=

+
 

Hence  Fc [e−at] = 221 as
a

π
2I

π
2

+
=      …(5) 

and Fs[e−at] = 222 as
s

π
2I

π
2

+
=      …(6) 

Extensions :- Differentiating both sides of (5) w.r.t. ‘a’, we find  

 Fc[−t e−at] = ⎥
⎦

⎤
⎢
⎣

⎡

+
−+

222

22

)as(
a2.a1)as(

π
2  
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⇒ − Fc[t e−at] = ⎥
⎦

⎤
⎢
⎣

⎡

+
+−

222

22

)as(
sa

π
2  

⇒ Fc[ t e−at] = ⎥
⎦

⎤
⎢
⎣

⎡

+
−

222

22

)as(
sa

π
2  

Differentiating both sides of (6) w.r.t. ‘a’, we get  

 Fs [− t e−at] = ⎥
⎦

⎤
⎢
⎣

⎡

+
−+

222

22

)as(
a2.s0)as(

π
2  

⇒ −Fs[ t e−at] = − 222 )as(
as2

π
2

+
 

⇒ Fs [ t e−at] = 222 )as(
as2

π
2

+
. 

Put a = 1 in (5), (6), we get  

 Fs[e−t] = 
1s

s
π
2

1s
s

π
2

22

2

+
=

+
 

 Fc[e−t] = 
1s

1.
π
2

2 +
 

Results:  

 ∫ +
= 22

tα
tα

βα
edttβcose (α cos βt + β sin βt) 

 ∫ +
= 22

tα
tα

βα
edttβsine (α sin β t − β cos βt) 

Example. 7 :- Find F. T. of f(t) = 2/t2
e−  

Solution :- By definition, ∫
∞

∞−

−−
=

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
2
t

2
t 22

e
π2

1eF e−ist dt 

⇒ 2
s)ist(

2
1

2/t

2
22

e.e
π2

1]e[F
−∞

∞−

+−− ∫=  dt 

     = ∫
∞

∞−

+−− 22
)ist(

2
12/s

e
π2

e dt 



14 
 

Put 
2

1 (t + is) = y     ⇒   dt = 2   dy 

⇒ dy2.e
π2

e]e[F
2

2
2 y

2/s
2/t ∫

∞

∞−

−
−

− =  

     = ∫
∞

∞−

−
−

−

= π.
π

edye
π

e 2/s
y

2/s 2
2

2

 

⇒ F 2/s2/t
c

2/s2/t 2222
e]e[F,e]e[ −−−− ==  

Example. 8. Find Fourier cosine transform of f(t) = 
2te−  

Solution :- ∫
∞

−− =
0

tt
c

22
e

π
2]e[F cos st dt = I     …(1) 

Differentiating w.r.t. ‘s’, we get  

  ∫
∞

−

π
−=

0

t2

et2
ds
dI  sin st dt  

        = ∫
∞

−−
0

t )et2(
π
2.

2
1 2

 sin  st  dt  

Integrating by parts,  

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−= ∫

∞
−

∞
−

0

t

0

t dte.stcossstesin
π
2.

2
1

ds
dI 22

 

       = − cose
π
2

2
s

0

t2

∫
∞

−  st dt  

⇒ I
2
s

ds
dI

−=  [using (1)] 

⇒ ds
2
s

I
dI −

=  

Integrating, log I = − Alog
4
s2

+  

⇒  I = A 4/s2
e−        …(2) 
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when s = 0, from (1), I = ∫
∞

−

0

t2
e

π
2  dt 

⇒ I = 
2

1
2
π.

π
2

=        …(3) 

Also when s = 0, from (2)  ⇒   I = A      …(4) 

∴ from (3) & (4), we get A = 
2

1  

∴ (2) gives I = 4/s2
e

2
1 −  

Extension :- Fc [

2

22 a
s

4
1

ta e
a
1.

2
1]e

⎟
⎠
⎞

⎜
⎝
⎛−

− =  

⇒ 2

2
22

a4
s

ta
c e

2a
1]e[F

−
− = [using change of scale probability F[f(at)]= ⎟

⎠
⎞

⎜
⎝
⎛

a
sF

|a|
1  

If a = 
2

1 , we have  

 Fc 2/s2/t 22
e]e[ −− =  

Self-reciprocal function: 

 A function f(t) with the property that F[f(t)] = f(s) is said to be self-reciprocal under 

Fourier transform, e.g.  the function 2/t2
e−  is self-reciprocal function under F.T. The function 

2/t2
e−  is also self reciprocal under F.C.T. 

To prove :- Fc ]e[ 2/t2−  = 2/s2
e−  

Let 2/s2/t
c

22
e]e[F −− =  

⇒ ∫
∞

−

0

2/t2
e

π
2  cos st dt = 2/s2

e−  

Differentiating w.r.t. ‘s’ on both sides, we get  

 2/s2/t
s

22
se]et[F −− =  

Hence the function t 2/t2
e−  is self-reciprocal function under Fourier Sine Transform.  
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Example. :- We know that if f(t) = 
⎩
⎨
⎧

>
≤

a|t|,0
a|t|,1

 

Then  F(s) = 
s
sasin

π
2 , s ≠ 0      …(1) 

By definition of F. T., F(s) = ∫
∞

∞−π2
1 f(t) e−ist dt 

then f(t) = ∫
∞

∞−

− dse)s(F
π2

1 st  

Put F(s) from (1), we get  

 f(t) = 
s
sasinπ2

π2
1

∫
∞

∞−

 eist ds 

⇒ f(t) = 
⎩
⎨
⎧

>
<

=∫
∞

∞− a|t|,0
a|t|,1

dse
s
sasin

π
1 ist  

L.H.S. = ∫
∞

∞− s
sasin

π
1 [cos st + i sin st] ds 

           = ∫
∞

∞− s
sasin

π
1 cos st ds + ∫

∞

∞− s
sasin

π
i  sin st ds  

Since integrand in second integral is an odd function, so the integral is zero  

⇒ L.H.S. = ∫
∞

∞− s
sasin

π
1  cos st ds 

⇒ ∫
∞

∞− ⎪
⎩

⎪
⎨

⎧

=
>
<

=
a|t|,2/π
a|t|,0
a|t|,π

dsstcos
s
sasin  

or  
⎪
⎩

⎪
⎨

⎧

=
>
<

=∫
∞

a|t|,4/π
a|t|,0
a|t|,2/π

ds
s

stcossasin

0

    …(2) 

Evaluate ∫
∞

0 s
ssin ds 

Solution : Put t = 0, a = 1 in (2), we get  
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  ∫
∞

=
0 2

πds
s

ssin  when |t| < a.  

Relation between Laplace Transform and Fourier Ttransform 

 Consider the function  

  f(t) = 
⎩
⎨
⎧

<
>−

0t,0
0t,tφe xt

 

Taking F.T. of f(t), 

 F[f(t)] = F(s) = ∫
∞

∞−

−iste
π2

1 f(t) dt 

            = ∫
∞

−

0

iste
π2

1 e−xt φ(t) dt 

            = ∫
∞

+−

0

t)isx(e
π2

1
φ(t) dt 

            = ∫
∞

−

0

pte
π2

1
φ(t) where p = x + i 

⇒ F[f(t)] = 
π2

1 L[φ(t)] 

F.T. of Derivatives  

 If F[f(t)] = F(s) & f(t)→0 as t→± ∞, then  

  F[f ′(t)] = i s  F[f(t)] = i s F(s) 

Proof :- By definition, 

  F[f′(t)] = ∫
∞

∞−

−iste)t('f
π2

1 dt 

   = [ ] ∫
∞

∞−

−∞
∞−

− −− dte)t(f)is(
π2

1)t(e
π2

1 istist  

   = is . ∫
∞

∞−

− dte)t(f
π2

1 ist   [Θ f(t)→0 as t→± ∞]  

⇒ F[f ′(t)] = is F[f(t)] = is F(s) 

Now 
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 F[f ′′(t)] = is F[f′(t)] = (is)2 F[f(t)] 

In general, we have  

 F[f(n)(t)] = is F[f(n−1)(t)] 

    = (i s)n F[f(t)] = (is)n F(s) 

Find Fourier sine & cosine transform of f′(t), f′′(t). 

Derivation :- By definition 

 Fc[f′(t)] = ∫
∞

0

)t('f
π
2  cos st dt  

   = ∫
∞

∞ +
0

0 )t(f
π
2s)]t(fst[cos

π
2 sin st dt  

Assuming f(t) → 0 as t→∞, 

⇒ Fc[f ′(t)] = 
π
2  f(0) + s Fs [f(t)]     …(1) 

 Fs[f ′(t)] = ∫
∞

0

)t('f
π
2  sin st dt    

   = [ ] ∫
∞

∞ −
0

0 )t(f
π
2s)t(stfsin

π
2 cos st dt  

Assuming f(t) → 0 as t→∞, 

⇒ Fs[f ′(t)] = − s ∫
∞

0

)t(f
π
2 cos st dt  

⇒ Fs[f ′(t)] = −s Fc[f(t)]       …(2) 

Now 

 Fc[f ′′(t)] = −
π
2  f′(0) + s Fs [f′(t)]  (using (1)  

    = −f′(0) 
π
2  + s[−s Fc[f(t)]]  [By using (2)] 

⇒ Fc[f ′′(t)] = −f′(0) 
π
2  − s2 Fc[f(t)]     …(3) 

and  Fs[f ′′(t)] = −s Fc[f′(t)]    [using (2)] 
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    = − s
⎭
⎬
⎫

⎩
⎨
⎧

+− )]t(f[Fs)0(f
π
2

s  [using (1)] 

⇒ Fs[f ′′(t)] = 
π
2 s f(0) − s2 Fs[f(t)]     …(4) 

Theorem:- If F[f(t)] = F(s), then  

  n

n

ds
d F[f(t)] = (−i)n F[tn f(t)], n = 1, 2, 3 

Proof:- By definition,  

  F[f(t)] = F(s) = ∫
∞

∞−

)t(f
π2

1 e−ist dt 

Differentiate w.r.t. ‘s’ under integral sign, we get  

  ∫
∞

∞− ∂
∂

=
s

)t(f
π2

1)s(F
ds
d (e−ist) dt 

   = ∫
∞

∞−

)t(f
π2

1 (−i t) e−ist dt 

⇒ ∫
∞

∞−

−−= dte)t(ft
π2

1)i()s(F
ds
d ist  

⇒ )i()s(F
ds
d

−= F[t f(t)]   

Now   ∫
∞

∞−

−= 2
2

2
)ti(

π2
1)s(F

ds
d f(t) e−ist dt 

  = (−i)2 ∫
∞

∞−

2t
π2

1 f(t) e−ist dt 

⇒ 2

2

ds
d F(s) = (−i)2 F[t2 f(t)] 

Generalising the result, we have  

 n
n

n
)i()]t(f[F

ds
d

−= F[tn f(t)], n = 1, 2,… 

Theorem :- If F[f(t)] = F(s) 
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and 0)0(Fdt)t(f ==∫
∞

∞−

 

then F )s(F
si
1dx)x(f

t

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫
∞−

 

Proof : Consider φ(t) = ∫
∞−

t

dx)x(f  

Then φ′(t) = f(t) 

Hence  if F[φ(t)] = Φ(s), 

then F[φ′(t)] = F[f(t)] = is Φ(s) 

⇒ Φ(s) = 
si
1 F[f(t)] 

⇒ Φ(s) = 
si
)s(F  

⇒ F[φ(t)] = 
si
)s(F  

⇒ F
si
1dx)x(f

t

=
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫
∞−

F(s) 

Convolution :- Let f1(t) and f2(t) be two given functions, the convolution of f1(t) & f2(t) is 

defined by the function  

 f(t) = ∫
∞

∞−

)x(f
π2

1
1 f2(t − x)dx 

       = f1(t) ∗ f2(t) 

Special case :-  

  f1(t) = 0 for t < 0 

  f2(t) = 0 for t < 0 

Then  

 f(t) = f1(t) ∗ f2(t) = ∫
t

0
1 )x(f

π2
1 f2(t − x) dx 

Proof :- f(t) = 
π2

1
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+−+−∫ ∫ ∫

∞−

∞0 t

0 t
212121 dx)xt(f)x(fdx)xt(f)x(fdx)xt(f)x(f  
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           …(1) 

Now I1 = 0     [Θf1(t) = 0 for t < 0]      …(2)   

and I3 = ∫
∞

−
t

21 dx)xt(f)x(f
π2

1  

Now when t < 0   ⇒ f2(t) = 0 

∴   when t − x < 0   ⇒ f2(t − x) = 0 

⇒ f2(t − x) = 0 for t < x  or x > t 

So I3 = 0   [Θ   f2(t − x) = 0 for x > t]      …(3) 

Using (2) & (3) in (1), we get f(t) = ∫
t

1
1 )x(f

π2
1 f2(t − x)dx  

Commutative Property:  

 f1(t) ∗ f2(t) = f2(t) ∗ f1(t) 

Proof :- By definition, 

 f1 ∗ f2 = ∫
∞

∞−

)x(f
π2

1
1  f2(t − x)dx 

put t − x = y  ⇒  dx = − dy 

when x = −∞, y = ∞ 

and when x = ∞, y = −∞ 

⇒ f1 ∗ f2 = ∫
−∞

∞π2
1 f1(t − y) f2(y) (−dy) 

⇒ f1 ∗ f2 = ∫
∞

∞−

)y(f
π2

1
2 f1(t − y) dy = f2 ∗ f1 

 

Associativity property  

 (f1 ∗ f2) ∗ f3 = f1 ∗(f2 ∗ f3)      …(1) 

Take  g(t) = f1 ∗ f2 

 h(t) = f2 ∗ f3 

Then (1) becomes, g(t) ∗ f3 = f1 ∗ h(t)  
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Convolution Theorem (or Falting Theorem) on Fourier Transforms 

If  F[f1(t)] = F1(f) 

 F[f2(t)] = F2(s) i.e. 

  F[f1(t) ∗ f2(t)] = F1(s) F2(s) 

where  

 f1(t) ∗ f2(t) = ∫
∞

∞−

)x(f
π2

1
1 f2(t − x)dx 

Proof :- We have by definition of F.T.,  

 F[f1(t) ∗ f2(t)] = ∫
∞

∞−
1f[π2

1 (t) + f2(t)] e−ist dt  

             = ∫ ∫
∞

∞−

∞

∞− ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
− dx)xt(f)x(f

π2
1

π2
1

21 e−ist dt   

     [By using definition of convolution]  

changing the order of integration, we get  

 F[f1(t) ∗ f2(t)] = dxdte)xt(f
π2

1)x(f
π2

1 ist
21

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−∫∫

∞

∞−

−
∞

∞−

 

             = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−∫∫

∞

∞−

−−−
∞

∞−

dtee)xt(f
π2

1)x(f
π2

1 isx)xt(is
21 dx 

             = isxisy
21 edye)y(f

π2
1)x(f

π2
1 −

∞

∞−

∞

∞−

−∫ ∫
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
dx 

      [By putting t− x = y   ⇒  dt = dy] 

⇒  F[f1(t) ∗ f2(t)] = ∫
∞

∞−

− dx)s(Fe)x(f
π2

1
2

isx
1  

   = F2(s) ∫
∞

∞−

)x(f
π2

1
1 e−isx dx 

⇒ F[f1(t) ∗ f2(t)] = F1(s) F2(s)  

∗ The convolution can be used to obtain the Fourier transform of the product of two functions.  
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By definition of F.T., we have  

 F[f1(t) f2(t)] = ∫
∞

∞−

− dxe)x(f)x(f
π2

1 isx
21  

By using inverse F.T. of f2(x), we get  

 F[f1(t) f2(t)] = ∫ ∫
∞

∞−

∞

∞− ⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
'dse)'s(F

π2
1)x(f

π2
1 x'is

21 e−isx dx   

          = ∫ ∫
∞

∞−

∞

∞−

−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
dxe)x(f

π2
1)'s(F'ds

π2
1 x)'ss(i

12  

⇒ F[f1(t) f2(t)] = ∫
∞

∞−

− 'ds)'ss(F)'s(F
π2

1
12  

          = F2(s) ∗ F1(s) [By using definition of convolution] 

⇒ F[f1(t) f2(t)] = F2 ∗ F1 

⇒ F[f1(t) f2(t)] = F1 ∗ F2    

If F(z) = ∫
∞

∞−

)t(f
π2

1  e−izt dt 

Then inverse function f(t) = ∫
∞

∞−

)z(F
π2

1 e−izt dz 

Example :- Find F.T. of f(t) = e−|t| and verify the inverse transform. 

Sol.  Now |t| = t for t > 0 

      |t| = −t for t < 0 

So 

 f(t) = 
⎪⎩

⎪
⎨
⎧

>

<
− 0t,e

0t,e
t

t

 

∴ F(z) = ∫
∞

∞−

−izte)t(f
π2

1 dt 

         = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+∫ ∫

∞−

∞
+−−

0

0

)iz1(t)iz1(t dtedte
π2

1  
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−R O R 

z = i
C 

y 

R O −R 

z = i

x 

         = 
)z1(

2
π2

1
zi1

1
zi1

1
π2

1
2+

=⎥
⎦

⎤
⎢
⎣

⎡
+

+
−

 

We can invert the transform using contour integration (Residue theorem). First consider t > 0, 

then  

 f(t) = ∫ ∫
∞

∞−

∞

∞− +
=

+
dz

z1
e

π
1dze

z1
2

π2
1

π2
1

2

izt
izt

2  

       = ∫ +∞→
C

2

izt

R
dz

z1
elim

π
1  

where c is the contour shown in figure.  

 

 

 

 

 

There is a simple pole at z = i and Res (z = i) = 
i2

1
)iz)(iz(

e)iz(Lim
izt

iz
=

+−
−

→
e−t 

Therefore by Residue theorem,  

 ∫
∞

∞−

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=

+ i2
eiπ2

π
1dz

z1
e

π
1 t

2

izt
 = e−t 

Consider t < 0, then we choose the contour with a semi-circular arc lying below the x-axis where 

c is the contour shown in figure.  

 

 

  

 

 

  

Therefore there is a simple pole at z = −i. 

Res (z = −) = 
i2

e
)iz)(iz(

e)iz(Lim
tizt

iz −
=

−+
+

−→
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But in this case contour is in clockwise direction, hence the desired result is  

 ∫
∞

∞−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −−
=

+ i2
eiπ2

π
1dz

z1
e

π
1 t

2

izt
 = et 

At t = 0, we can evaluate directly  

 ( )∫
∞

∞−

∞
∞−

−
⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛ −

−==
+ 2

π
2
π

π
1ztan

π
1dz

z1
1

π
1 1

2  

            = 1  

Example :  Find F.T. of f(t) = 
⎩
⎨
⎧ ∞<<

otherwise,0
t0,wtsin

 

or f(t) = sin wt H(t) 

where  

 H(t) = 
⎩
⎨
⎧

<
>

0t,0
0t,1

 

is a unit step function or Heaviside’s unit step function. 

  

Sol. Now F(z) = ∫
∞

0

sin
π2

1
wt e−izt dt 

  = ∫
∞

⎥
⎦

⎤
⎢
⎣

⎡ −

0

iwtiwt

i2
ee

π2
1

e−izt dt 

  = ∫
∞

+− −
0

)zw(it)zw(it ee[
i2

1.
π2

1
] dt 

  = 
∞+−+−−

⎥
⎦

⎤
⎢
⎣

⎡
+−

−
+−− 0

)zw(t)zwit

)zw(i
e

)zw(i
e

i2
1.

π2
1

 

  = ⎥
⎦

⎤
⎢
⎣

⎡
+

−
− )zw(i

1
)wz(i

1
i2

1.
π2

1
 

  = ⎥⎦
⎤

⎢⎣
⎡

−
−+−−

=⎥⎦
⎤

⎢⎣
⎡

+
+

−
−−

222 wz
wzwz

π22
1

wz
1

wz
1

π2i2
1

 

  = ⎟
⎠
⎞

⎜
⎝
⎛

−
−

22 wz
w

π2
1
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Here F(z) = 
)wz(π2

w
22 −

−
 is analytic in z-plane except at z = ± w 

If t > 0 :- f(t) = ∫ −
−

∞→
C

22

izt

R
dz

wz
weLim

π2
1

 

where c is contour.  

There are two simple pole z = w & z = w inside c.  

 

 

 

 

 

 

where f(t) = ∫
∞

∞−

izte)z(F
π2

1
 dz 

      = ∫
∞

∞− −
−

)wz(π2
w

π2
1

22  eizt dz 

⇒ f(t) = ∫
∞

∞− −
− dz

wz
we

π2
1

22

izt

 

∴ ∫ ∫
∞

∞−
∞→ −

−
=

−
−

C
22

izt

R22

izt

wz
weLim

π2
1dz

wz
we

π2
1

π2
1

dz 

Res (z = w) = 
w2

we
)wz)(wz(

we)wz(Lim
iwtizt

wz
=

+−
−

→
 

         = 
2

eiwt

 

Res (z = −w) = 
w2

we
)wz)(wz(

we)wz(Lim
iwtizt

wz −
=

+−
+

−

−→
 

           = iwte
2
1 −−

 

Therefore by Residue theorem,  

−R R 

z = w

C 

y 

z = −w 
x 
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 ∫
−

=
−

−
∞→

C
22

izt

R
)iπ2(

π2
1dz

wz
weLim

π2
1

 (Sum of residue  

     = − i ⎥
⎦

⎤
⎢
⎣

⎡ −
2

ee iwtiwt

 

⇒ f(t)  = −i(i sin wt) = sin wt 

If t < 0, we choose the contour with a semi-circular arc below x-axis & since there are no poles 

inside the contour, the result is zero.  
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LESSON-2  APPLICATIONS OF FOURIER TRANSFORMS 

Solution of Ordinary Differential Equation 

Consider the nth order differential equation  

 An 
dt
dya....

dt
yda

dt
yd

11n

1n

1nn

n

+++ −

−

−  + ay = f(t) 

Taking F.T. of both sides,  

 [an (i s)n + an−1 (i s)n−1 +…+ a1(i s) + a] F[y(t)] = F[f(t)] 

Let  F[f(t)] = G(s) 

 F[y(t)] = Y(s) 

P(i s) = an (i s)n + an−1 (i s)n−1 +….+ a1(i s) + a 

is a polynomial in (i s). 

Then we have Y(s) = 
)si(P
)s(G

 

Taking inverse F.T., we have the solution is given by  

 y(t) = ∫
∞

∞−

)s(Y
π2

1
eist ds 

Example:- Solve using F.T. technique  

 |t|
2

2

ey2
dt
dy3

dt
yd −=++       …(1)  

Solution :- Taking F.T. on both sides,  

 [(i z)2 + 3(i z) + 2] F[y(t)] = F[e−|t|] 

⇒ P(i z) F[y(t)] = 2z1
2

π2
1

+
 

⇒ Y(z) = 

)zi(P
1).z1(

2
π2

1
2+

 where Y(z) = F[y(t)] 

⇒ y(t) = ∫
∞

∞− +++ ]2iz3)zi)[(z1(
dze

π2
2

π2
1

22

izt

 

       = ∫
∞

∞− ++−+ )2iz3z)(1z(
dze

π
1

22

izt
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       = ∫
∞

∞− −−+
−

)2iz3z)(1z(
dze

π
1

22

izt

 

       = ∫
∞

∞− −−+−
−

)i2z)(iz)(1z)(1z(
dze

π
1 izt

 

       = ∫
∞

∞− −−+
−

)i2z()iz)(iz(
dze

π
1

2

izt

 

For t > 0 

 The singularity within the contour are a simple pole at z = 2i and a double pole at z = i.  

∴ Res. (z = 2i) = 
)i2z()iz)(iz(

e)i2z(Lim 2

izt

i2z −−+
−

→
 

           = 2

izt

i2z )iz)(iz(
eLt

−+→
 

           = 
i3
1

i.i3
e

2

t2 =
=

−

e−2t 

Res. (z = i) = 
)i2z()iz)(iz(

e)iz(
dz
dLim 2

izt2

iz −−+
−

→
 

        = 
)i2z)(iz(

e
dz
dLim

izt

iz −+→
 

⇒ Res. (z = i) = 2

iztizt

iz )]i2z)(iz[(
)i2iz2(e)ti(e)i2z)(iz(Lim

−+
−+−−+

→
 

         = 22

iztizt

iz )i2z()iz(
)iz2(ee)ti)(i2z)(iz(Lt

−+
−−−+

→
 

         = 22

tt

)i.(i4
iee)ti)(i.(i2

−
−− −−

 

         = 
4

eieti2
)1)(1(4

eitei2 tttt −−−− −
=

−−
−

 

∴            y(t) = ⎥
⎦

⎤
⎢
⎣

⎡ −
+

+− −−
−

4
eieti2e

)1(3
iiπ2.

π
1 tt

t2  

R 

z = i
C 

z = 2i 

z = i
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              = − 2i ⎥
⎦

⎤
⎢
⎣

⎡ −+ −−−

12
ei3eti6ie4 ttt2

 

        = 
6
i−

[6 i t e−t − 3i e−t + 4 i e−2t] 

        = 
6
1

(6 t e−t − 3 e−t + 4 e−2t) 

        = 
3
2

 e−2t + t e−t − 
2
1

 e−t     …(2) 

Verification :- Put (2) in L.H.S. of DE. (1) we get  

L.H.S. = ⎥⎦
⎤

⎢⎣
⎡ +−+−=++ −−−− tttt2

2

2

e
2
1ete)2(e

3
2

dt
dy2

dt
dy3

dt
yd

 

 + 3 2e
3
4e

2
1etee

3
4 t2tttt2 ++⎥⎦

⎤
⎢⎣
⎡ +−+
− −−−−− t e−t − e−t 

L.H.S. = ttt2tttt2 et3e
2
9e4etee

2
3)2(e

3
4 −−−−−−− −+−+−

−
−

−
 

 + =−=−+ −−−−− ttttt2 ee2eet2e
3
4

e−t 

For t < 0  

 Res. (z = −i) = 
)i2z()iz)(iz(

e)iz(Lim 2

izt

iz −−+
+

−→
 

           = 
i12

e
)i3)(1(4

e
)i3()i2(

e tt

2

t

=
−−

=
−−

 

So y(t) = 
6
e

i12
e)iπ2(

π
1 tt

=−
−

      …(3) 

Verification :- Put (3) in L.H.S. of (1), 

 L.H.S. = ⎥
⎦

⎤
⎢
⎣

⎡
=++

6
e

dt
dy2

dt
dy3

dt
yd t

2

2

+ 3
6
e2

6
e tt

+  

  = t
tttt

e
6
e6

6
e2

6
e3

6
e

==++ .  Hence verified.  
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Example:- Solve using F.T. techniques 

 y2
dt
dy3

dt
yd
2

2

++  = H(t) sin wt    (1) 

Solution :- Then we have on taking F.T. on both sides,  

 [(i z)2 + 3 i z + 2] F[y(t)] = 22 zw
w

π2
1

−
 

Then y(t) = ∫
∞

∞− ++−
⎟
⎠
⎞

⎜
⎝
⎛

− )2iz3z(
dze

zw
w

π2
1

π2
1

2

izt

22  

⇒ y(t) = ∫
∞

∞− −−− )2iz3z)(wz(
dte

π2
w

222

izt

 

        = ∫
∞

∞− −−− )i2z)(iz)(wz(
dte

π2
w

22

ztι

 

For t > 0  

 In this case singularity are at z = ± w, z = 2i, z = i and all these lies inside the upper half 

plane.  

Res. (z = 2i) = ⎥
⎦

⎤
⎢
⎣

⎡
−−+−

−
→ )i2z)(iz)(wz)(wz(

e)i2z(Lim
izt

i2z
 

              = 
4w

ei
i)w4(

e
i)wi2)(wi2(

e
2

t2

22

t2t2

+
=

+−
=

+−

−−−

 

Res. (z = i) = ⎥
⎦

⎤
⎢
⎣

⎡
−−−

−
→ )wz)(i2z)(zi(

e)iz(Lim 22

izt

iz
 

            = 
)1w(i

e
)w1(

ie
)w1(i

e
2

t

2

t

2

t

+
=

−−
=

−−−

−−−

 

Res. (z = w) = 
)i2z)(iz)(wz)(wz(

e)wz(Lim
izt

wz −−+−
−

→
 

             = 
)2iw3w(w2

e
)i2w)(iw(w2

e
2

iwtiwt

−−
=

−−
 

Res. (z = −w) = 
)i2z)(iz)(wz)(wz(

e)wz(Lim
izt

wz −−+−
+

−→
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                = 
)i2w)(iw(w2

e
)i2w)(iw)(w2(

e iwtiwt

++−
=

−−−−−

−−

 

⇒ Res. (z = −w) = 
)2iw3w(w2

e
)2iw3w(w2

e
2

iwt

2

iwt

−+
−

=
−+−

−−

 

∴ y(t) = ⎥
⎦

⎤
⎢
⎣

⎡
++

−
−−

+
+−

+
+

−−−

)i2w)(iw(w2
e

)i2w)(iw(w2
e

)1w(
ei

4w
eiiπ2.

π2
w iwtiwt

2

t

2

t2

 

 = 
)i2w)(iw(

e
2
i

1w
ew

4w
ew iwt

2

t

2

t2

−−
+

+
+

+
− −−

  
)i2w)(iw(

e
2
i iwt

++
− −

 

For verification :- 

 y′(t) = 
)i2w)(iw(2

ew
)i2w)(iw(2

ew
1w

ew
4w

ew2 iwtiwt

2

t

2

t2

++
−

−−
−

+
−

+

−−−−

 

⇒ y′′(t) = 
)i2w)(iw(2

ewi
)i2w)(iw(2

ewi
1w

ew
4w

ew4 iwt2iwt2

2

t

2

t2

++
+

−−
−

+
+

+
− −−−

 

Then  

 y′′ + 3y′ + 2y = 
)i2w)(iw(2

eiw
1w

ew
4w

we4 iwt2

2

t

2

t2

++
+

+
+

+
− −−−

 

 
)i2w)(iw(2

we3
1w

we3
4w

we6
)i2w)(iw(2

eiw iwt

2

t

2

t2iwt2

−−
−

+
−

+
+

−−
− −−

 

)i2w)(iw(2
wie

)i2w)(iw(2
ei2

1w
we2

4w
we2

)i2w)(iw(2
we3 iwtiwt

2

t

2

t2iwt

++
−

−−
+

+
+

+
−

++
− −−−−

 

⇒ y′′ + 3y′ + 2y = 
)i2w)(iw(2

e iwt

++

−

 [ i w2 − 3w − 2i] 

       + 
)i2w)(iw(2

eiwt

−−
[−i w2 − 3w + 2i] 

            = 
)i2w)(iw(2

)2iw3w(ei)2iw3w(
)i2w)(iw(2

ie 2iwt
2

iwt

−−
−−−

−+
++

−

 

            = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−=−

− −
−

i2
eei)ee(

2
i iwtiwt

2iwtiwt  
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⇒ y′′ + 3y′ + 2y = H(t) sin wt 

Hence y′′ + 3y′ + 2y = sin wt. H(t) is verified for t > 0. 

for t < 0, there is no pole inside the lower half plane so residue = 0. 

∴ y(t) = 0 

∴ y′′ + 3y′ + 2y = H(t) sin wt is verified. 

For t < 0. 

∴ for t < 0 , H(t) = 0 

So R.H.S. of (1) is zero.   

And equal to L.H.S. Hence verify the result.  

Example: Find FST of 
t

e at−

 

Solution :- The sine transform of function f(t) = 
t

e at−

 

 I = Fs[f(t)] = ∫
∞

0

)t(f
π
2

sin st dt 

        = ∫
∞ −

0

at

t
e

π
2

 sin st dt     …(1)  

Differentiation w.r.t. s, we get 

 ∫
∞ −

==
0

at

s t
e

π
2))t(f(F

ds
d

ds
dI

. t cos st dt  = ∫
∞

−

0

ate
π
2

cos st dt  

        = 
∞−

⎥
⎦

⎤
⎢
⎣

⎡
+−

+ 0
22

at

)stsinsstcosa(
sa

e
π
2

 

⇒ 
ds
dI

sa
a.

π
2)]t(f[F

ds
d

22s =
+

=  

Integrating we get,  

 ∫ ∫ +
=

−
22s sa

a
π
2)]t(f[F

ds
d

 ds 

⇒ I = Fs[f(t)] = ⎟
⎠
⎞

⎜
⎝
⎛−

a
stan

π
2 1  + A     …(2) 
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where A is constant of integration. For s = 0, we get from (2),  

 I = 
π
2

(0) + A    ⇒  I = A      …(3) 

when s = 0, from (1), I = ∫
∞

0

)0(
π
2

 dt = 0     …(4) 

from (3) & (4), we get  

 A = 0 

Hence the required FST of given function is  

 Fs ⎟
⎠
⎞

⎜
⎝
⎛=⎥

⎦

⎤
⎢
⎣

⎡ −
−

a
stan

π
2

t
e 1

at

. 

Solution of partial differential equations (boundary value problems) 

Example: - Determine the distribution of temperature in the semi-infinite medium, x ≥ 0 when 

the end x = 0 is maintained at zero temperature & the initial distribution of temperature is f(x).  

Solution :- 

 

 

 

 

Heat equation is given by  

 2

2
2

x
)t,x(uc

t
)t,x(u

∂
∂

=
∂

∂
, x > 0, t > 0     …(1) 

where u(x, t) is the distribution of temperature at any point x and time t.  We want to determine 

the solution of (1) subject to initial condition u(x, 0) = f(x)  …(2) 

and the boundary condition u(0, t) = 0     …(3) 

Since (u)x=0 is given, we apply F.S.T. 

Denote Fs[u(x, t)] = ss u)t,s(u =    and Fc[u(x, t)] = cu  

Taking FST of both sides of (1), we get  

 ∫
∞

∂
∂

0 t
u

π
2

sin st dx = c2 ∫
∞

∂
∂

0
2

2

x
u

π
2

sin sx dx  

−∞ 0 ∞ 
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⇒ ∫
∞

0

u
dt
d

π
2

sin s x dx = c2 ∫
∞

∂
∂

0
2

2

x
u

π
2

 sin sx dx 

⇒ ∫
∞

0

u
dt
d

π
2

sin sx dx = 
dt
d

 Fs[u(x, t)] 

  = 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

∂
∂

−⎥⎦
⎤

⎢⎣
⎡
∂
∂

∫
∞∞

00

2 dxsxcos
x
us

π
2sxsin

x
u

π
2c  

⇒ ∫
∞

∂
∂

−=
0

2
s x

u
π
2sc0u

dt
d

cos sx dx if 
x
u

∂
∂

→ 0 as x→∞ 

           = − C2s ∫
∞

∂
∂

0 x
u

π
2

 cos sx dx 

           = − c2s [ ] ∫
∞

−∞

0

22
0 u

π
2scsxcos)t,x(u

π
2

sin sx dx 

 s
222

s usc)t,0(us
π
2cu

dt
d

−= ; assuming u→0 as x→∞ 

⇒ ⎥
⎦

⎤
⎢
⎣

⎡
−= s

22s us)t,0(us
π
2c

dt
ud

 

By using (3), u(0, t) = 0, we get 

⇒ s
22

s uscu
dt
d

+  = 0       …(4) 

Also taking FST of (2), we get 

 Fs[u(x, 0)] = Fs[f(x)] 

⇒ )s(f)0,s(u ss =        …(5) 

from (4), we have (D + C2 s2) su  = 0 

Auxiliary equation is m + c2 s2 = 0 

⇒ m = −c2 s2 

Solution of (4) is 

 tsc
ss

22
eAu)t,s(u −==       …(∗) 

To find A, we use (5), from (∗), we have )0,s(us  = A 
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⇒ A = )s(fs  [using (5)] 

Hence solution is  

 tsc
ss

22
e)s(f)t,s(u −=  

Taking inverse FST, we get 

 ]e)s(f[F)]t,s(u[F tsc
s

1
ss

1
s

22−−− =  

⇒ u(x, t) = ∫
∞

0
su

π
2

 sin sx ds 

⇒ u(x, t) = ∫
∞

−

0

tsc
s

22
e)s(f

π
2

sin sx ds 

This is the required solution of PDE. 

Example:- The temperature u in the semi-infinite rod 0 ≤ x < ∞ (or x ≥ 0) is determined by 

equation  

 2

2

x
uK

t
u

∂
∂

=
∂
∂

        …(1) 

subject to conditions  

(i) u = 0 when t = 0 , x ≥ 0  

i.e. u(x, 0) = 0 

(ii) μ
x
u

−=
∂
∂

(a constant) when x = 0, t > 0  

i.e. 
x
u

∂
∂

(0, t) = −μ 

or ux(0, t) = −μ 

Solution :- Since 
0xx

u

=
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

 is given,  

So taking Fourier cosine transform of both sides of (1),  

 ∫
∞

∂
∂

0 t
u

π
2

cos sx dx = K ∫
∞

∂
∂

0
2

2

x
u

π
2

cos sx dx 

 ⇒ 
∞

⎥⎦
⎤

⎢⎣
⎡
∂
∂

=
0

c sxcos
x
u

π
2K)t,s(u

dt
d

+ K s ∫
∞

∂
∂

0 x
u

π
2

sin sx dx 
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⇒ ∫
∞

= ∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

−=
00x

c x
u

π
2Ks

x
u

π
2Ku

dt
d

sin sx dx 

⎥⎦
⎤

⎢⎣
⎡ ∞→→

∂
∂ xas0
x
ugminassuBy  

⇒ [ ] ∫
∞

∞ −+=
0

0c us
π
2Kssxsinu

π
2Ksμ

π
2Ku

dt
d

cos sx dx 

            = K c
2usKμ

π
2

−  if u→0 as x→∞ 

⇒ 
π
2μKusKu

dt
d

c
2

c =+       …(2) 

 )e1(
s
μ

π
2u tKs

2c
2−−=  

 u(x, t) = ∫
∞

−−
0

tKs
2 )e1(

s
sxcos

π
μ2 2

ds 

This is linear DE of Ist order. 

 I.F. ktsdtks 22
ee =∫  

Solution of (2) is ∫= ktskts
c

22
e

π
2μ.Ke.u dt + A 

⇒ kts
22

kts
kts

c
2

2
2

e
π
2

s
μA

ks
e

π
2μKAeu +=+=  

⇒ 2
kts

c s
μ

π
2Aeu

2
+= −       …(3) 

Put t = 0  ⇒  2c s
μ

π
2A)0,s(u +=       …(4) 

from condition (i), 

 ∫
∞

=
0

c )0,x(u)0,s(u cos sx dx = 0     …(5) 

(4), (5)  ⇒ A = − 2s
μ

π
2
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∴ (3)   ⇒  )e1(
s
μ

π
2u stk

2c
2−−=  

Finite Fourier Transform :-  

Finite Fourier Since Transform :- Let f(x) denote a function that is sectionally continuous over 

some finite interval (0, λ) of the variable x. The finite fourier sine transform of f(x) on the 

interval is defined as  

 fs(s) = ∫
λ

λ0

xπssin)x(f dx where s is an integer 

Inversion formula for sine transform  

 f(x) = ∑
∞

=1s
s

xπssin)s(f2
λλ

 for the interval (0, λ). 

If (0, π) is the interval for fs(s),  

 f(x) = ∑
∞

=1s
s )s(f

π
2

 sin sx 

Finite FCT :- Let f(x) denote a function that is sectionally continuous over some finite interval 

(0, λ) of the variable x. The finite Fourier cosine transform of f(x) on the interval is defined as  

 fc(s) = ∫
λ

λ0

xπscos)x(f dx where s is an integer, 

If (0, π) is the interval,  

 fc(s) = ∫
π

0

)x(f cos sx dx 

Inversion formula for FCT  

 f(x) = ∑
∞

=
+

1s
cc

xπscos)s(f2)0(f1
λλλ

 

where fc(0) = ∫
λ

0

f (x) dx 

If f(x) = 1, (0, π), then  

 fs(s) = ∫ ⎟
⎠
⎞

⎜
⎝
⎛ −

=
π

0

π

0s
sxcosdxsxsin  
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         = ])1(1[
s
1]0cosπscos[

s
1 2−−=+−  

and fc(s) = ∫ ⎟
⎠
⎞

⎜
⎝
⎛=

π

0

π

0s
sxsindxsxcos  = 0  if s = 1, 2, 3,…. 

If s = 0, then  

 fc(s) = ∫ =
π

0

πdx.1  

Find Finite FST and finite FCT of 2

2

x
u,

x
u

∂
∂

∂
∂

, u(x, t) for 0 < x < λ, t > 0. 

Solution :- By definition, finite FST of 
x
u

∂
∂

 is  

 fs(s) = ∫ ∂
∂λ

0 x
u

sin 
λ
xπs

 dx 

         = sin ∫−
λλ

λλλ 00

xπscos)t,x(uπs)t,x(uxπs
dx 

⇒ fs(s) = Fs ∫
−

=⎥⎦
⎤

⎢⎣
⎡
∂
∂ λ

λ 0

πs
x
u

u(x, t) cos dxxπs
λ

 

⇒ fs(s) = Fs )]t,x(u[Fπs
x
u

cλ
−

=⎥⎦
⎤

⎢⎣
⎡
∂
∂

     …(1) 

 Fc ∫ ∫+=
∂
∂

=⎥⎦
⎤

⎢⎣
⎡
∂
∂ λ λλ

λλλλ0 00

dxxπssin)t,x(uπs)t,x(uxπscosdxxπscos
x
u

x
u

 

               = 
λ
πs

Fs[u(x, t)] − [u(0, t) − u(λ, t) cos sπ]   …(2) 

To calculate the finite FST & finite FCT of 2

2

x
u

∂
∂

, 

Replace u by 
x
u

∂
∂

in (1) and (2), we get 

 Fs ⎥⎦
⎤

⎢⎣
⎡
∂
∂−

=⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

x
uFπs

x
u

c2

2

λ
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      = { }πscos)t,(u)t,0(uπs)u(Fπsπs
s λ

λλλ
−+⎥⎦

⎤
⎢⎣
⎡−

 

      = 
λλ
πs]u[Fπs

s2

22

+
−

[u(0, t) − u(λ, t) cos sπ]  …(3) 

Similarly Fc ⎥⎦
⎤

⎢⎣
⎡
∂
∂+

=⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

x
uFπs

x
u

s2

2

λ
− [ux(0, t) − ux(λ, t) cos sπ] 

           = ⎟
⎠
⎞

⎜
⎝
⎛ −

λλ
πsπs

Fc[u(x, t)] − {ux(0, t) − ux(λ, t) cos sπ] 

           = 2

22πs
λ

−
Fc[u] − {ux(0, t) −ux(λ, t) cos sπ}  …(4) 

Example:- Use finite Fourier transform to solve  

 2

2

x
u

t
u

∂
∂

=
∂
∂

        …(1) 

 u(0, t) = 0, u(4, t) = 0 

u(x, 0) = 2x when 0 < x < 4, t > 0. 

Solution :- (u)x = 0 is given, we apply FST. 

Here λ = 4. 

Taking Finite FST of (1), we get 

 ∫ ∫ ⎟
⎠
⎞

⎜
⎝
⎛∂

=⎟
⎠
⎞

⎜
⎝
⎛

∂
∂4

0

4

0
2

2

dx
4
xπssin

dx
udx

4
xπssin

t
u

 

Writing su  = Fs[u(x, t)], we get 

 
4
πsu

16
πsu

dt
d

s

22

s +
−

= (0, − 0) 

[Using equation (3) in previous article and given condition]  

⇒ s

22

s u
16
πsu

dt
d

+  = 0 

⇒ 16
tπs

s

22

eE)t,s(u
−

=        …(∗) 

To find A, we will take finite FST of u(x, 0) = 2x, we get  
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 ∫ ⎟
⎠
⎞

⎜
⎝
⎛=

4

0
s dx

4
xπssinx2)0,s(u  

   = 2 ∫+⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛−

4

0

4

0

dx
4
sxπcos

πs
4.2

πs
4.

4
xπscosx  

   = 2(−1)s+1 
4

0πs
4.

4
xπssin

πs
8

πs
16

⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛+  

   = 2(−1)s+1. 
πs
8

πs
16

+ (0) 

   = (−1)s+1 
πs

32
πs

32
−= cos sπ 

from (∗), )0,s(us  = A 

∴ A = 
πs
32−

cos sπ 

Hence 
t

16
πs

s

22

eπscos
πs

32)t,s(u
−

−=  

Taking Inverse Finite Fourier sine transform, we get  

 u(x, t) = ∑
∞

=

−

⎟
⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛ −

1s

t
16
πs

4
xπssineπscos

πs
32

4
2

22

 

∴ u(x, t) = ∑
∞

=

−

⎟
⎠
⎞

⎜
⎝
⎛−

1s

16
tπs 22

e
4
xπssin

s
πscos

π
16

 

Example :- Solve the equation  

 2

2

x
u2

t
u

∂
∂

=
∂
∂

        …(1) 

subject to conditions  

(i) u(0, t) = 0 

(ii) u(x, 0) = e−x 

(iii) u(x, t) is bounded when x > 0, t > 0 

Solution :- Since (u)x = 0 is given, so taking FST, we get  
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 ∫∫
∞∞

∂
∂

=
∂
∂

0
2

2

0 x
u2

π
2dxsxsin

t
u

π
2

sin sx dx 

⇒ ∫
∞

0

u
dt
d

π
2

sin sx dx = ∫
∞

∂
∂

0
2

2

x
u2

π
2

sin sx dx 

⇒ ∫ ∫
∞ ∞

∂
∂

=
0 0

2

2

x
u

π
22dxsxsinu

π
2

dt
d

sin sx dx 

⇒ 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

−⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

= ∫
∞∞

00
s dx

x
usxcoss

x
usxsin

π
22u

dt
d

 

           = 2 ∫
∞

∂
∂

−
0 x

usxcoss
π
22)0(

π
2

dx 

⎥⎦
⎤

⎢⎣
⎡ ∞→→

∂
∂ xas0
x
ugminassu  

⇒ ⎥
⎦

⎤
⎢
⎣

⎡
−−= ∫

∞
∞

0

2
0s dx)t,x(sxusins)sxcos)t,x(u(s

π
22u

dt
d

 

           = 2 ⎥
⎦

⎤
⎢
⎣

⎡
− ∫

∞

0

2 sxdxsin)t,x(us
π
2

 [assuming u(x, t) →0 as x→∞] 

           = −2s2 ∫
∞

0

)t,x(u
π
2

sin sx dx 

⇒ s
2

s us2u
dt
d

−=  

⇒ s
2

s us2u
dt
d

+  = 0       …(2) 

A.E. is    D + 2s2 = 0 

Solution is ts2
s

2
Ae)t,s(u −=        …(3) 

To find A, taking FST of condition  

(ii)  u(x, 0) = e−x 

Taking FST, we get  
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 ∫
∞

−=
0

x
s dxsxsine

π
2)0,s(u  

              = 2s1
s

π
2

+
at t = 0      …(4) 

 ⎢
⎣

⎡
+

=∫ 22

ax
ax

ba
edxbxsinegsinuΘ (a sin bx − b cos bx) taking a = −1, b = s   

 

and then taking lim, we get ⎥
⎦

⎤

+ 2s1
s

π
2

 

Putting t = 0 in (3), we get 

 )0,s(us  = A        …(5) 

from (4) and (5), we get  

 A = ⎟
⎠
⎞

⎜
⎝
⎛

+ 2s1
s

π
2

 

Putting value of A in (3), we get  

 ts2
2s

2
e

s1
s

π
2)t,s(u −⎟

⎠
⎞

⎜
⎝
⎛

+
=  

Taking inverse FST, we get 

 u(x, t) = ∫
∞

−⎟
⎠
⎞

⎜
⎝
⎛

+0

ts2
2

2
e

s1
s

π
2

π
2

 sin sx ds 

            = ∫
∞

−

+0

ts2
2

2
e

s1
s

π
2

sin sx ds which is required solution. 

Example: Solve the equation  

 2

2

x
u

t
u

∂
∂

=
∂
∂

        …(1) 

subject to conditions  

(i) ux(0, t) = 0 

(ii) u(x, 0) = 
⎩
⎨
⎧

>
≤<

1x,0
1x0,x
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(iii) u(x, t) is bounded 

Solution :- Since (ux)x = 0 is given, so taking FCT of  (1), we get  

 ∫ ∫
∞ ∞

∂
∂

=
∂
∂

0 0
2

2

x
u

π
2dxsxcos

t
u

π
2

cos sx dx 

⇒ ∫ ∫
∞ ∞

∂
∂

=
0 0

2

2

x
u

π
2dxsxcosu

dt
d

π
2

cos sx dx 

⇒ 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

= ∫
∞∞

00
c dx

x
usxsinssxcos

x
u

π
2u

dt
d

 

[Θ u→0 as x→∞   ⇒ ux = 0 as x→∞ and also ux(0, t) = 0] 

∫
∞

∞ −+−
0

2
0c )t,x(us)]t,x(sxu[sins)00[(

π
2u

dt
d

cos sx dx 

⇒ ∫
∞

−=
0

2
c cos)s(

π
2u

dt
d

sx u(x, t) dx 

           = (−s2) ∫
∞

0

dxsxcos)t,x(u
π
2

 

⇒ c
2

c usu
dt
d

−=  

⇒ 0usu
dt
d

c
2

c =+        …(2) 

A.E. is D + s2 = 0 

∴ solution is ts
c

2
Ae)t,s(u −=       …(3) 

Now to find A, taking FCT of condition (ii)  

 ∫
∞

=
0

c )0,x(u
π
2)0,s(u cos sx dx 

    = ∫
1

0

cosx
π
2

 sx dx    [Θ u(x, 0) = 0, x > 1] 

    = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−⎥⎦

⎤
⎢⎣
⎡

∫
1

0

1

0

dx
s
sxsin

s
sxsinx

π
2
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    = 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥⎦
⎤

⎢⎣
⎡+

1

0
2s
sxcos

s
ssin

π
2

 

    = ⎥⎦
⎤

⎢⎣
⎡ −

+ 2s
1scos

s
ssin

π
2

 at t = 0    …(4) 

Putting t = 0 in (3), we get 

 ⎥⎦
⎤

⎢⎣
⎡ −

+=⇒= 2c s
1scos

s
ssin

π
2AA)0,s(u  

from (3) and (4), we get  

 ts
2c

2
e

s
1scos

s
ssin

π
2)t,s(u −

⎥⎦
⎤

⎢⎣
⎡ −

+=  

Taking inverse FCT, we get  

 u(x, t) = ∫
∞

0
c )t,s(u

π
2

 cos sx ds 

⇒ u(x, t) = ∫
∞

−⎟
⎠
⎞

⎜
⎝
⎛ −

+
0

ts
2

2
e

s
1scos

s
ssin

π
2

cos sx ds 

which is required solution.  

Example:- Solve the equation   

 2

2

x
u

t
u

∂
∂

=
∂
∂

, x > 0, y > 0      …(1) 

Subject to condition  

(i) u(0, t) = 0 

(ii) u(x, 0) = 
⎩
⎨
⎧

≥
<<

1x,0
1x0,1

 when t = 0 

(iii) u(x, t) is bounded.  

Solution :- Since (u)x = 0 is given, so taking FST of (1), we get  

 ∫ ∫
∞ ∞

∂
∂

=
∂
∂

0 0
2

2

x
u

π
2dxsxsin

t
u

π
2

sin sx dx 

⇒ ∫ ∫
∞ ∞

∂
∂

=
0 0

2

2

x
u

π
2dxsxsinu

dt
d

π
2

 sin sx dx 
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⇒ ∫
∞ ∞

⎥⎦
⎤

⎢⎣
⎡

∂
∂

=
0 0x

usxsin
π
2dxsxsinu

π
2

dt
d

− ∫
∞

∂
∂

0 x
usxcoss

π
2

dx 

⇒ ∫
∞

∂
∂

−=
0

s x
us

π
2)0(u

dt
d

 cos sx dx ⎥⎦
⎤

⎢⎣
⎡ ∞→→

∂
∂ xas0
x
ugminassu  

           = −s [ ] ∫
∞

∞ −+
0

0 dx)t,x(u)sxsins(
π
2s)t,x(u.sxcos

π
2

 

⇒ ∫
∞

−=
0

2
s u

π
2s)t,0(u

π
2su

dt
d

sin sx dx  

           = 0 − s2 su    [Θ u(0, t) = 0 given] 

⇒ s
2

s usu
dt
d

+  = 0       …(2) 

A.E. is    D + s2 = 0 

∴ Solution is ts
s

2
Ae)t,s(u −=       …(3) 

To find A, we take FST of condition (ii), 

 ∫
∞

=
0

s )0,x(u
π
2)0,s(u  sin sx dx 

   = ∫
1

0

)1(
π
2

sin sx dx     [Θ u(x, 0) = 0 for x ≥ 1] 

              = 
1

0s
sxcos

π
2

⎥⎦
⎤

⎢⎣
⎡−

 

⇒ ⎟
⎠
⎞

⎜
⎝
⎛ −

=⎥⎦
⎤

⎢⎣
⎡ +−=

s
scos1

π
2

s
1

s
scos

π
2)0,s(us    …(4) 

From (3), we have )0,s(us  = A      …(5) 

 A = ⎟
⎠
⎞

⎜
⎝
⎛ −

s
scos1

π
2

  

∴ (3)   ⇒  ts
s

2
e

s
scos1

π
2)t,s(u −⎟

⎠
⎞

⎜
⎝
⎛ −

=  

Taking inverse FST, we get  
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 u(x, t) = ∫
∞

−⎟
⎠
⎞

⎜
⎝
⎛ −

0

ts2
e

s
scos1

π
2

π
2

sin sx ds 

⇒ u(x, t) = dsesxsin
s

scos1
π
2 ts

0

2−
∞

∫ ⎟
⎠
⎞

⎜
⎝
⎛ −

 

which is required solution. 
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LESSON 3     CURVILINEAR CO-ORDINATES 

Transformation of coordinates  

 Let the rectangular coordinates (x, y, z) of any point be expressed as functions of (u1, u2, 

u3) so that  

  
⎪
⎭

⎪
⎬

⎫

=
=
=

321

321

321

u,u,u(zz
)u,u,u(yy
)u,u,u(xx

       …(1) 

Suppose (1) can be solved for u1, u2, u3 in terms of x, y, z i.e.  

  
⎪
⎭

⎪
⎬

⎫

=
=
=

)z,y,x(uu
)z,y,x(uu
)z,y,x(uu

33

22

11

       …(2) 

Here correspondence between (x, y, z) and (u1, u2, u3) is unique i.e. if to each point P(x, y, z) of 

some region R, there corresponds one & only one triad (u1, u2, u3), then u1, u2, u3) are said to be 

curvilinear coordinates of the point P.  

The set of equations (1) & (2) define a transformation of co-ordinates.  

 

 

 

 

 

 

 

 

Co-ordinate surfaces and curves:- 

 The surfaces  

 u1 = c1,  u2 = c2,  u3 = c3 

where c1, c2, c3 are constants i.e. surfaces whose equations are  

 u1 = u1(x, y, z) = c1 

 u2 = u2(x, y, z) = c2 

 u3 = u3(x, y, z) = c3 

z 

x 

y 

u3 curve 

P(x,y,z) 
(u1,u2,u3) 

u2 curve u1 curve  
0 
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are called co-ordinate surfaces and each pair of these surfaces intersect in curves called co-

ordinate curves or lines.  

 So u1 = c1 and u2 = c2 gives u3−curve 

Similarly  u2 = c2 and u3 = c3 gives u1 − curve 

and     u1 = c1 and u3 = c3 gives u2− curve 

So if u2 = c2 and u3 = c3 and if u1 is the only variables then point P describe a curve known as u1 

curve which is a function of u1.  

 

 

 

 

 

 

 

 

 

Orthgonal Curvilinear Co-ordinates  

 If the three co-ordinate surfaces intersect at right angles (orthogonal), the curvilinear co-

ordinate system is called orthogonal i.e. co-ordinates (u1, u2, u3) are said to be orthogonal 

curvilinear co-ordinates.  

Then u1, u2, u3 co-ordinate curves of a curvilinear system are analogous to the x, y, z – 

coordinates axes of rectangular system.  

Unit vectors in curvilinear system  

 Let k̂zĵyîxr ++=
ρ

 

be position vector of P, then (1) can be written as  

 rr ρρ
= (u1, u2, u3) 

A tangent vector to the u1-curve at P(for which u2 & u3 are constant) is 
1u

r
∂
∂

ρ
 

Then, A unit tangent vector in this direction is  

z 

x 

y 0 

u3 = c3 

u1−curve
u2−curve 

u1= c1 u2= c2 

u3−curve  
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1

1
1

u
r
u/rê

∂
∂

∂∂
= ρ

ρ
 

or 
1

1
1 u

rê
u
r

∂
∂

=
∂
∂

ρρ
 

⇒ 
1

111
1 u

rhwhereêh
u
r

∂
∂

==
∂
∂

ρρ
 

Similarly if 32 êandê are unit tangent vectors to the u2 − & u3− curves at P respectively, then  

 33
3

22
2

êh
u
r,êh

u
r

=
∂
∂

=
∂
∂

ρρ
 

where  h2 = 
3

3
2 u

rh,
u
r

∂
∂

=
∂
∂

ρρ
 

The quantities h1, h2, h3 are called scale factors. 

Also, condition for the orthogonality of co-ordinate surfaces are  

 0
u
r.

u
r,0

u
r.

u
r,0

u
r.

u
r

133221

=
∂
∂

∂
∂

=
∂
∂

∂
∂

=
∂
∂

∂
∂

ρρρρρρ
 

Also the vectors ∇u1, ∇u2, ∇u3 at P are directed along the normal to the co-ordinate surfaces  

 u1 = c1, u2 = c2, u3 = c3 respectively.  

So unit-vectors in these directions are given by  

 
|u|

uÊ,
|u|

uÊ,
|u|

uÊ
3

3
3

2

2
2

1

1
1 ∇

∇
=

∇
∇

=
∇
∇

=  

 

 

 

 

 

 

 

 

 

z 

x 

y 0 

3Ê 3ê
u3−curve 

2Ê

2ê

u2−curve 1Ê
1ê

u1−curve 
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Thus, at each point P of a curvilinear system, there are, in general, two sets of unit vectors 

321 ê,ê,ê  tangent to the coordinate curves and 321 Ê,Ê.Ê  normal to the co-ordinate surfaces.  

The sets become identical if & only if the curvilinear coordinate system is orthogonal.  

Arc length and Volume element 

 From )u,u,u(rr 321
ρρ

=  

⇒ 3
3

2
2

1
1

du
u
rdu

u
rdu

u
rrd

∂
∂

+
∂
∂

+
∂
∂

=
ρρρ

ρ
     …(1) 

      = h1 du1 3332221 êduhêduhê ++  

Then, the differential of arc length ds is determined from  

 (ds)2 = rd.rd ρρ
 

For orthogonal system,  

 0ê.êê.êê.ê 133221 ===  

or 
133221 u

r.
u
r

u
r.

u
r

u
r.

u
r

∂
∂

∂
∂

=
∂
∂

∂
∂

=
∂
∂

∂
∂

ρρρρρρ
 = 0    …(2) 

using (∗)  

and (ds)2 = 2
1

11

)du(
u
r.

u
r

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

ρρ
 

  + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

22 u
r.

u
r ρρ

(du2)2 

  + 
21

2
3

33 u
r.

u
r2)du(

u
r.

u
r

∂
∂

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

ρρρρ
du1 du2 

  + 2
13

32
32 u

r.
u
r2dudu

u
r.

u
r

∂
∂

∂
∂

+
∂
∂

∂
∂

ρρρρ
 du1 du3 

⇒ (ds)2 = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

22

2
1

11 u
r.

u
r)du(

u
r.

u
r ρρρρ

(du2)2 + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

33 u
r.

u
r ρρ

(du3)2 

         = 2
3

2

3

2
2

2

2

2
1

2

1

)du(
u
r)du(

u
r)du(

u
r

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

ρρρ
  [using (2)] 
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⇒ (ds)2 = 2
3

2
3

2
2

2
2

2
1

2
1 )du(h)du(h)du(h ++  

where  h1 = 
|u|

1
u
r

11 ∇
=

∂
∂

ρ
 

 h2 = 
|u|

1
u
r

22 ∇
=

∂
∂

ρ
 

 h3 = 
|u|

1
u
r

33 ∇
=

∂
∂
ρ

 

Now if rr ρρ
= (x, y, z) 

Then =
∂
∂

+
∂
∂

+
∂
∂

=
∂
∂ k̂

z
uĵ

y
uî

x
u

r
u 1111ρ ∇u1 

⇒ 
11 u

1
u
r

∇
=

∂
∂
ρ

 

 

 

 

 

 

 

 

Length along u1-curve 

 For this u2 & u3 are constant. 

 u2 = c, u3 = c 

⇒ du2 = 0, du3 = 0 

If ds1 → differential of length along u1-curve (ds1)2 = h1
2(du1)2 

⇒ ds1 = h1 du1 

Similarly length along u2-curve is  

 ds2  = h2 du2 

and length along u3-curve is  

 ds3 = h3 du3 

The volume element 

 For an orthogonal curvilinear coordinate system is given by  

u3−curve 

u2−curve 

u1−curve 

P 
h1du1

h3du3
h2du2
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 dV = |(h1 du1 |)êduh)(êduh).(ê 3332221   [Θ volume = |)ĉb̂.(â| ×  

⇒ dv = h1 h2 h3 du1 du2 du3 

Differential operators in terms of orthogonal curvilinear coordinates (u1, u2, u3) 

GRADIENT 

 Let φ → scalar point function  

and ĉfb̂fâff 321 ++=
ρ

 

    = f1 33221 êfêfê ++  

i.e. φ = φ(u1, u2, u3) 

    = φ[u1(x, y, z), u2(x, y, z), u3(x, y, z)] 

⇒ 
x
u

u
φ

x
u

u
φ

x
u

u
φ

x
φ 3

3

2

2

1

1 ∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂

=
∂
∂     …(1) 

 
y
u

u
φ

y
u

u
φ

y
u

u
φ

y
φ 3

3

2

2

1

1 ∂
∂

∂
∂

+
∂

∂
∂
∂

+
∂
∂

∂
∂

=
∂
∂     …(2) 

 
z

u
u
φ

z
u

u
φ

z
u

u
φ

z
φ 3

3

2

2

1

1 ∂
∂

∂
∂

+
∂

∂
∂
∂

+
∂
∂

∂
∂

=
∂
∂     …(3) 

Operating î × (1) + ĵ  × (2) + k̂ ×(3), we get  

∇φ = grad φ = 3
3

2
2

1
1

u
u
φu

u
φu

u
φ

∂
∂
∂

+∇
∂
∂

+∇
∂
∂

 

But 333222111 uhê,uhê,uhê ∇=∇=∇=  

⇒ grad φ = ∇φ = 
33

3

22

2

11

1

u
φ

h
ê

u
φ

h
ê

u
φ

h
ê

∂
∂

+
∂
∂

+
∂
∂  

Example:- If (u1, u2, u3) are orthogonal coordinate then prove that  

(i) |∇up| = hp−1, p = 1, 2, 3 

(ii) pp Êê =  

Proof :- (i) let φ = u1, then  

 ∇u1 = 
1

1
1

1

1

1 h
êê

u
u

h
1

=
∂
∂
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 |∇u1| = 1
1

11

1 h
h
1

|h|
|ê| −==  

Similarly φ = u2, then  

 ∇u2 = 
2

2
2

2

2

2 h
êê

u
u

h
1

=
∂
∂

 

⇒ |∇u2| = 1
2

22

2 h
h
1

|h|
|ê| −==  

Similarly if φ = u3, then |∇u3| = h3
−1 

(ii) By definition, 
|u|

u
Ê

p

p
p ∇

∇
=  

⇒ pppp êuhÊ =∇=  

Results :- 

I. div (φ f̂ ) = ∇.(φ f̂ ) = φ div f + f̂ . Grad φ  

            = φ ∇. f̂  + f̂ . ∇φ 

II. div ( f̂ ×gρ) = ∇. ( f̂ ×gρ) = curl f̂ . gρ − curl gρ. f̂  

III. Curl grad φ = ∇ × ∇ φ = 0 

      div curl f̂  = ∇.∇ × f̂  = 0 

IV. Curl (φ f̂ ) = ∇ ×(φ f̂ ) = grad φ × f̂  + φ Curl f̂  

DIVERGENCE  

 Consider a vector function  

 332211321 êfêfêf)u,u,u(f ++=
ρ

 

where (u1, u2, u3) are orthogonal curvilinear coordinates.  

 )êê(f)êê(f)êê(ff 213132321 ×+×+×=
ρ

 

using  1ê  = h1 ∇u1 

 2ê  = h2 ∇u2 

 3ê  = h3 ∇u3 

f
ρ

 = f1 h2 h3(∇u2 × ∇u3) + f2 h3 h1 (∇u3 × ∇u1) + f3 h1 h2(∇u1 × ∇u2) 
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∴ dif  f = ∇ . f
ρ

= ∇.[f1h2 h3(∇u2 × ∇u3)] 

         + ∇ . [f2 h3 h1 (∇u3 × ∇u1)] 

         + ∇. [f3 h1 h2 (∇u1 × ∇u2)]     …(∗) 

Taking first art,  

 ∇ . [f1 h2 h3(∇u2 × ∇u3)] = f1 h2 h3 ∇ . (∇u2 × ∇u3) + (∇u2 × ∇u3). ∇(f1h2h3) 

[By using ∇. (φ f
ρ

) = φ ∇. f
ρ

+ f
ρ

. ∇φ] 

⇒ ∇.[f1 h2 h3(∇u2 × ∇u3)] = f1 h2 h3 ∇.(∇u2 × ∇u3) + (∇u2 × ∇u3).  

      ∇(f1 h2h3)        …(1) 

⇒ ∇.[(∇u2 × ∇u3)] = curl ∇u2 . ∇u3 − curl ∇u3 . ∇u2 

  = (curl grad u2). (∇u3) − (curl grad u3). ∇u2 

  = 0 − 0 = 0 

∴ from (1), we get  

 ∇ . [f1 h2 h3 (∇u2 × ∇u3)] = (∇u2 × ∇u3). ∇(f1 h2 h3) 

  = (∇u2× ∇u3). ⎢
⎣

⎡
∂
∂

1u
(f1 h2 h3) ∇u1 + 

2u∂
∂ (f1 h2 h3) ∇u2  

      + ⎥
⎦

⎤
∇

∂
∂

3321
3

u)hhf(
u

  

  = ⎢
⎣

⎡
∂

∂
+

∂
∂×

2

2
321

21

1
321

132

32

h
ê)hhf(

uh
ê)hhf(

uhh
êê

+ ⎥
⎦

⎤
∂
∂

3

3
321

3 h
ê)hhf(

u
 

 ⎥
⎦

⎤
⎢
⎣

⎡
=∇=∇=∇

3

3
3

2

2
2

1

1
1 h

êu,
h
êu,

h
êuΘ  

  = ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂

∂
+

∂
∂

3

3
321

32

2
321

21

1
321

132

1

h
ê

)hhf(
uh

ê)hhf(
uh

ê)hhf(
u

.
hh

ê
 

  = )hhf(
uhhh

1
321

1321 ∂
∂  

⇒ ∇.[f1 h2 h3(∇u2 × ∇u3)] = 
1321 u

.
hhh

1
∂
∂ (f1 h2 h3) 

Similarly  ∇.[f2 h3 h1(∇u3 × Δu1)] = 
2321 uhhh

1
∂

∂ (f2 h3 h1) 
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and ∇.[f3 h1 h2(∇u1 × Δu2)] = 
3321 uhhh

1
∂
∂  (f3 h1 h2) 

So from (∗), we get  

∴  ∇ . ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂

∂
+

∂
∂

= )hhf(
u

)hhf(
u

)hhf(
uhhh

1f 213
3

132
2

321
1321

ρ
 

CURL  

 Consider 332211 êfêfêff ++=
ρ

 

⇒ 11hff =
ρ

 ∇u1 + f2 h2 ∇ u2 + f3 h3 ∇u3  [Θ h1 ∇ u1 = 1ê ] 

then Curl ff
ρρ

×∇=  = ∇ ×(h1 f1 Δu1) 

   + ∇ × (h2 f2 ∇u2) 

   + × (h3 f3 ∇u3)      …(1) 

Taking the first art, we have by using property  

 Curl (φ F
ρ

) = ∇φ × F
ρ

 + φ ∇× F
ρ

 

we get 

 ∇ ×(h1 f1 ∇u1) = ∇(h1 f1) × ∇u1 + h1 f1 (∇× ∇u1) 

               = ∇(h1 f1) × Δu1    [Θ  Δ× Δu1 = curl grad u1 = 0] 

⇒ ∇×(h1f1 ∇u1) = ⎥
⎦

⎤
⎢
⎣

⎡
∇×∇

∂
∂

+∇
∂

∂
+∇

∂
∂

1311
3

211
2

111
1

uu)hf(
u

u)hf(
u

u)hf(
u

 

[Θ By definition of gradient of a function] 

⇒ ∇×[h1f1 ∇u1] = ⎥
⎦

⎤
⎢
⎣

⎡
×

∂
∂

++
∂
∂

1

1

3

3
11

32

2
11

1

1
11

1 h
ê

h
ê)hf(

uh
ê)hf(

h
ê)hf(

u
 

⇒ ∇×(h1f1 ∇u1) = )hf(
u

.
hh

ê)hf(
uhh

ê
11

212

3
11

331

2

∂
∂

−
∂
∂  

Similarly ∇×(h1f2 ∇u2) = )hf(
uhh

ê)hf(
uhh

ê
22

323

1
22

112

3

∂
∂−

∂
∂  

and  ∇× (h3 f3 ∇u3) = )hf(
uhh

ê)hf(
uhh

ê
33

131

2
33

223

1

∂
∂

−
∂

∂  

∴ from (1), 
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Curl ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

−
∂

∂
= )hf(

u
)hf(

uhh
êf 22

3
33

232

1
ρ

 

 + ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

−
∂
∂ )hf(

u
)hf(

uhh
ê

33
1

11
313

2  

 + ⎥
⎦

⎤
⎢
⎣

⎡
∂

∂
−

∂
∂ )hf(

u
)hf(

uhh
ê

11
2

22
121

3  

   = 

332211

321

332211

321
fhfhfh

uuu

êhêhêh

hhh
1

∂
∂

∂
∂

∂
∂  

LAPLACIAN OF SCALAR POINT FUNCTION (∇2 φ)  

 Now 

 ∇2φ = ∇.(∇ φ) 

⇒ ∇2φ = ∇. ⎥
⎦

⎤
⎢
⎣

⎡
∇

∂
∂

+∇
∂
∂

∇
∂
∂

3
3

2
2

1
1

u
u
φu

u
φu

u
φ  

        = ∇. ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

+
∂
∂

3
33

2
22

1
11

ê
u
φ

h
1ê

u
φ

h
1ê

u
φ

h
1  

We know that  

 ∇. ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂

∂
+

∂
∂

= )hhf(
u

)hhf(
u

)hhf(
uhhh

1f 213
3

132
2

321
1312

ρ
 

Here put f1 = 
11 u
φ

h
1

∂
∂ , 

 f2 = 
33

3
22 u

φ
h
1f,

u
φ

h
1

∂
∂

=
∂
∂  

Therefore 

 ∇2φ = ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂
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1321 u
φ

h
hh
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φ

h
hh
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φ

h
hh

uhhh
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CYLINDRICAL POLAR COORDINATES (r, θ, z)  

Let P is a point having Cartesian co-ordinates (x, y, z) 

 OM = x,    MN = y(= OQ), PN = z 

 

 

 

 

 

 

 

  

 

x = OM = ON cos θ 

⇒ x = r cos θ        …(1) 

& y = MN = N sin θ 

⇒  y = r sion θ        …(2) 

and z = z         …(3) 

so we have,  

 r = 22 yx +  

and  θ = tan−1 
x
y  

Determine the transformation from cylindrical to rectangular coordinates :- Operating equation 

(1)2 + (2)2, we get  

 r2 = x2 + y2  ⇒  r = 22 yx +  

(2)/(1)   ⇒  
x
y = tanθ     ⇒ θ = ⎟

⎠
⎞

⎜
⎝
⎛−

x
ytan 1  

and  z = z.  

(ds)2 = (dx)2 + (dy)2  (dz)2       …(4) 

Now  dx = cos θ dr − r sin θ dθ 

 dy = sinθ dr + r cos θ dθ 

z 

x 
N 

y 

P(x,y,z) 

z Q y 

r 

0 
θ x 

M

N 

r 

0 x M 

y 

θ 
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 dz = dz 

∴ (4) ⇒ 

∴ (ds)2 = (dr cos θ − r sin θ dθ)2 + (sinθ dr + r cos θdθ2 + (dz)2 

          = (dr)2 (sin2θ + cos2θ) + (r dθ)2 (sin2θ + cos2θ) + (dz)2 

⇒ (ds)2 = (dr)2 + (rdθ)2 + (dz)2 

Comparing it with (ds)2 = 2
3

2
3

2
2

2
2

2
1

2
1 )du(h)du(h)du(h ++   

We get, 

 h1 = 1, h2 = r, h3 = 1, u1 = r, u2 = θ,   u3 = z  

Take z3θ2r1 êê,êê,êê ===  

Using these, we have  

grad  Φ = zθr ê
z
Φê

θ
Φ

r
1ê

r
Φ

∂
∂

+
∂
∂

+
∂
∂  

where Φ is a scalar point function  

div ⎥⎦
⎤

⎢⎣
⎡

∂
∂

+
∂
∂

+
∂
∂

= )rf(
z

)f(
θ

)rf(
rr

1f 321

ρ
 

Curl 

321

zθr

frff
zθr

êêrê

r
1f

∂
∂

∂
∂

∂
∂

=
ρ

 

∇2Φ = ⎥
⎦

⎤
⎢
⎣

⎡
⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

+⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

z
Φr

zθ
Φ

r
1

θr
Φr

rr
1  

        = 2

2

2

2

22

2

z
Φ

θ
Φ

r
1

r
Φ

r
1

r
Φ

∂
∂

+
∂
∂

+
∂
∂

+
∂
∂  

SPHERICAL POLAR COORDINATES (r, θ, φ)  

 

 

 

 

 

 

 

x 

M 
x 

y N 

z 

y 0 
φ 

r 
θ 

z 

P(x,y,z) 
(r,θ,φ) 

O 

N P 

r 

θ 
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OM = x, MN = y,   PN = z,   OP = r   z = PN = r   cos θ  ON = r sinθ 

In Δ OMN,  x = OM = ON cos φ  

 

 

 

 

⇒ x = r sinθ cosφ 

 y = MN = ON sinφ    ⇒  y = r sin θ sin φ 

Now (ds)2 = (dx)2 + (dy)2 + (dz)2      …(1)  

dx = sinθ cosφ dr + r cosθ cos φ dθ − r sin θ sin φ dφ 

dy = sinθ sinφ dr + r cosθ sinφ dθ + r sinθ cosφ dφ 

dz = cosθ dr − r sin θ dθ      …(2) 

Put the value of (2) in (1) and collecting the coefficients of (dr)2, (dθ)2, (dφ)2, we get 

 (ds)2 = (dr)2 (1) + (dθ)2 (r2) + (dφ)2 (r2 sin2θ) 

Comparing it with,  

 (ds)2 = 2
3

2
3

2
2

2
2

2
1

2
1 )du(h)du(h)du(h ++  

we get 

 h1 = 1, h2 = r, h3 = r sin θ 

 u1 = r, u2 = θ,  u3 = φ 

 φ3θ2r1 êê,êê,êê ===  

So grad Φ = 
φ
Φ

θsinr
ê

θ
Φ

r
ê

r
Φê φθ

r ∂
∂

+
∂
∂

+
∂
∂  

 div ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

+
∂
∂

+
∂
∂

= )rf(
φ

θsinrf(
θ

)θsinrf(
rθsinr

1f 32
2

12

ρ
 

Curl 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂
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Φ
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rθsinr
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Curl 
θsinr

1f 2=
ρ

θsinrfrff
φθr

êθsinrêrê

r
1f

321

φθr

∂
∂

∂
∂

∂
∂

=
ρ

  

 ∇2Φ = ⎥
⎦

⎤
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

+⎟
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⎜
⎝
⎛

∂
∂

∂
∂
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⎠
⎞

⎜
⎝
⎛

∂
∂

∂
∂

φ
Φ

θsin
1

φθ
Φθsin

θr
Φθsinr

rθsinr
1 2

2  

         = 2

2

2222

2
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2

φ
Φ

θsinr
1

θ
Φ

θsinr
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θ
Φ

r
1

r
Φ

r
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r
Φ

∂
∂
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∂
∂

+
∂
∂

+
∂
∂

+
∂
∂  

Example:- Prove that cylindrical coordinate system is orthogonal.  

Solution :- The position vector of any point in cylindrical coordinate is  

 k̂zĵyîxr ++=
ρ  

∴ k̂zĵθsinrîθcosrr ++=
ρ  

 
s
z,

s
y,

s
x)s(rr

∂
∂

∂
∂

∂
∂

=
ρρ  are unit vector 

The tangent vector to the r, θ and z curves are given by  

 
z
r,

θ
r,

r
r

∂
∂

∂
∂

∂
∂

ρρρ
 respectively.  

where ĵθsinîθcos
r
r

+=
∂
∂

ρ
 

 ĵθcosrîθsinr
θ
r

+−=
∂
∂

ρ
 

 k̂
z
r

=
∂
∂

ρ
 

Therefore the unit-vector in these tangent directions are  

 
r
r

r
rêê r1 ∂

∂
∂
∂

==
ρ

 

⇒ ĵθsinîθcos
θsinθcos

ĵθsinîθcosê
22r +=

+

+
=  

 
θcosrθsinr

ĵθcosrîθsinr

θ
r
θ/rêê

2222θ2
+

+−
=

∂
∂

∂∂
== ρ

ρ
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⇒ ĵθcosîθsin
r

ĵθcosrîθsinrêθ +−=
+−

=  

 k̂
|z/r|

z/rêê z3 =
∂∂
∂∂

== ρ
ρ

 

Now )ĵθcosîθsin).(ĵθsinîθ(cosê.ê θr +−+=  

        = − cosθ sinθ + sinθ cosθ = 0 

 k̂).ĵθsinîθ(cosê.ê zr +=  = 0 

 0k̂).ĵθcosîθsin(ê.ê zθ =+−=  

 )jθsinîθ).(cosjθsinîθ(cosê.ê rr
&& ++=  

          = cos2θ + sin2θ = 1 

 )ĵθcosîθsin).(ĵθcosîθsin(ê.ê θθ +−+−=  

          = sin2θ + cos2θ = 1 

 1k̂.k̂ê.ê zz ==  

This shows that zθr ê,ê,ê  are mutually ⊥r and therefore the coordinate system is orthogonal. 

Example:- (a) Find the unit vectors φθr ê,ê,ê  of a spherical co-ordinate system in terms of 

k̂,ĵ,î . 

Solution :- The position vector of any point in spherical coordinate is  

 k̂zĵyîxR ++=
ρ

 

      = (r sin θ cos φ) î  + (r sin θ sin φ) ĵ  + (r cosθ) k̂  

We want to find 
φ
R,

θ
R,

r
R

∂
∂

∂
∂

∂
∂

ρρρ
 

Now 
r
R

∂
∂

ρ
 = sin θ cosφ θsinî  sin φ ĵ  + cos θ k̂  

So  
θcos)φsinφ(cosθsin

k̂θcosĵφsinθsinîφcosθsin
|r/R|

r/Rê
2222r

++

++
=

∂∂
∂∂

= ρ
ρ

 

⇒ cosθsinêr = φ sinî + θ sinφ k̂θcosĵ +  

Also  
θ
R

∂
∂

ρ
= r cos θ cosφ î  + r cos θ sinφ ĵ  − r sin θ k̂  
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So 
θsinr)φsinφ(cosθcosr

k̂θsinrĵφsinθcosrîφcosθcosr
|θ/R|

θ/Rê
222222θ

++

−+
=

∂∂
∂∂

= ρ
ρ

 

      = 
r

k̂θsinrĵφsinθcosrîφcosθcosr −+  

⇒ cosθcosêθ = φ î  + cos θ sin φ ĵ − sinθ k̂  

Also 
φ
R

∂
∂

ρ
= −r sinθ sinφ î  + r sin θ cos φ k̂.θĵ +  

So 
)φcosφ(sinθsinr

k̂.θĵφcosθsinrîφsinθsinr
|φ/R|

φ/Rê
2222φ

+

++−
=

∂∂
∂∂

= ρ
ρ

 

       = 
θsinr

ĵφcosθsinrîφsinθsinr +−  

⇒ sinêφ −= φ î  + cos φ ĵ  

Example:- Prove that a spherical coordinate system is orthogonal. 

Solution :- cosθ(sinê.ê θr = φ î  + sin θ sin φ ĵ  + cos θ k̂ ). 

          (cos θ cos φ î + cos θ sin φ ĵ   − sin θ k̂ ) 

      = cos2φ sinθ cosθ + sin2φ sinθ cosθ − sinθ cosθ 

                  = sinθ cosθ (sin2φ + cos2φ) − sinθ cosθ 

⇒        θr ê.ê  = 0 

 =φθ ê.ê (cos θ cos φ î  + cos θ sin φ ĵ  − sinθ k̂ ). (−sinφ î  + cos φ ĵ  ) 

          = −sin φ cos φ cos θ + cosθ cosφ sinφ − 0 

⇒ φθ ê.ê  = 0 

Also rφ ê.ê  = (−sinφ î  + cosφ ĵ )(sinθ cosφ î  +sinθ sinφ ĵ  + cosθ k̂ ) 

        = −sinθ sinφ cosφ + sinθ sinφ cosφ + 0 

⇒ rφ ê.ê  = 0 

and rr ê.ê  = (sinθ cosφ î  + sinθ sinφ ĵ  +cos θ k̂ ) (sinθ cosφ î   

   + sinθ sinφ ĵ  +cosθ k̂ ) 

           = cos2φ sin2θ + sin2φ + cos2θ 
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           = sin2θ(cos2φ + sin2φ) + cos2θ 

⇒  rr ê.ê  = 1 

and θθ ê.ê  = (cosθ cosφ î  + cosθ sinφ ĵ  − sinθ k̂ )  

(cosθ cosφ î  + cosθ sinφ ĵ  − sinθ k̂ ) 

        = cos2φ cos2θ + cos2θ sin2φ + sin2θ 

      = cos2θ (sin2φ + cos2φ) + sin2θ 

⇒   θθ ê.ê  = 1  

and  φφ ê.ê  = (−sinφ î +cosφ ĵ ) . (−sinφ î  + cosφ ĵ ) 

            = sin2φ + cos2φ = 1 

⇒ φφ ê.ê  = 1 

This shows that φθr ê,ê,ê  are mutually and therefore the coordinate system is orthogonal. 

Example:- Represent the vector ĵzîy2A −=
ρ

 + 3x k̂     …(1) 

in spherical coordinates 

Solution :- Here x = r sinθ cosφ 

                y = r sinθ sinφ 

     z = r cosθ       …(2) 

and  rê = sinθ cosφ î + sinθ sinφ ĵ  + cosθ k̂   

 cosθcosêθ = φ î  + cosθ sinφ ĵ  − sinθ k̂  

 φê  = −sinφ î  + cos φ ĵ       …(3) 

Solving (3), we get  

  î  = rê sinθ cosφ + θê cosθ cosφ − φê sinφ 

 ĵ  = rê sinθ sinφ + θê sinφ cosθ + φê  cosφ 

 k̂  = rê cosθ − θê  sinθ      …(4) 

Put (2) & (4) in (1), we get  

 A
ρ

 = 2r sinθ sinφ( rê sinθ cosφ + θê cosθ cosφ − φê  sinφ) 

  − r cosθ ( rê sinθ sinφ + θê  sinφ cosθ + φê cosθ) 
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  + 3 r sinθ cosφ ( )θsinêθcosê θr −  

⇒ rêA =
ρ

(2r sin2θ cos2φ − r sinθ cosθ sinφ + 3 r sinθ cosφ cosθ) 

  + θê (2r sinθ cosθ sinφ cosφ − r cos2θ sinφ − 3r sin2θ cosφ) 

  + φê (−2r sinθ sinφ − r cosθ cosφ) 

⇒ rêA =
ρ

2r sinθ (sinθ cos2φ + cosθ sinφ) 

  + θê r(2sinθ cosθ sinφ cosφ − r cos2θ sinφ − 3r sin2θ cosφ) 

  − φê  r(2 sinθ sin2φ + cos θ cosφ) 

⇒ φφθθrr êAêAêAA ++=
ρ

 

Example :- Prove that for cylindrical coordinate system (r, θ, z), 

 rr êθê
dt
d &=  

 rθ êθê
dt
d &−=  

Solution :-We have rê  = cosθ î  + sinθ ĵ       …(1) 

 θê = −sinθ î  + cosθ ĵ        …(2) 

∴ ĵθ)θ(cosîθ)θsin(ê
dt
d

r
&& +−=  

⇒ rê
dt
d  = (−sinθ î  + cosθ ĵ ) θêθθ &&=   [using (2)] 

Also ĵθ)θsin(îθ)θcos(ê
dt
d

θ
&& −+−=  

          = −(cos θ θ)ĵθsinî &+  

⇒ rθ êθê
dt
d &−=   [using (1)] 

Example:- Express the velocity vρ and acceleration aρ  of a particle in cylindrical coordinates.  

Solution :- Position vector of a particle P in rectangular coordinates  

 rρ = x î  + y ĵ  + z k̂   

vector rρ in cylindrical coordinate system is  

 rρ = r cosθ(cosθ θr êθsinê − ) 
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  + r sin θ(sin θ rê  + cosθ zθ êz)ê +  

⇒ r
2 êθcosrr =

ρ
− r cosθ sinθ zθr

2
θ êzêθcosθsinrêθsinrê +++  

⇒ zr êzêrr +=
ρ

 

Then velocity 
dt
rdv
ρ

ρ
=  

⇒ zzrr ê
dt
dzê

dt
dzê

dt
drê

dt
drv +++=

ρ  

 zθr êzêθrêrv &&&ρ
++=   ⎥⎦

⎤
⎢⎣
⎡ = 0ê

dt
d

zΘ    …(1) 

Differentiating (1) again, we obtain acceleration 2

2

dt
rd

dt
vda

ρρρ
==  

⇒ )êzêθrêr(
dt
da zθr ++= &&ρ  

    = zzθθrrr ê
dt
dzêzê

dt
dθrêθrêθrê

dt
drêr &&&&&&&&&&& +++++  

using  ,0ê
dt
d,êθê

dt
d,êθê

dt
d

zrθθr =−== &&  

we get 

 zrθθθθr êz)êθ(θrêθrêθrêθrêθrêra &&&&&&&&&&&&&&&ρ
+−+++++=  

⇒ zθr
2 êzê)θr2θr(ê)θrr(a &&&&&&&&&ρ

+++−=  

Example: -  Prove that in spherical coordinates (r, θ, φ) 

 φθrr êφθsinêθêê
dt
d &&

& +==  

φrθθ êφθcosêθêê
dt
d &&

& +−==  

 θrφφ êφθcosêφθsinêê
dt
d &&& −−==      …(*) 

Proof: - Now  k̂θcosĵφsinθsiniφcosθsinêr ++=     …(1) 

∴ îφ)φsin(θsinîθφcosθcosê
dt
d

r && −+=  

  k̂θ)θ(sinĵφφcosθsinîφcosθcos && −+  



67 
 

          = )k̂θsinĵφsinθcosîφcosθ(cosθ −+&  

   )ĵφcosîφsin(φθsin +−+ &      …(2) 

using k̂θsinĵφsinθcosîφcosθcosêθ −+=     …(3) 

 ĵφcosîφsinêφ +−=        …(4) 

Put (3) & (4) in (2), we get 

φθr êφθsinêθê
dt
d && +=  

Also from(3), 

 îφφsinθcosîθφcosθsinê
dt
d

θ && −−=  

− θk̂θcosĵφφsinθcosîθφsinθsin &&& −−  

 = )ĵφcosîφsin(φθcos)k̂θcosĵφsinθinîφcosθ(sinθ +−+++ &&  

⇒ φêθcosêθê
dt
d

φrθ && +−=  

Also from (4) , ĵφφsinφφsinîφφcosê
dt
d

φ &&& −−−=     …(5) 

Taking R.H.S of equation (*) 

R.H.S = − θr êφgqcosêφθsin && −  

= − )k̂θcosĵφsinθsinîφcosθ(sinφθsin ++&  

   − )k̂θsinĵφsinθcosîφcosθ(cosφθcos −+&   [using(1) & (3)] 

 = −sin2 cosφ −îφ& φĵφsinθsinφ 2 && − sin θ cosθ  k̂  

   − cos2θ cosφ sinθcosîφ 2−& φ k̂φθcosθsinĵφ && +  

 = − ĵφ)θcosθ(sinφcosîφ 22 && −+ sin φ (sin2θ + cos2θ) 

 = − cosφ&  φ ĵφsinî −  = L.H.S. [from (5)] 

⇒ L.H.S. = R.H.S. 

So θrφ êφθcosêφθsinê
dt
d && −−=  

Example:- Express the velocity vρ and acceleration aρ  of a particle in spherical coordinates.  

Solution : Position vector of a particle P in rectangular coordinates  
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 k̂zĵyîxr ++=
ρ  vector rρ in spherical coordinate system is  

 rr =
ρ cos φ sinθ ( φθr êφcosθcosêφcosθsinê −+ sin φ) 

   + r sin θ sin φ ( )φcosêφsinθcosêφsinθsinê φθr ++    

  + r cos θ ( )θsinêθcosê θr −  

⇒ )θcosφsinθsinφcosθ(sinêrr 22222
r ++=

ρ  

 + r )θsinθcosθcosφsinθsinφcosθcosθ(sinê 22
θ −+  

      + )φcosφsinθsinφsinθsinφcos(êr φ +−  

⇒ rêrr =
ρ

[sin2θ (sin2φ + cos2φ) + cos2θ] 

       + r θê [sinθ cosθ (sin2φ + cos2φ) − cosθ sinθ] 

    = r rê (sin2θ + cos2θ) + r θê (sinθ cosθ − sinθ cosθ) 

⇒ rr êr)1(êrr ==
ρ

 

Then velocity )êr(
dt
d

dt
rdvisv r==
ρ

ρρ  

⇒ )ê(
dt
drê

dt
drv rr +=

ρ  

     = )êφθsinêθ(rêr φθr &&& ++  [from previous eg.] 

     = φθr êφθsinrêθrêr &&& ++      …(1) 

Differentiating (1) again, we obtain acceleration  

 2

2

dt
rd

dt
vda

ρρρ
==  

⇒ )êφθsinrêθrêr(
dt
da φθr &&&ρ

++=  

    = )ê(
dt
dθrêθrêθr)ê(

dt
drêr θθθrr

&&&&&&&& ++++  

     + φφφ êφθsinrêφθθcosrêφθsinr &&&&&& ++ + r sinθ )ê(
dt
dφ φ&  

 = θθφθr êθrêθr)êφθsinêθ(rêr &&&&&&&&& ++++  

     + r φφr êφθsinr)êφθcosêθ(θ &&&&& ++−  
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     + r cos θ φφ êφθsinrθêφ &&&& +  

     + r sinθ )êφθcosêφθsin(φ θr &&& −−  

⇒ )θsinrφθrr(êa 222
r &&&&ρ

−−=  

      + ]φθcosθsinrθrθr2[ê 2
θ &&&&& −+  

      + φθr2θsinφr2[êφ &&&& + cosθ + r sinθ φ&&] 

⇒ )φθsinrθrr(êa 222
r &&&&ρ

−−=  

  + ⎥⎦
⎤

⎢⎣
⎡ − 22

θ φθcosθsinr)θr(
dt
d

r
1ê &&  

 + ⎥⎦
⎤

⎢⎣
⎡ )φθsnr(

dt
d

θsinr
1ê 22

φ &       …(2) 

⎢⎣
⎡ +=+= θr2θr)θrr2θr(

r
1)θr(

dt
d

r
1 22 &&&&&&&&&Θ  and )φθsinr(

dt
d

θsinr
1 22 &  

            = ]θ)θ(cosθsin2rφφθsinrr2φθsinr[
θsinr

1 2222 &&&&&& ++  

  = r sin θ ⎥
⎦

⎤
++ θcosφθr2θsinφr2φ &&&&&&  

So (2) is required expression for acceleration of a particle in spherical coordinate.  

Example : θrφφ êφθcosêφθsinêê
dt
d &&& −−==  

Solution :- Now ĵφcosîφsinêφ +−=  

⇒ ĵφφsinîφφcosê
dt
d

φ && −−=       …(5) 

Put values of ĵandî  in(5), we get  

 )φsinêφcosθcosêφcosθsinê(φφcosê
dt
d

φφrφ −+−= &  

  − sin φ )φcosêφsinθcos.êφsinθsinê(φ φθr ++&  

          = −sinθ )φsinφ(cosêφθcos)φsinφ(cosêφ 22
θ

22
r +−+ &&  

  + φφsinφcosêφφsinφcosê φφ &&−  
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          = − sinθ θr êφθcosêφ && − . Hence Proved.  

Example:- Represent the vector k̂yĵx2îzA +−=
ρ

in cylindrical coordinates.  

Solution :- In cylindrical coordinates,  

 x = r cos θ,   y = r sinθ, z = z      …(1) 

and ĵθsinîθcosêr +=  

 θcosîθsinêθ +−=        …(2) 

 k̂êz =          …(3) 

The position vector of a particle P in rectangular coordinates is  

 k̂yĵ)x2(îzA +−+=
ρ

 

⇒ k̂θsinrĵθcosr2îzA +−=
ρ

      …(4) 

Solve (2) for ĵandî , we get on operating θcosêθsinê θr ×+×  

    = cosθ sinθ î  + sin2θ ĵθcosîθcosθsinĵ 2+−  

⇒ ĵj)θcosθ(sinθcosêθsinê 22
θr =+=+     …(5) 

Similarly ĵθcosθsinîθcosθsinêθcosê 2
θr +=−  

  − (− sin2θ )ĵθsinθcosî +  

⇒ ĵθcosθsinĵθcosθsinî)θcosθ(sinθsinêθcosê 22
θr −++=−  

⇒ îθsinêθcosê θr =−        …(6) 

Put the value of k̂,ĵ,î  from (3), (5), (6) in equation (4), we get  

 )θcosêθsinê(θcosr2)θsinêθcosê(zA θrθr +−−=
ρ

 + r sin θ zê  

     = )θsinθcosr2θcosz(êr −  

 − z
2

θ ê)θcosr2θsinz(ê ++ (r sin θ) 

⇒ zzθθrr êAêAêAA ++=
ρ

     …(1) 

where  

 Ar = z cos θ − 2r cosθ sinθ 

 Aθ = −z sinθ −2r cosθ sinθ 

 Az = r sinθ 
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Equation (1) is required vector A
ρ

 in cylindrical coordinates.  

Example:- Represent the vector k̂yĵx2îzA +−=
ρ

 in spherical coordinates          (r, θ, φ) 

Solution :- In spherical coordinates,  

 x = r sinθ cosφ 

 y = r sinθ sinφ 

 z = r cosθ        …(2) 

and  

 rê  = sinθ cosφ î + sinθ sinφ k̂θcosĵ +  

 cosθcosêθ = φ î  + cos θ sin φ ĵ  − sinθ k̂   

 φê = −sinφ î  + cos φ ĵ        …(3) 

Solving system (3) for î , ĵ , k̂  by Cramer’s rule, for this we have  

 D = 
0φcosφsin
θsinφsinθcosφcosθcos
θcosφsinθsinφcosθsin

−
−  

     = sinθ cosφ(sinθ cosφ) + sinθ sinφ (sinθ sinφ)  

+ cosθ(cosθ cos2φ + cosθ sin2φ) 

     = sin2θ cos2φ + sin2θ sin2φ + cos2θ (cos2φ + sin2φ) 

     = sin2θ(cos2φ + sin2φ) + cos2θ (1) 

     = sin2θ + cos2θ = 1 

⇒ D = 1 

and  

 D1 = 
0φcosê
θsinφsinθcosê
θcosφsinθsinê

φ

θ

r

−  

      = rê (sinθ cosφ) + sinθ sinφ (−sinθ )êφ  

  + cosθ )φsinθcosêφcosê( φθ −  

      = rê sinθ cosφ + θê  cosθ cosφ − φê sin φ(sin2θ + cos2θ) 

⇒ D1 = sinêr θ cosφ + θê cos θ cosφ − φê sinφ 
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 D2 = 
0êφsin
θsinêφcosθcos
θcosêφcosθsin

φ

θ

r

−
−  

      = sinθ cos φ(sinθ rφ ê)ê + (sinθ sinφ− 0) 

  + cos θ( cosêφ θ cosθ + θê sin φ) 

      = sinθ sinφ rê + cosθ sinφ +θê cosφ φê (sin2θ + cos2θ) 

⇒ D2 = rê sinθ sinφ + θê  cos θ sin φ + cosφ φê  

 D3 = 

φ

θ

r

êφcosφsin
êφsinθcosφcosθcos
êφsinθsinφcosθsin

−
 

      = sinθ cosφ (cosθ sinφ −φê cosφ θê ) 

  + sinθ sinφ(−sinφ φθ êê − cosθ cosφ) 

  + θ(cosêr cos2φ + cos θ sin2φ) 

      = rê cosθ(sin2φ + cos2φ) +  

  2
θ cosθsin(ê − φ − sinθ sin2φ) 

  + φê (sinθ cosθ sinφ cosφ − sinθ cosθ sinφ cosφ) 

⇒ D3 = rê cosθ − sinθ θê  

Then 
D
Dî 1=  = rê sinθ cosφ + θê cosθ cosφ − φê  sinφ 

 θsinê
D

Dĵ r
2 == sinφ + θê cosθ sinφ + cos φ φê  

 r
3 ê

D
Dk̂ == cosθ − θê sinθ 

from (1), (2) and (4), we get  

 θsinê(θcosr(A r)
ρ

cos φ + θê cosθ cosφ − φê sinφ) 

  − 2r sinθ cosφ ( rê sinθ sinφ + θê cosθ sinφ + φê cosφ) 

  + r sinθ sinφ ( rê cosθ − θê  sinθ) 
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⇒ rêrA =
ρ

(cosθ sinθ cosφ − 2 sin2θ cosφ sinφ + sinθ cosθ sinφ) 

  + r θê (cos2θ cosφ − 2 sinθ cosθ sinφ cosφ) 

  + r φê (−cosθ sinφ − 2 sinθ cos2φ) 

   = r θcosθ[sinêr (cosφ + sinφ) − 2 sin2θ cosφ sinφ] 

  + r θê (cos2θ cosφ − 2 sinθ cosθ sinφ cosφ) 

  + r φê (−cosθ sinφ − 2 sinθ cos2φ) 

⇒ ++= θθrr êAêAA
ρ

Aφ φê  

which is required expression.  

Example:- Find the squre of the element of  arc length in cylindrical & spherical coordinates 

Solution: -  In cylindrical coordinates, 

 x = r cosθ, y = r sinθ, z = z 

Now (ds)2 = (dx)2 + (dy)2 + (dz) 2      …(1) 

as dx = dr cosθ − r sinθ dθ 

 dy = dr sinθ + r cosθ dθ      …(2) 

 dz = dz 

Put (2) in (1), we get  

 (ds)2 = (cosθ dr −r sinθ dzθ)2 

  +(sinθ dr + r cosθ dθ)2 + (dz)2 

         = (dr)2 (sin2θ + cos2 θ) + (dθ)2 ( r2 sin2θ + r2 cos2θ) 

  −2r sinθ cosθ dr dθ + 2r sinθ cosθ dr dθ + (dz)2 

⇒ (ds)2 = (dr)2 + r2 (dθ)2 + (dz)2 = 22
3

22
2

22
1 )dz(h)θd(h)dr(h ++  

In spherical coordinates (r, θ, φ) 

 x = r sinθ cosφ, y = r sinθ sinφ, z= r cosθ    …(1) 

as (ds)2 = (dx)2 + (dy)2 + (dz)2  

using (1), we get  

 (ds)2 = (dr)2 + r2 (dθ)2 + r2 sin2θ (dφ)2 

Camparing it with, 

 (ds)2
 = ,)du(h)du(h)du(h 2

3
2
3

2
2

2
2

2
1

2
1 ++  we get 
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 h1 = 1, h2 = r1, h3 = r sin θ 

 u1 = r, u2 = θ, u3 = φ 

we get (ds)2 = 2
3

22
2

22
1 h)θd(h)dr(h ++ (dφ)2 

Example : - Find expression for the elements of area in orthogonal curvilinear coordinates. 

Solution: -   

  

 

 

 

 

 

   

 

Now area element is given by 

 dA1 = |h2 du2 2ê × h3 du3 3ê |   

        = h2 h3 | 32 êê × | du2 du3 = h2 h3 | 1ê | du2 du3 

        = h2 h3 du2 du3       [ 1|ê| 1 =Θ ] 

 dA2 = |h3 du3 3ê × h1 du1 1ê | 

        = h3 h1| 13 êê × | du3 du1 = | 2ê | du3 du=1    [ 1|ê| 2 =Θ ] 

 dA3 = | h1 du1 2221 êduhê × | 

        = h1 h2 | 21 êê × | du1 du2  

        = h1 h2 | 1ê × 2ê | du1 du2 

        = h1 h2 | 3ê | du1 du2 = h1 h2 du1 du2    [ 1|ê| 3 =Θ | 

Example:- Find the volume element dv in cylenderical & spherical coordinate system. 

Solution: - We know that volume element dV in orthogonal curvilinear   coordinates is  

 dV = h1 h2 h3 du1du2 du3       …(1) 

In cylindrical coordinates (r, θ, φ)  

 h1 = 1, h2 = r , h3 = 1 

 u1 = r, u2 = θ, u3 = z 

u1 

h3du3 3ê  

u2 

h2du2 2ê  
h1du1 1ê  

u3 

P 
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So (1) ⇒ dV = r dr dθ dz 

In spherical coordinates (r, θ , φ)  

h1 = 1, h2 = r, h3 = r sin θ  

 u1 = r, u2 = θ, u3 = φ  

∴ So (1) ⇒ dV r2 sin2 dr dθ dφ 

Example:- If u1, u2, u3 are general coordinates, show that 
321 u

r,
u
r,

u
r

∂
∂

∂
∂

∂
∂

ρρρ
& ∇u1,∇u2,∇u3 are 

reciprocail system of vectors. 

Solution: - We know that if φ = φ (x, y, z) 

 dφ = dz
z
φdy

y
φdx

dx
φ

∂
∂

+
∂
∂

+
∂  

      = d(.k̂
z
φĵ

y
φî

x
φ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂ x î + dy ĵ  + dz k̂ ) 

⇒ dφ = ∇φ.d rρ 

Replacing φ with ∇ up, we get  

dup = ∇up . d rρ        …(1) 

⇒ du1 = ∇u1 . d rρ 

 du2  = ∇u2 . d rρ 

 du3 = ∇u3 . d rρ 

Now  rρ= rρ(u1, u2, u3) 

⇒ 3
3

2
2

1
1

du
u
rdu

u
rdu

u
rrd

∂
∂

+
∂
∂

+
∂
∂

=
ρρρ

ρ      …(2) 

Taking dot product with ∇u1, we get 

∇u1.d rρ= 3
3

12
2

11
1

1 du
u
r.udu

u
r.udu

u
r.u ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇
ρρρ

   …(3) 

⇒  du1 = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∇
3

12
2

11
1

1 u
r.udu

u
r.udu

u
r.u

ρρρ
         [using (1)] 

Comparing like coefficients on both sides, 

 ∇ u1.
1u

r
∂
∂

ρ
=1, ∇ u1.

2u
r

∂
∂

ρ
=0, ∇ u1.

3u
r

∂
∂

ρ
= 0 



76 
 

Similarly taking dot product of (2) with ∇ u2 and ∇ u3, we get  

 ∇ u2, 0
u
r.u0

u
r.u,1

u
r

3
2

1
2

2
=

∂
∂

∇=
∂
∂

∇=
∂
∂

ρρρ
 

 ∇ u3. ,1
u
r

3
=

∂
∂

ρ
 

So we get the required result i.e. 

 ∇ up.
⎩
⎨
⎧

≠
=

=
∂
∂

qpif0
qpif1

u
r

q

ρ
 

Where (p, q) = (1, 2, 3) 

 

 

Example: - Prove that 1ê = h2 h3 ∇ u2 × ∇ u3 with similar equation for 2ê and 3ê  where u1, u2, u3 

are orthogonal coordinates. 

Solution: - We know that  

 ∇ u1 = 
3

3
3

2

2
2

1

1

h
êu,

h
êu,

h
ê

=∇=∇  

Then  ∇u2 × ∇u3 = 
32

1

32

32

hh
ê

hh
êê

=
×

 

⇒ 1ê = h2 h3 ∇u2 × ∇u2 × ∇u3 

Similarly  ∇u3 ×∇u1 = 
13

2

13

13

hh
ê

hh
êkê

=  

⇒ 13132 uuhhê ∇×∇=  

and ∇u1 × ∇u2 = 
21

3

21

21

hh
ê

hh
êê

=
×

 

⇒ 213 hhê = ∇ u1 × ∇u2   Hence proved.  

Example: - If u1, u2, u3 are orthogonal curvilinear coordinates, show that the jacobian of x, y, z 

w.r.t. u1, u2, u3 is  
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 J

333

222

111

321321

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

)u,u,u(
)z,y,x(

uuu
z,y,x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=
∂

∂
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
 

          = h1h2h3 

Proof: - we know that A
ρ

= A1 î + A2 ĵ  +A3 k̂   

)C,C,C(CC),B,B,B(B 321321 ==
ρρ

 

Then  

 

321

321

CCC
BBB
k̂ĵî

.A)CB.(A
ρρρρ

=×  

= (A1 î + A2 ĵ  + A3 k̂ ) .[ î (B2C3−B3C2) + ĵ (B3C1−B1C3 + k̂ (B1C2−B2C1)]  

⇒ )CB.(A
ρρρ

×  = A1(B2C3 − B3C2) + A2(B3C1 − B1C3) + A3(B1C1 − B2C1) 

⇒ 

321

321

321

CCC
BBB
AAA

)CB.(A =×
ρρρ

 

Therefore  

 ⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

k̂
u
zĵ

u
yî

u
x.k̂

u
zŷ

u
yî

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

222111

333

222

111

 

    × ⎥
⎦

⎤
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂ k̂

u
zĵ

u
yî

u
x

333
] 

          = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

321 u
r

u
r.

u
r ρρρ

 

          = h1 )eheh.(e 33221
ρρρ

×  

          = h1 )ee(hh.e 32321
ρρρ

× =h1 1321 ehh.e
ρρ
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          = h1 h2 h3 11 e.e
ρρ

 

          = h1 h2 h3 11 e.e
ρρ

 

          = h1 h2 h3    [ 1e.e 11 =
ρρ

Θ ] 

Hence proved. 

Contravariant Components of A
ρ

and covariant components of A
ρ

 

A
ρ

in terms of unit base vectors  321 ê,ê,ê  or 321 Ê,Ê,Ê  can be written as 

 A
ρ

= A1 33221133221 ÊaÊaÊaêAêAê ++=++  

Where A1, A2, A3 & a1, a2, a3 are components of  A
ρ

in each that 
321 u

r,
u
r,

u
r

∂
∂

∂
∂

∂
∂

ρρρ
and ∇u1, ∇u2, 

∇u3 constitite reciprocal system of vectors. We can also represent A
ρ

in terms of base vectors 

321 u
r,

u
r,

u
r

∂
∂

∂
∂

∂
∂

ρρρ
 or ∇u1, ∇u2, ∇u3 which are called unitary base vectors & are not unit vectors. 

In general, 

 A
ρ

= C1 
3

3
2

2
1 u

rC
u
rC

u
r

∂
∂

+
∂
∂

+
∂
∂

ρρρ
 

⇒ 332211 αCαCαCA ρρρρ
++=  where  3,2,1p,

u
rα
p

p =
∂
∂

=
ρ

ρ  

& A
ρ

= C1∇u1 + C2∇u2 + C3∇u3 

     = C1 33221 βCβCβ
ρρρ

++  where =pβ
ρ

∇up, p = 1, 2, 3 

where  C1, C2, C3 are called contravariant component  of A
ρ

and C1, C2, C3 are called covariant 

components of A
ρ

. 

Example: - Let A
ρ

 be a given vector defined w.r.t. two gereral curvilinear coordinates system 

(u1, u2, u3)& )u,u,u( 321 . Find the relation between the contravariant components of the vector in 

the two coordinate system. 

(Find relation between Cp and pC ) 

Solution: - Suppose the transformation equation from rectangular (x, y, z) system to the two 

general curvilinear coordinations systems (u1, u2, u3) and )u,u,u( 321 are given by  

 x = x1(u1, u2, u3), y = y1(u1, u2, u3), z = z1(u1, u2, u3) 
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 x = x2 )u,u,u( 321 , y = y2 )u,u,u( 321 , z = z2 )u,u,u( 321  …(1) 

Then  

I a transformation directly from (u1,u2, u3) system to )u,u,u( 321 system is defined by 

 u1 = u1 )u,u,u( 321 , u2 = u2 )u,u,u( 321 , u3 = u3 )u,u,u( 321  …(i) 

 1u = 1u (u1, u2,u3), )u,u,u(uu 32122 = , )u,u,u(uu 32133 =  …(2) 

Let  rρ= x î  +y ĵ  +z k̂  

Then use (1)  

 rr ρρ
= (u1, u2, u3),  rr ρρ

= )u,u,u( 321  

 d 3
3

2
2

1
1

du
u
rdu

u
rdu

u
rr

∂
∂

+
∂
∂

+
∂
∂

=
ρρ

ρ  

      = 332211 duαduαduα
ρρρ

++       …(3) 

& d 3
3

2
2

1
1

ud
u
rud

u
rud

u
rr

∂
∂

+
∂
∂

+
∂
∂

=
ρρρ

ρ  

      = 32211 duαudαudα
ρρρ

++      …(4) 

where  ,
u
rα,

u
rα

p
p

p
p ∂

∂
=

∂
∂

=
ρρρ

ρ
 p = 1, 2, 3 

from (3) & (4), we get  

 3221133221 duαudαudαduαduαduα
ρρρρρρ

++=++    …(5) 

from 2(i) since up = up )u,u,u( 321  

⇒ du1 = 3
3

1
2

2

1
1

1

1 ud
ud
uud

ud
uud

u
u ∂

+
∂

+
∂
∂  

 du2 =  3
3

21
2

2

2
1

1

2 ud
ud
uud

ud
uud

u
u ∂

+
∂

+
∂
∂  

 du3 = 3
3

3
2

2

3
1

1

3 ud
ud
uud

ud
uud

u
u ∂

+
∂

+
∂
∂

 

using these in L.H.S of (5) and equating coefficient of ,ud,ud,ud 321 we get  

 332211 duαduαduα
ρρρ

++ = 13
3

1
2

2

1
1

1

1 αud
ud
uud

ud
uud

u
u

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∂
+

∂
+

∂
∂
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     + 23
3

21
2

2

2
1

1

2 αud
ud
uud

ud
uud

u
u ρ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∂
+

∂
+

∂
∂

 

     + 33
3

3
2

2

3
1

1

3 αud
ud
uud

ud
uud

u
u ρ

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ∂
+

∂
+

∂
∂

 

     = 332211 udαudαudα ρρρ
++  

We get 
1

3
3

1

2
2

1

1
11 u

uα
u
uα

u
uαα

∂
∂

+
∂
∂

+
∂
∂

=
ρρρρ

 

 
2

3
3

2

2
2

2

1
12 u

uα
u
uα

u
uαα

∂
∂

+
∂
∂

+
∂
∂

=
ρρρρ

 

 
3

3
3

3

2
2

3

1
13 u

uα
u
uα

u
uαα

∂
∂

+
∂
∂

+
∂
∂

=
ρρρρ

     …(6) 

Also 332211 CαCαCαA ρρρρ
++=  

  = 332211 CαCαCα
ρρρ

++       …(7) 

where C1, C2, C3 and 321 C,C,C  are  contravariant components of A
ρ

in the two systems (u1, u2, 

u3) and )u,u,u( 321 . Substituting (6) in (7), 

 C1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

=++
1

3
3

1

2
2

1

1
1133221 u

uα
u
uα

u
uαCαCαCα ρρρρρρρ

 

    + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

2

3
3

2

2
2

2

1
12 u

uα
u
uα

u
uαC

ρρρρ
 

    + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

3

3
3

3

2
2

3

1
13 u

uα
u
uα

u
uαC ρρρρ

 

          = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

3

1
3

2

1
2

1

1
11 u

uC
u
uC

u
uCα

ρρ
 

    + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

3

2
3

2

2
2

1

2
12 u

uC
u
uC

u
uCα

ρρ
 

    + ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

3

3
3

2

3
2

1

3
13 u

uC
u
uC

u
uCα

ρρ
 

Equating coefficients of ,α,α,α 321
ρρρ

 we get  
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 C1 = 
3

1
3

2

1
2

1

1
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂  

  C2 = 
3

2
3

2

2
2

1

2
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂  

 C3 = 
3

3
3

2

3
2

1

3
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂

     …(8) 

or  Cp = 
3

p
3

2

p
2

1

p
1 u

u
C

u
u

C
u
u

C
∂

∂
+

∂

∂
+

∂

∂
, p = 1, 2, 3    …(9) 

or Cp = 
q

p
3

1q
q u

u
C

∂

∂
∑

=

, p = 1, 2, 3      …(10) 

Similarly by interchanging the coordinates, 

We can get  

 ,
u
u

CC
3

1q q

p
qp ∑

= ∂

∂
= p = 1, ,2 3      …(11) 

Equation (8), (9), (10), (11) gives the relation between contravariant components of vector in two 

coordinates systems. 

Example: - Let A
ρ

be given vector defined w.r.t. two curvilinear coordinates system (u1, u2, u3) 

and )u,u,u( 321 . Find the relation between the covariant components of the vectors in the two co 

ord system. 

Solution: - Let the covariant component of A
ρ

in the system (u1, u2, u3) and )u,u,u( 321 are C1, C2, 

C3 and 321 C,C,C  respectively 

∴ A
ρ

= C1∇u1 + C2∇u2 + C3∇u3 = 332211 uCuCuC ∇+∇+∇   …(1) 

Since )u,u,u(uu 321pp = , p=1, 2, 3 

 
x
u

u
u

x
u

u
u

x
u

u
u

x
u 3

3

p2

2

p1

1

pp

∂
∂

∂

∂
+

∂
∂

∂

∂
+

∂
∂

∂

∂
=

∂

∂
  

 
y

u
u
u

y
u

u
u

y
u

u
u

y
u 3

3

p2

2

p1

1

pp

∂
∂

∂

∂
+

∂
∂

∂

∂
+

∂
∂

∂

∂
=

∂

∂
 

 
z

u
u
u

z
u

u
u

z
u

u
u

z
u 3

3

p2

2

p1

1

pp

∂
∂

∂

∂
+

∂
∂

∂

∂
+

∂
∂

∂

∂
=

∂

∂
    …(2) 
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Also C1∇u1 + C2∇u2 + C3∇u3 = C1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂ k̂

z
uĵ

y
uî

x
u 111

 

         + C2 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂

∂ k̂
z

uĵ
y

uî
x

u 222  

         + C3 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂
∂

k̂
z

u
ĵ

y
u

î
x
u 333  

    = î
x
uC

x
uC

x
uC 3

3
2

2
1

1 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂
+

∂
∂  

        + ĵ
y

u
C

y
uC

y
uC 3

3
2

2
1

1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂
∂  

        + k̂
z

uC
z

uC
z
uC 3

3
2

2
1

1 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂
+

∂
∂   …(3) 

and î
x
uC

x
uC

x
uCuCuCuC 3

3
2

2
1

1332211 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂
+

∂
∂

=∇+∇+∇  

            + ĵ
y

u
C

y
uC

y
uC 3

3
2

2
1

1 ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂

∂
+

∂
∂

+
∂
∂  

            + k̂
z

uC
z

uC
z
uC 3

3
2

2
1

1 ⎟
⎠
⎞

⎜
⎝
⎛

∂
∂

+
∂

∂
+

∂
∂  …(4) 

Equating coefficients of k̂,ĵ,î in (3) & (4),  

We get 

 
x
uC

x
uC

x
uC

x
uC

x
uC

x
uC 3

3
2

2
1

1
3

3
2

2
1

1 ∂
∂

+
∂

∂
+

∂
∂

=
∂
∂

+
∂

∂
+

∂
∂  

 
y
uC

y
uC

y
uC

y
uC

y
uC

y
uC 3

3
2

2
1

1
3

3
2

2
1

1 ∂
∂

+
∂

∂
+

∂
∂

=
∂

∂
+

∂
∂

+
∂
∂  

 
z

uC
z

uC
z
uC

z
uC

z
uC

z
uC 3

3
2

2
1

1
3

3
2

2
1

1 ∂
∂

+
∂

∂
+

∂
∂

=
∂

∂
+

∂
∂

+
∂
∂

  …(5) 

Substituting equation (2) with p = 1, 2, 3 on R.H.S in the corresponding equation of (5) and 

equating coefficients of 
x
u,

x
u,

x
u 321

∂
∂

∂
∂

∂
∂ or 

y
u,

y
u,

y
u 321

∂
∂

∂
∂

∂
∂ or 

y
u,

y
u,

y
u 321

∂
∂

∂
∂

∂
∂  on each side,  

We can get, 
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Taking first equation of (5), 

 ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

∂
∂

+
∂

∂
∂
∂

+
∂
∂

∂
∂

=
∂
∂

+
∂

∂
+

∂
∂

x
u

u
u

x
u

u
u

x
u

u
uC

x
uC

x
uC

x
uC 3

3

12

2

11

1

1
1

3
3

2
2

1
1  

     + ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

∂
∂

+
∂

∂
∂
∂

+
∂
∂

∂
∂

x
u

u
u

x
u

u
u

x
u

u
uC 3

3

22

2

21

1

2
1  

     + ⎥
⎦

⎤
⎢
⎣

⎡
∂
∂

∂
∂

+
∂

∂
∂
∂

+
∂
∂

∂
∂

x
u

u
u

x
u

u
u

x
u

u
uC 3

3

32

2

31

1

3
1  

Here equating coefficients of 
x
u,

x
u,

x
u 321

∂
∂

∂
∂

∂
∂  

We get  

 C1 = 
1

3
3

1

2
2

1

1
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂

 

 C2 = 
2

3
3

2

2
2

2

1
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂  

 C3 = 
3

3
3

3

2
2

3

1
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂

     …(6) 

or Cp = 
p

3
3

p

2
2

p

1
1 u

uC
u
uC

u
uC

∂
∂

+
∂
∂

+
∂
∂ , p = 1, 2, 3      

or Cq = ∑
= ∂

∂3

1q p

q
q u

u
C ,  p = 1, 2, 3 

Similarly, we cam show that  

 ∑
= ∂

∂
=

3

1q q

q
qp u

u
CC , p = 1, 2, 3      …(7) 

Equation (6) and (7) are required relation. 

Example: - Show that square of element of arc length in general curvilinear coordinate can by  

 ds2 = ∑ ∑
= =

3

1q

3

1q
qppq dudug  

Solution: - (ds)2 m = d ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

==
3

2
2

1
1 u

rdu
u
rdu

u
rrd.rdr

ρρρ
ρρρ
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    . ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

+
∂
∂

+
∂
∂

3
2

2
1

1 u
rdu

u
rdu

u
r ρρρ

  

     (ds)2 = )duαduαduα).(duαduαduα( 332211332211
ρρρρρρ

++++  

where 
p

p u
rα

∂
∂

=
ρ

ρ
 

            = 31312121
2
111 duduα.αduduα.αduα.α ρρρρρρ

++  

  + 3232
2
2221212 duduα.αduα.αduduα.α ρρρρρρ

++  

  + 2
323323231313 duduα.αduduα.αduduα.α ρρρρρρ

++  

 (ds)2 = qppq

3

1q

3

1q
qppq α.αg,dudug

ρρ
=∑ ∑

= =

 

Thos is called fundamental quadratic form or Metric form.  The quantities gpq are called  

metric coefficients  and these are symmetric i.e. = gpq = gqp  

If gpq = 0 p ≠ q , the coordinate system is orthogonal. 

and in this case g11 = 2
1h , g22 = 2

2h , g33 = 2
3h  

Here also  

 33
3

322
2

211
1

1 êh
u
rα,êh

u
rα,êh

u
rα

∂
∂

=
∂
∂

==
∂
∂

=
ρ

ρ
ρ

ρ
ρ

ρ  

Example: - (a)  Prove that in general coordinaye (u1, u2, u3) 

 g = 
2

321
333231

232221

131211

u
r.

u
r.

u
r

ggg
ggg
ggg

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

∂
∂

=
ρρρ

 

where gpq are coefficients of dup duq in ds2  

Solution: - we know that  

 gpq = 
qp

qp u
r.

h
rα.α

∂
∂

∂
∂

=
ρρ

ρρ  

      = 
qpqpqp u

z
u
z

u
y

u
y

u
x

u
x

∂
∂

∂
∂

+
∂
∂

∂
∂

+
∂
∂

∂
∂ , p  = 1, 2, 3  
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333

222

111

333

222

1112

321

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
r.

u
r.

u
r

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

∂
∂

∂
∂

ρρρ
 

        = 

321

321

321

333

222

111

u
z

u
z

u
z

u
y

u
y

u
y

u
x

u
x

u
x

u
z

u
y

u
x

u
z

u
y

u
x

u
z

u
y

u
x

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

∂
∂

 

        = 

333231

232221

131211

ggg
ggg
ggg

= g 

 

 

Example (b)  show that the volume element in general coordinate is g  du1 du2 du3. 

 Solution: - The volume element is given by 

 dV = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

×⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∂
∂

3
3

2
2

1
1

du
u
rdu

u
r.du

u
r ρρρ

 

      = 1
321

du
u
r

u
r.

u
r

∂
∂

×
∂
∂

∂
∂

ρρρ
du2 du3 

      = g  du1 du2 du3  
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LESSON 4           RANDOM VARIABLE AND MATHEMATICAL   

  EXPECTATION 
Sample space  

The set points representing the possible outcomes of an experiment is called the sample space of 

the experiment. 

Example: - (1) In tossing one coin, the sample space is S = {H, T} 

(2) Two coins are tossed,  

 S = {HH, HT, TH, TT} 

(3) In throw a dice, 

 S = {(1, 1), (1, 2), (1, 3), (1, 4), (1, 5), (1, 6)  

          (2, 1), (2, 2), (2, 3), (2, 4), (2, 5), (2, 6) 

            Μ 

           (6, 1), (6, 2), (6, 3), (6, 4), (6, 5), (6, 6) 

Total outcome = 36  

 Rondom Variable  

A random variable is a real valued function defined on a sample space. When an experiment is 

performed, several outcomes are possible corresponding to each outcome, a number can be 

associatd. 

Example: - If two coins are tossed, the possible outcomes are TT, TH, HT, HH 

Let X → denotes the number of heads  

The number associated with the outcome are : TT, TH, HT, HH 

No. of heads, X : 0, 1, 1, 2   

The variable X is said to be random variable. 

and may be defined as 

“ Let S be the sample space associated with a given experiment. A real valued function defined 

on S & taking values in R( −∞, ∞) ( real no.) is called a random variable (or chance variable or 

Stochastic variable or variate). 
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Discrete and Continouse Sample Space  

A sample space that consists of a finite number or an infinite sequence, of points is called a  

discrete sample space  and that consints of one or more intervals of points is called a cotinouse 

sample space. 

Discrete and Continouses Random Variable  

A random variable defined on a discrete sample space is called  discrete r.v.  or If a r.v. takes at 

most a countable no. values, it is called Discrete r.v. 

A r.v. is said to be  Continuous if it can takes al possible value between certain limits or certain 

interval. 

Example: - 

1)  If  X represents the sum of points on two dice, X is a discrete r.v.     

2)  If X represents the height or weight of students in a class , then it is a continuous   

      r.v. 

3)  If X represents the amount of rainfall, it is a continuous r.v.   

 Density function (d.f) or probability density function(p.d.f) 

A function associated with discrete r.v.  

X s.t. f(x) = prob[X = x] is called density function of X. 

Example: -  In tossing twocoins, 

 Outcomes = {HH, TH, HT, TT} 

  X = [0, 1, 2 ] 

  f(0) = P[X = 0] = 
4
1  

  f(1) = P[X = 1] = 2/4 = ½ 

  f(2) = P[X = 2] = ¼ 

Example: -  In throwing two dice, the sample space of sum of points on two dice is  

S = [1, 2, 3,……,12] 

 f(2) = P[X = 2] = (1, 1) = 
36
1 = f(12) (6,6) 

 f(3) = 
36
2 = f(11)      [Θ (2, 1), (1, 2)] 

 f(4) = f(10) = 
36
3  
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  f(5) = f(9) = 
36
4  

 f(6) = f(8) = 
36
5  

 f(7) = P[X = 7] = 
36
6  

Also ∑ =1)x(f i  

 X = xi = 2, 3,……12 

Distribution function  

For a r.v. X, the function F(x) = P(X ≤ x) is called the distribution function of X or Cumulative 

distribution. 

Since F(x) = P(X ≤ x), then f(x) the p.d.f.  

We have  

 F(x) = ∑
≤xt

)t(f  

If  P(X ≤ 2), then  

 ∑
≤2x

)x(f = f(0) + f(1) + f(2)  

Example: -  A r.v. X has the following distribution  

X : 0 1 2 3 4 5 6 7 8 

f(x) : k 3k 5k 8k 9k 11k 12k 14k 17k 

  

(1) Find k,  As ∑ =1)x(f  

⇒ k + 3k + ….+ 17k = 1 

⇒ 80k = 1 ⇒ k = 
80
1  

(2) Find P(X < 2)  

 P(X = 0) + P(X = 1) = P(0) + P(1)  

            = k + 3k = 4k = 
20
1

80
4

=  

 P(X < 3) = P(0) + P(1) + P(2) = 
80
9  
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(3)  P(X ≥ 3) = P(3) + P(4) + … + P(8) = 
80
71  

Also P(X ≥ 3) = 1− P(X < 3) = 1− 
80
71

80
9

=  

(4) P(0 < X < 5) = P(1) + P(2) + P(3) + P(4)  = 25/80 

Distribution function F(x) is obtained  

F(x) :    
80
1  

80
4  

80
9  

80
17  

80
26  

80
37  

80
49  

80
63  

80
80  = 1 

Joint density function  

Let X, Y be two r.v. , Joint d.f. gives the probability that X will assume Y will taken a value y 

i.e. f(x, y) = P(X = x, Y = y)  

Example: - 52 cards and 2 cards are drawn  

 X → no. of spade in the 1st draw  

 Y → no. of spade in the 2nd draw 

Without replacing the 1st card drawn.  

 f(0, 0) = P[X = 0, Y = 0] = 
51
38

52
39

×  

 f(0, 1) = P[X = 0, Y = 1] = 
51
13

52
39

×  

                 Y 

        X  

0 1 Total 

0 19/34 13/68 51/68 

1 13/68 1/17 17/68 

Total 51/68 17/68 1 

 

 f(1, 0) = P[X = 1, Y = 0] = 
51
39

52
13

×  

 f(1, 1) = P[X = 1, Y = 1] = 
51
12

52
13

×  

Let A & B be two events, then  

 P(B/A) = 
)A(P

)BA(P ∩  
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 P(A/B) = 
)B(P

)BA(P ∩  

Conditional density function  

 f(y/x) is defined as 

 f(y/x) = P[Y = y | X = x] 

gives distribution of Y when X is fixed  

 f(y/x) = 
)x(f
)y,x(f  

and f(x/y) = 
)x(f
)y,x(f  

Marginal density function  

Here  f(x, y) = f(y/x).f(x)        …(1) 

Condidional distance Y = y when X = x is fixed. 

 ∑ =
y

1)x/y(f  

Summing over all possible values of y on bith sides of (1), we get  

 )x(f)x/y(f)y,x(f
yy
∑∑ =  

⇒ )x(f)y,x(f
y

=∑  

This  f(x) is known as Marginal density function of X. 

Similarly g(y) = ∑
x

)y,x(f  

This gives Marginal function of Y. 

Example: - 2 white & 4 black balls find probability of having two white ball. 

 X, Y =
⎩
⎨
⎧

blackwhitefor1
ballblackfor0

 

Solution: - f(0, 0) = f(0) f(0/0) 

        = 
15
6

5
3.

6
4

=  

 f(0, 1) = f(0) f(1/0) = 
5
2.

6
4  
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 f(1,0) = f(1) f(0/1) = 
5
4.

6
2  

 f(1, 1) = f(1) f(1/1) = 
5
1.

6
2  

Marginal density function of X is  

 f(x) = ∑
y

)Y,x(f  

⇒ f(0) = ∑
y

)y,0(f  = f(0, 0) + f(0, 1)  

⇒ f0) = 
3
2

15
10

15
4

15
6

==+  

& f(1) = ∑
y

)y,1(f   

f(1, 0) + f(1, 1) = 
30
10

30
2

30
8

=+  

 f(1) = 
3
1         …(2) 

The conditional density function of Y for fixed x can be obtained from (1), 

 f(y/x) = 
)x(f
)y,x(f  

∴ f(0/1) = 
5
4

3/1
15/4

)1(f
)0,1(f

==          [using (1)] 

 f(1/1) = 
5
1

3/1
15/1

)1(f
)1,1(f

==  

Continouse r.v. :-  −∞ < X < ∞ 

Density function  

A d.f. for a continuouse r.v. X is a function f(x) that possesses the following properties 

(i) f(x) ≥ 0 

(ii) ∫
∞

∞−

)x(f  dx =1 

(iii) ∫
b

a

)x(f  dx = P[a < X < b] where a < b 
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Distribution function  

 F(x) = ∫
∞

∞−

)x(f  dx = P[X ≤ x] 

Provided integral exists. 

Marginal density function  

 f(x) = ∫
∞

∞−

)y,x(f  dy → Marginal density function of X 

 f(y) = ∫
∞

∞−

)y,x(f dx → Marginal density function of Y. 

 

Independent Random Variable  

Two r.v. X and Y are said to be independent if f(x, y) = f(x) f(y) 

 

Example: - Let the joint d.f. f(x, y) of r.v.’s X and Y be  

 f(x, y) = 
⎩
⎨
⎧ <<+

otherwise,0
1y,x0,)exy(k x

 

1) Determine k 

2) Examine whether X&Y are independent.   

Solution: - 1) For d.f. ∫∫ )y,x(f dx dy = 1 

∴ ∫ ∫ +
1

0

1

0

x )exy(k  dx dy = 1 

⇒ ∫ ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

1

0

1

0

x
2

ey
2

xk dy = 1 

⇒ ∫ ⎟
⎠
⎞

⎜
⎝
⎛ −+

1

0

1e
2
yk  dy = 1 

⇒ 
1

0

2
yey

4
yk ⎥

⎦

⎤
⎢
⎣

⎡
−+ = 1 
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⇒ 11e
4
1k =⎥⎦

⎤
⎢⎣
⎡ −+  

⇒ 1
4
3ek =⎟

⎠
⎞

⎜
⎝
⎛ −  

⇒ k = 
3e4

4
−

 

(2) f(x) = ∫
1

0

)y,x(f dy 

 f(y) = ∫
1

0

)y,x(f dx 

check whether f(x, y) = f(x) f(y)  

Now f(x) = ∫ +
1

0

x dy)exy(k  

        = 
1

0

x
2

ye
2

xyk ⎥
⎦

⎤
⎢
⎣

⎡
+  

        = ⎥⎦
⎤

⎢⎣
⎡ + xe

2
xk  

 f(y) = ∫ +
1

0

x )exy(k  dx 

        = 
1

0

x
2

ey
2

xk ⎥
⎦

⎤
⎢
⎣

⎡
+  

        = ⎥⎦
⎤

⎢⎣
⎡ −+ 1e

2
yk  

So  f(x,y) ≠ f(x) f(y) so they are not independent. 

Example: - f(x, y) = 
⎩
⎨
⎧ <<<<

otherwise,0
xy0,1x0,2

 

1) Find marginal d.f. of  X and Y 

2) Find conditional d.f. of Y given X = x 

Find conditional d.f. of X given Y = y 
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3)  Check whether X&Y are independent or not? 

Solution: -(1)       f(x) = ∫
x

0

)y,x(f  dy 

    = ∫
x

0

2  dy = ( )x
0y2  = 2x, 0 < x < 1 

        f(y) = ∫
1

y

)y,x(f  dx = 2 ( )1y
1

y

y2dx =∫  

    = 2( 1− y), 0 < y < 1 

So  f(x, y) ≠ f(x) f(y)  

⇒ X and Y are not independent. 

(2)  f(Y/X = x) = ,
x
1

x2
2

)x(f
)y,x(f

==   0 < x < 1 

 f(X/Y = y) = ,
y1

1
)y1(2

2
)y(f
)y,x(f

−
=

−
=  0 < y < 1 

Example: -  A continoues r.v. X has p.d.f. f(x) = 3x2, 0 ≤ x ≤ 1. Find a abd b s.t. 

(1) P(X ≤ a) = P(X ≥ a) 

(2) P(X ≤ b) = 0.05 

Solution: - Since P(X ≤ a) = P(X > a)  

So, each must be equal to ½ because total probability is always one i.e. ∫ ∫ =+
a

0

1

a

1 

 P(X ≤ a) = 
2
1dx)x(f

2
1 a

0

=⇒ ∫  

⇒ 3 ∫
a

0

2x dx = 
2
1

3
xa

2
1

a

0

3
=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=⇒  

⇒ a3 = 
3/1

2
1a

2
1

⎟
⎠
⎞

⎜
⎝
⎛=⇒  

Also  
2
1dxx3dx)x(f

1

a

2
1

a

== ∫∫  
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⇒ 3
2
1a1

2
1

3
x 3

1

a

3
=−⇒=⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
 

⇒ a3 = 
3/1

2
1a

2
1

⎟
⎠
⎞

⎜
⎝
⎛=⇒  

(2) P(X > b) = 0.05 ⇒ ∫
1

b

)x(f  dx = 0.05 

⇒  3 ∫
1

b

2x dx = 0.5   ⇒  3
1

b

3

3
x

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
= 0.05 

⇒ (1−b3) = 
20
1    ⇒ b3 = 

20
19  

⇒ b = 
3/1

20
19

⎟
⎠
⎞

⎜
⎝
⎛  

 

Example: - If  X be a continuous r. v. with 

 f(x) = 

⎪
⎪
⎩

⎪
⎪
⎨

⎧

≤≤+−
≤≤
≤≤

elsewhere,0
3x2,a3ax
2x1,a
1x0,ax

 

(1) Find constant a 

(2) Find P(X ≤ 1.5) 

Solution: - (1) ∫∫∫∫∫
∞

∞−

=++++
3

3

2

2

1

1

0

0

dx)x(fdx)x(fdx)x(fdx)x(fdx)x(f 1 

⇒ 0 + ∫∫∫ ++
3

2

2

1

1

0

dx)x(fdx)x(fdx)x(f + 0 = 1 

⇒ dx)axa3(dxadxax
3

2

2

1

1

0
∫∫∫ −++ =1 

⇒ 
3

2

2
2
1

1

0

2

2
xx3a)x(a

2
xa ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
= 1 
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⇒ 
2
a  + a + a + ⎟

⎠
⎞

⎜
⎝
⎛ +−− 26

2
99  = 1 

⇒ 
2
a

2
a3

+ = 1  

⇒  a = 
2
1  

(2)   Now     P(X ≤ 1.5) = ∫
∞−

5.1

dx)x(f  

  = ∫∫∫ ++
∞−

5.1

1

1

0

0

dx)x(fdx)x(fdxf  

  = 0 + ∫∫ +
2/3

1

1

0

dxadxax  

  = a ( ) 2/3
1xa

2
1

+⎟
⎠
⎞

⎜
⎝
⎛ = ⎟

⎠
⎞

⎜
⎝
⎛ −+ 1

2
3a

2
a  

Example: - From the given bivariate probability distribution  

(1) Obtain marginal distribution of X & Y.  

(2) The conditional distribution of X given Y = 2 

 

 

−1 0 1 )y(f)y,x(f
x

=∑  

 

0 1/15 2/15 1/15 4/15 

1 3/15 2/15 1/15 6/15 

2 2/15 1/15 2/15 5/15 

f(x) = ∑
y

)y,x(f  
6/15 5/15 4/15  

 

Solution: (1)  Marginal distribution of X  

From above table      f(x) = ∑
y

)y,x(f  

Therefore                 f(−1) = P(X = −1) = 6/15 

X

Y
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                    f(0)   = P(X = 0) = 5/15 

                   f(1)   = P(X = 1) = 4/15 

Marginal distribution of Y 

From above table      f(y) = ∑
x

)y,x(f  

Therefore                 P(Y = 0) = 4/15 

                     P(Y = 1) = 6/15 

 P(Y = 2) = 5/15 

(2)        Conditional distribution of X given Y = 2, we get  

P(X = x/y = 2) = 
)2Y(P

)2Y,xX(P
=

==  

For X = −1, P(X = −1/Y = 2) = 
5
2

15/5
15/2

=  

Similarly       P(X = 0/Y = 2) = 
5
1

15/5
15/1

=  

     P(X = 1/Y = 2) = 
5
2

15/5
15/2

=  

MATHEMATICAL EXPECTATION:- 

Let X be a r.v. with p.d.f. f(x), then its mathematical expectation (or its mean value) is defined as 

 E(X) = ∑ )(xxf  

It X assumes values       x1, x2 ……xn…. 

With probalities            f(x1), f(x2)……f(xn)…… 

then  E(X) = ∑
∞

=1
)(

i
ii xfx  

Also E(X) = Mean of distribution and ∑ )x(f i = 1 

The expected value or Mathematical expectation of the function g(x) of discrete r.v. X, whose 

p.d.f. is f(x) is given by  

 E[g(X)]= ∑
∞

=1i
ii )x(f)x(g  

and f(xi) = P(X = xi) 

Example: - When 3 coins are tossed and  
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X→ represents the number of heads is a r. v., then total outcomes are  

{HHH, HTH, HHT, THH, THT, TTH, HTT, TTT} 

Here X can take values  X = 0, 1, 2, 3 

with                                      f(x) = 
8
1,

8
3,

8
3,

8
1  

Then                 E(X) =∑ +++=
8
1.3

8
3.2

8
3.1

8
1.0)x(xf  

          = ×=
2
3

8
12  1 Rs. = Rs. 1.50 

If g(x) = x2  

Then g(x) = 02, 12, 22, 32 

∴  E [g(x)] =∑ )x(f)x(g ii  

               = 
8
13

8
32

8
31

8
10 2222 ×+×+×+×  

               = 
8
9

8
12

8
3

++ = Rs. 3.0  

Mathematical Expectation for Continuous r.v. 

Let X be a continuous r.v. with p.d.f. f(x), then its mathematical expectation is  

     E(x) = ∫
∞

∞−

dx)x(fx  

For function g(x), E[g(x)] = dx)x(f)x(g∫
∞

∞−

 

Theorem: - If C is a finite real number & if E(X) exists, then 

Proof: - for continuous r.v.  

                                 Let E (CX) = ∫
∞

∞−

dx)x(fxC  

           = C ∫
∞

∞−

dx)x(xf = C E(X)  

for discrete r.v.; 

      E(CX) = ∑ )x(Cxf = C ∑ )x(xf  

       = CE(X) 
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Result: - E[a + CX] = E(a) + CE(X) = a + CE(X)  

Proof: - Now E(a) = ∑ ∑= )x(fa)x(af  

         = a.1 = a            … (1) 

for continuous r.v., E(a) = ∫
∞

∞−

dx)x(af  

⇒ E(a) = a ∫
∞

∞−

dx)x(f = a.1 = a 

Now By definition, E[a + CX] = ∑ + )x(f)Cxa(  

⇒  E[a + CX] = [ ]∑ ∑ ∑+=+ )x(Cxf)x(af)x(Cxf)x(af   

                   =∑ +=+ )X(CE)a(E)X(CE)x(af  

⇒  E(a + CX) = a + CE(X)            …using (1) 

Theorem: - The expectation of the sum of two r.v.´s is equal to the sum of their expectations, 

i.e.,  E(X + Y) = E(X) + E(Y)  

Proof: - For discrete case 

Let X & Y be two discrete r.v., f(xi, yi) is the joint p.d.f. of X and Y. then (X + Y) is also a r.v. 

 f(xI, yi) = P(X = xi, Y = yj) 

Now by definition, 

 E(X + Y) = ∑∑ +
i j

jiji )y,x(f)yx(  

      = ∑∑∑∑ +
i j

jij
i j

jii )y,x(fy)y,x(fx  

      = ∑∑∑∑ +
i

ji
j

j
j

ji
i

i )y,x(fy)y,x(x  

      = ∑∑ +
j

jj
i

ii )y(fy)x(fx  

⇒ E(X + Y) = E(X) + E(Y)  

  For continuous  r.v. 

 E(X + Y) = ∫ ∫
∞

∞−

∞

∞−

+ dydx)y,x(f)yx(  



100 
 

      = ∫ ∫∫ ∫
∞

∞−

∞

∞−

∞

∞−

∞

∞−

+ dydx)y,x(yfdydx)y,x(xf  

      = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫∫∫∫
∞

∞−

∞

∞−

∞

∞−

∞

∞−

dx)y,x(fydxdy)y,x(fx dy 

      = ∫∫
∞

∞−

∞

∞−

+ dy)y(yfdx)x(xf  

⇒ E(X + Y) = E(X) + E(Y) 

In general, 

 E(X1 + X2 + ……. + Xn) = E(X1) + E(X2) + ……. + E(Xn) 

Theorem: - If Y = a1X1 + a2X2 + …..+anXn, where a’s are constants, then  

 E(Y) = a1E(X1) + a2E(X2) +…..+ anE(Xn) 

Proof: - As E(Y) = E(a1X1 + a2X2+…...+ anXn)  

      = E(a1X1) + E(a2X2) + ……+ E(anXn) 

      = a1E(X1) + a2E(X2) + ……+ anE(Xn)     

            [ ΘE(aX) = aE(X)] 

Theorem: - If X is a continuous r.v. and a and b are constants, then    E(aX 

+ b) = a E(X) + b,      provided all expectation exists.  

Proof: - By definition, we have 

 E(aX + B) = ∫
∞

∞−

+ )bax( f(x)dx 

        = ∫∫
∞

∞−

∞

∞−

+ dx)x(bfdx)x(axf  

        = a ∫∫
∞

∞−

∞

∞−

+ dx)x(fbdx)x(xf  

⇒  E(aX + b) = aE(X) + b           
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=∫

∞

∞−

1dx)x(fΘ  

Case1: - If b = 0, E (aX) = aE(X) 

Case2: - If a = 1, b = − X = − E(X), we get E(X− X ) = 0 
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Example: - If f(x, y) = e−(x + y) is the joint p.d.f. of r.v. X and Y, then find  

P = (1 < X < 2, 0 < Y < 2)  

 

Solution: - First we check for:-  

 1dydx)y,x(f =∫ ∫
∞

∞−

∞

∞−

 

L.H.S = ∫ ∫ ∫ ∫
∞

∞−

∞

∞−

∞

∞−

∞

∞−

−−+− = dydxeedydxe yx)yx(  

= [ ]∫
∞

∞−

∞
∞−

−−− dyee yx  

= )2Y0,2X1(P <<<<∫
∞

∞−

 

= ∫ ∫ +−
2

1

2

0

)yx( dxdye  

 = ∫ ∫ −−
2

1

2

0

yx dxdyee  

 = ∫∫∫ −−−− −=
2

1

x2
2

0

y
2

1

x dxe)e1(dyedxe  

 = (1 − e−2) (e−1 − e−2) = ⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ − 22 e

1
e
1

e
11  

 = ⎟
⎠
⎞

⎜
⎝
⎛ −

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
22

2

e
1e

e
1e  

 = 4

23

4

2

e
)1eee(

e
)1e)(1e( +−−

=
−−  

Example: - Let f(x1, x2) = 
⎩
⎨
⎧ <<+

otherwise,0
1)x,x(0),exx(C 21

x
21

1

 

(i) Determine C 

(ii) Examine whether X1 and X2 are independent or not. 
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Solution: - For density function F(x1, x2) we must have  

∫ ∫
∞

∞−

∞

∞−

dydx)y,x(f = 1 

⇒ C ∫ ⎥
⎦

⎤
⎢
⎣

⎡
+

1

0

1

0

1x2
2
1 e
2
xx

dx2 = 1 

⇒ C ∫ ⎥⎦
⎤

⎢⎣
⎡ −+

1

0
2 1ex

2
1  dx2 = 1 

⇒ C 1xex
2

x
2
1

1

0
22

2
2 =⎥

⎦

⎤
⎢
⎣

⎡
−+×  

⇒ C 11e
4
1

=⎥⎦
⎤

⎢⎣
⎡ −+  

⇒ C [1 + 4e − 4] = 4 

or       C = 
3e4

4
−

  

Theorem: - Show that the expectation of the product of independent r.v. is equal to product of 

their expectations. i.e. E(XY) = E(X).E(Y) 

Proof: - Let X and Y are two independent random variables, then  

 X:  x1,        x2, …….,xn 

With d.f: - f(x1),  f(x2), …..f(xn) 

and     Y :   y1,      y2,  ……,  ym 

 with d.f:    f(y1), f(y2), ……f(ym) 

∴ E(X) = ∑
=

∑
=

=
m

1j
jj

n

1i
ii )y(fy)Y(E,)x(fx  

Let f(xi,yj) is the joint p.d.f. of X & Y.  

and Since X & Y are independent, so 

 f(xi, yj) = f(xi) f(yj) 

Now E(XY) = ∑ ∑
= =

n

1i

m

1j
jiji )y,x(fyx  
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  = ∑ ∑
= =

n

1i

m

1j
jiji )y(f)x(fyx  

  = ∑∑
j

jj
i

ii )y(fy)x(fx  

      E(XY) = E(X) E(Y) 

Similarly for continuous    r.v.: − f(x, y) = f(x) f(y) , since X and Y are independent. 

Now E(XY) = ∫ ∫
∞

∞−

∞

∞−

dydx)y,x(fxy  

E(XY) = ∫ ∫
∞

∞−

∞

∞−

dydx)y(f)x(xyf  

  = ∫∫
∞

∞−

∞

∞−

dy)y(yfdx)x(xf = E(X) E(Y) 

In general, we get 

 E(X1 X2 X3…..Xn) = E(X1) E(X2)……E(Xn) 

Example: - Let X represents the number on the face of dice then 

 X:  1 2 3 4 5 6 

 f(x): 
6
1  

6
1  

6
1  

6
1  

6
1  

6
1  

Now    E(X) = ∑ )x(xf  

      = 
6
1 (1 + 2 + ……. + 6) = 

2
7

6
21

=  

And when X is sum of points when two dies are thrown, i.e. 

X: 2 3 4 5 6 7 8 9 10 11 12 

f(x): 
36
1  

36
2  

36
3  

36
4  

36
5  

36
6  

36
5  

36
4  

36
2  

36
2  

36
1  

∴ E(X) = ∑ =
36
1)x(xf [2 + 6 + 12 + 20 + 30 + 42 + 40 + 36 + 30 + 22 + 12] 

⇒ E(X) = .
36
1 252 = 7 
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Example: - Let X be the profit that a person makes in a business. He may earn Rs. 2800 with a 

probability 0.5, he may lose Rs 5500 with probability 0.3 and he may neither earn nor lose with a 

probability 0.2. Calculate E(X) 

Solution: - Here P(X = 2800) = 0.5  

       P(X = −5500) = 0.3 

        P(X = 0) = 0.2 

Then  E(X) = ∑ )x(xf  

          = 2800(0.5) + (−5500) (0.3) + (0) (0.2) 

          = 1400 − 1650 = − 250, he may lose Rs 250. 

Example: - A and B in turns throw an ordinary dice for a price of Rs. 44. The first to throw a 

“six” wins. If A has first throw, what is his expectation?. Also calculate B’s expectation 

Solution: - The problem of getting a “six” on dice is p(x) = 
6
1  

A has 1st throw, so he can win in the 1st, 3rd, 5th …… 

Hence A′ chance (probability) of winning is  

 = 
6
1

6
5

6
5

6
5

6
5

6
1

6
5

6
5

6
1

××××+××+ …… 

 = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+ ......

6
5

6
51

6
1 42

 

 = 
11
6

11
36.

6
1

6
51

1.
6
1

2 ==

⎟
⎠
⎞

⎜
⎝
⎛−

 

∴ Amount of A = 
11
644× = Rs. 24 

Similarly B can win in 2nd, 4th, 6th,….. 

Hence B′(chance) of winning are  

 = ++
6
1.

6
5.

6
5.

6
5

6
1.

6
5 …… 

 = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛+ ......

6
51

6
1.

6
5 2
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 = 
11
5

11
36.

6
5.

6
1

=  

∴ Amount of B = 49
11
5

×  = Rs. 20 

Example: - A bag contains a coin of value M and a number of other coins whose aggregate 

value is m. a person draws one at a time till he draws the coin M, find the value of his 

expectation. 

Solution: - Let there be K other coins each of value m/K, so that their aggregate value is m. he 

may draw the coin M at 1st draw or 2nd or 3rd or…..or (K+1)th draw with probability  

,
1K

1
+

,
1K

1
+

,
1K

1
+

…… 

 ,.......
1K

1
K
11

1K
11,

K
1

1K
11,

1K
1

−⎥⎦
⎤

⎢⎣
⎡ −⎥⎦

⎤
⎢⎣
⎡

+
−⎥⎦

⎤
⎢⎣
⎡

−
−

+
Θ  

 = ,
1K

1
+

,
1K

1
+

,
1K

1
+

………. 

The corresponding amount drawn X is  

 M, M
k

Km,M
K

m)1k(,.......,M
K
m2,M

K
m

++
−

++  

∴ E(X) = ⎥⎦
⎤

⎢⎣
⎡ +++++++

+
M

K
Km.......M

K
m2M

K
mM

1K
1   

          = ⎥⎦
⎤

⎢⎣
⎡ +++++++

+
)K......321(

K
m)1K(M

1K
1  

         = M + 
2
mM

2
)1K(K

K
m.

1K
1

+=
+

+
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LESSON 5       MOMENTS AND MOMENT GENERATING FUNCTIONS 

Moments: - Let X is a r. v., then E [Xr], if exists is called the rth moment of X about origin and is 

denoted by rμ′  

 i.e rμ′ =E [Xr]               … (1) 

and about some point ‘a’, it is defined as 

 rμ′ (a) = E[(X − a)r] 

and rth moment about mean is  

 μr = E[(X − E(X)r] = E[(X − μ)r]                          … (2)   

Moments about Mean are called Central Moments. 

In case of discrete r.v.:-  

 rμ′ = E[Xr] = ∑ )x(fx r  

& μr = E[(X − μ)r] = ∑
=

−
n

1i
i

r
i )x(f)μx(  

Where μ = E(X) 

and  f(xi) = P(X = xi)  

when r = 1 from (1), we get  

 rμ′ = E(X) = ∑ )x(xf  = Mean 

and from (2), 

 μ1 = E (X − μ) = E (X) − E(μ) 

⇒ μ1 = μ − μ = 0      [Θ E(μ) = μ, E(X) = μ] 

Moments about Mean (μr) in terms of moments about any point ‘a’:-  

Let X → r. v., 

 E(X) = X = μ 

then  μr = E [X − μ]r = E [X − a − μ + a]r  

⇒ μr = E(X − a − d)r 

Where d = μ − a 

or μr = E [(X − a)r − rC1d(X − a)r − 1 + …..+ rCr − 1(−1)r − 1dr − 1(X − a) + dr(−1)r] 

⇒ μr = rμ′ (a) − rC1 d 1rμ −′ (a) + ……+rCr − 1(−1)r − 1dr − 1E(X − a) + dr(−1)r 
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 Now μ1 = 0      [μ1 = 1μ′ (a) − d = 1μ′ (a) − 1μ′ (a) = 0]  

and  μ2 = 2μ′ (a) − 2d 1μ′ (a) + d2 

⇒ μ2 = 2μ′  2
1μ′−             [Θ d = E(X) − a = E(X − a), d = 1μ′ (a)] 

This μ2 is called Variance. Similarly,  

 μ3 = 3
1

'
1

'
2

'
3 23 μ′+μμ−μ  

and    μ4 = 4
1

2
1

'
2

'
3

'
4 364 μ′−μ′μ+μ−μ  

If X is a continuous r.v. 

 ∫
∞

∞−
−=μ dx)x(f)ax( r'

r  

 μr = ∫
∞

∞−
μ− dx)x(f)x( r  

and E(X) = 1μ′  → Mean  

Also μ2 = E(X − μ)2. This E(X − μ)2 is called Variance and is denoted by σ2. 

Covariance between X and Y 

 Cov(X, Y) = E [(X− X ) (Y − Y )] 

        = E [(X −E(X)) (Y −E(y))] 

Example: - Find E(X), E(X2), E(X − E(X))2  from the following:-  

 X: 8 12 16 20 2 

 f(x): 
8
1  

6
1  

8
3  

4
1  

12
1  

Solution: - E(X) =∑ )x(xf  

                 = 
12
124.......

6
112

8
18 ×++×+×  

⇒ E(X) = 16 = Mean 

 and E(X2) = ∑ ×++×+×+×=
12
1576......

8
3256

6
1144

8
164)x(fx 2  

⇒ E(X2) = 276 

 μ2 = E [X − E(X)]2 = E(X2) − [E(X)]2            [Θμ2 = 2
1

'
2 μ′−μ ] 
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⇒ μ2 = 276 − (16)2 = 20 

This μ2 = 20 is the variance. 

Example: - Find E(X), E(X2), E(X − E(X))2 

X: 2 3 4 5 6 7 8 9 10 11 12 

f(x): 
36
1  

36
2  

36
3  

36
4  

36
5  

36
6  

36
5  

36
4  

36
2  

36
2  

36
1  

Solution: - E(X) = ∑ =
36
1)x(xf [2+6+12+20 + 30 + 42 + 40 + 36 + 30 + 22 + 12] 

             = 7 = Mean  

     E(X2) = ∑ =
36
1)X(fEx 2 [4+18+48+10+305+49+64+81+100+121+144] 

                  = 
6

329)1974(
36
1

=  

 μ2 = E [X − E(X)]2 = E(X2) − [E(X)]2 

     = 49
6

32949
36

1974
−=−  

                = 
6

35
6

294329
=

−   

Let m represents median, then 

 P(X < m) = P(X > m) 

In this eg, m = 7 

           mode = 7  

Also mean = 7 

So it is a very good distribution. 

Example: - For distribution, 

 f(x) = 

⎪
⎪
⎪
⎪

⎩

⎪⎪
⎪
⎪

⎨

⎧

≤<−

≤<−−

−≤<−

otherwise,0

3x1,)x3(
16
1

1x1,)x26(
16
1

1x3,x_3(
16
1

2

2

2

 

Check whether it represents a probability distribution or not. Also find its mean and variance. 
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Solution: - First we prove that 

 ∫ ∫
∞

∞− −

==
3

3

1dx)x(for1dx)x(f  

Now  dxfdxf
3 1

3

1

1

3

1 3
∫ ∫ ∫ ∫ ∫ ∫
∞

∞−

−

∞−

−

− −

∞

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
++++=   

⇒ ∫∫∫∫ −+−++=
−

−

−

∞

∞−

3

1

2
1

1

2
1

3

2 dx)x3(
16
1dx)x26(

16
1dx)x3(

16
1)dx(f  

   = 
3

1

31

1

3
6

1

3

3

3
)x3(

16
1

3
x2x

16
1

3
)x3(

16
1

⎥
⎦

⎤
⎢
⎣

⎡

−
−

+⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡ +

−

−

−

 

   = ]80[
48
1

3
26

3
26

16
1]08[

48
1

−−⎥⎦
⎤

⎢⎣
⎡ −+−+−  

   = 
6
1

3
412

16
1

6
1

+⎟
⎠
⎞

⎜
⎝
⎛ −+  

⇒ 1
3
2

3
1

3
32.

16
1

3
1dx)x(f =+=+=∫

∞

∞−

 

Also Mean = E(X) = ∫
∞

∞−

dx)x(xf  

⇒ E(X) = ∫
−

3

3

dx)x(xf  

          = ∫∫∫ −+−++
−

−

−

3

1

2
1

1

2
1

3

2 dx)x3(
16
xdx)x26(

16
xdx)x3(

16
x  

          ∫
−

−

−

−

+
+

−⎥
⎦

⎤
⎢
⎣

⎡ +
=

1

3

31

3

3
0dx

3
)x3()1(

16
1

3
)x3(x

16
1  

           
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−
−

−⎥
⎦

⎤
⎢
⎣

⎡

−
−

+ ∫
3

1

33

1

3
dx

3
)x3()1(

3
)x3(x

16
1  

                     [Integrand in second integral is an odd function of x, so its value is zero] 
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          = 
48
1 [(−1)8 + 0] − 

3

1

41

3

4

4
)x3(

48
1]8,10[

48
1

4
)x3(

48
1

⎥
⎦

⎤
⎢
⎣

⎡
−
−

+−−⎥
⎦

⎤
⎢
⎣

⎡ +
−

−

 

          = )160(
4
1.

48
1

6
1)016(

4
1.

48
1

6
1

−−+−−−  

⇒ E(X) = 0
12
1

12
116.

4
1.

48
116.

4
1.

48
1

=+−=+−  

Also Variance = V(X)  = E(X − E(X))2 = E(X2) − [E(X)]2 

Now 

 E(X2) = ∫
−

3

3

2 dx)x(fx  

           = ∫∫∫ −+−++
−

−

−

3

1

2
21

1

2
21

3

2
2

dx)x3(
16
xdx)x26(

16
xdx)x3(

16
x  

⇒ E(X2) = ∫∫∫ −++−+++
−

−

−

3

1

2
21

1

42
1

3

2
2

x)x6x9(
16
xdx)x2x6(

16
1dx)x6x9(

16
x  

           = 
1

1

531

3

453

5
x2

3
x6

16
1

4
x6

5
x

3
x9

16
1

−

−

−

⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡
++  

   

3

1

453

4
x6

5
x

3
x9

16
1

⎥
⎦

⎤
⎢
⎣

⎡
−++  

           ⎟
⎠
⎞

⎜
⎝
⎛ −+−+⎟

⎠
⎞

⎜
⎝
⎛ ×−+++−−=

5
22

5
22

16
181

2
3

5
24381

2
3

5
13

16
1  

   ⎥⎦
⎤

⎢⎣
⎡ ×−−×−++ 81

5
1381

2
3

5
24381

16
1  

           = 2. ⎟
⎠
⎞

⎜
⎝
⎛ −+⎥⎦

⎤
⎢⎣
⎡ −+++−−

5
44

16
1

2
243

5
24381

2
3

5
13

16
1  

           = 
5

16.
16
1

5
242

2
24078

8
1

+⎥⎦
⎤

⎢⎣
⎡ +−  

           = 
5
1

5
24242

8
1

+⎥⎦
⎤

⎢⎣
⎡ +−  
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⇒ E(X2) = 1
5
1

5
4

5
1

5
32.

8
1

=+=+  

Hence Variance = E(X2) − [E(X)]2 

     = 1 − 02 = 1  

Example: - Show that the value of cov(X, Y) for probability distribution  

 f(x, y) = 
⎪⎩

⎪
⎨
⎧ ∞≤≤≤−

otherwise,0

yx0,e
9
1 3/y

           is 9. 

Solution: - We Know that Cov.(X,Y) = E(XY) − E(X) E(Y) 

Thus we have to find E(X), E(Y) and E(XY)  

But  E(X) = ∫
∞

∞−

dx)x(xf  

 E(Y) = ∫
∞

∞−

dy)y(yf  

∴  First we have to find f(x) and f(y). 

Now marginal density function of X is given by 

 g(x) = ∫ ∫∫
∞

∞−

∞∞

∞−

+= dy)y,x(fdy)y,x(fdy)y,x(f
x

 

         = 
∞

−
∞

−
⎥⎦
⎤

⎢⎣
⎡ −=∫

x

3/y

x

3/y )3(e
9
1dye

9
1  

⇒ g(x) = 3/ye
3
1 − ,0 ≤ x ≤ ∞ 

Similarly Marginal density function of Y will be  

 h(y) = 3/y
y

0

3/y e
9
ydxe

9
1 −− =∫ , 0 ≤ y ≤ ∞ 

∴ E(X) = ∫
∞

0

dx)x(xf  

          = ∫
∞ −

∫
∞ − =

0

3/x

0

3/x dxex
3
1dxe

3
1.x  
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          = [ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+− ∫

∞
−∞−

0

3/x
0

3/x dxe3)3(e.x
3
1  

          = [ ][ ]∞− −+ 0
3/x )3(e30

3
1  = 3          … (1) 

 E(Y) = ∫∫
∞

−
∞

=
0

3/y2

0

dyey
9
1dy)y(hy  

          = { }
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+− ∫

∞
−∞−

0

3/t
0

3/y2 dyye6)3(ey
9
1  

          = [ ]
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+− ∫

∞
−∞−

0

3/y
0

3/y dye3)3(ye
3
2  

          = [ ]∞− −× 0
3/y )3(e3

3
2 = 2 × 3 = 6         … (2) 

         E(XY) = ∫ ∫
∞

=

∞

=0x xy

dydx)y,x(xyf  

          = ∫ ∫
∞

=

∞

=

−

0x xy

3/y dydxe
9
1.xy   

          = dxdyyex
9
1

0x xy

3/y∫ ∫
∞

=

∞

=

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
 

          = [ ]∫ ∫
∞

=

∞
−∞−

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

+−
0x x

3/y
x

3/y dxdye3)3(yex
9
1  

          = ( )∫
∞

=

−− +
0x

3/x3/x dxe)3(3xe3x
9
1  

          = [ ]∫
∞

−− +
0

3/x3/x2 dxxe9ex3
9
1  

          = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+∫ ∫

∞ ∞
−−

0 0
I

3/x
II

3/x
II

2
I dxxe3dxex

3
1  

          = 
3
1 [54 + 3 × 9]  
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          = 
3
81

3
2754

=
+  = 27 

∴  Cov(X, Y) = E(XY) − E(X)E(Y)  

                   = 27 − 3 × 6 = 27 − 18 = 9 

Hence proved 

Example: - If f(x) = abx,
a

bx
1

a
1

<−⎥
⎦

⎤
⎢
⎣

⎡ −
− . Find mean and variance. 

Solution: - f(x) = ⎥
⎦

⎤
⎢
⎣

⎡ −
−

a
bx

1
a
1  

Now |x − b| < a ⇒ − a < x − b < a  

⇒ b − a < x < a + b    

∴ f(x) = ⎥⎦
⎤

⎢⎣
⎡ −

+
a

)bx(1
a
1  for b − a < x < b ∴|x − b| = −(x − b) for (b − a) < x < b 

Similarly 

f(x) = ⎥⎦
⎤

⎢⎣
⎡ −

−
a

)bx(1
a
1  for b < x < b + a as |x − b| = x − b for b < x < b + a  

∴ Mean = E(X) = ∫
∞

∞−

dx)x(xf  

            = ∫∫
+

−
⎥⎦
⎤

⎢⎣
⎡ −

−+⎥⎦
⎤

⎢⎣
⎡ −

+
ab

b

b

ab

dx
a

)bx(1
a
1.xdx

a
)bx(1

a
1.x  

            = ∫∫
+

−
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+

ab

b

2b

ab

2
dx

a
bx

a
xx

a
1dx

a
bxxx

a
1  

            = 
b

ab

232b

ab

232

a2
bx

a3
x

2
x

a
1

a2
bx

a3
x

2
x

a
1

+−

⎥
⎦

⎤
⎢
⎣

⎡
+−+⎥

⎦

⎤
⎢
⎣

⎡
−+  

            2
22

222

2

3

2

32
)ab(

a2
b

a3
)ab(

a2
ab2ab

a2
b

a3
b

2
b

a
1

−+
−

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −+
−−+=  

               2

3

2

32

2

2

2

322

a2
b

a3
b

a2
b

a2
)ab(b

a3
)ab(

2
ab2ab

a
1

−+−
+

+
+

−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ++
+  
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a2
ab2

a2
a

a2
b

a2
ab2

a2
a

a2
b

a2
b

a3
b

a2
b 2222

2

3

2

32
++++−−−+=  

         2

223

2

2233

a2
ab2bab

a3
)ba3ab3ab( −+

+
−++−

+  

     2

223

2

2233

a2
ab2bab

a3
)ba3ab3ab( ++

+
−−−−

+  

              2

3

2

32

a2
b

a3
b

a2
b

−+− = b 

Variance = V(X) = E[X − E(X)]2 

   = E(X − b)2 = ∫
∞

∞−

− dx)x(f)bx( 2  

    = ∫ ∫
−

+

⎥⎦
⎤

⎢⎣
⎡ −

−−+⎟
⎠
⎞

⎜
⎝
⎛ −+

−
b

ab

ab

b

22 dx
a

)ba(1
a
1)bx(dx

a
bx1

a
1.)bx(  

    = ∫ ∫
−

+

⎥
⎦

⎤
⎢
⎣

⎡ −
−−+⎥

⎦

⎤
⎢
⎣

⎡ −
+−

b

ab

ab

b

3
2

3
2 dx

a
)bx()bx(

a
1dx

a
)bx()bx(

a
1  

    = 
ab

b

43b

ab

43

a4
)bx(

3
)bx(

a
1

a4
)bx(

3
)bx(

a
1

+

−

⎥
⎦

⎤
⎢
⎣

⎡ −
−

−
+⎥

⎦

⎤
⎢
⎣

⎡ −
+

−  

    = 2

43

2

43

a4
a

a3
a

a4
a

3
a.

a
1

−+−  

    = 
6

a
2

a
3
a2

a2
a

a3
a2 222

2

43
=−=−   

Example: - Find mean and Variance for the following distribution  

 f(x) = 
⎪⎩

⎪
⎨
⎧

≤≤
−

otherwise,0

3x1,
4

)1x( 3

 

Solution: - Check for ∫
∞

∞−

= 1dx)x(f  

As mean = E(X) = ∫∫
−

=
∞

∞−

3

1

3
dxx.

4
)1x(dx)x(xf  
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      = ∫ =+−−
3

1

234

5
13dx)x3x3xx(

4
1  

Variance = V(X) = E[X − E(X)2] = E
2

6
13X ⎟

⎠
⎞

⎜
⎝
⎛ −  

      = ∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ − dx)x(f

5
13x

2

 

      = ∫
−

⎟
⎠
⎞

⎜
⎝
⎛ −

3

1

32

dx
4

)1x(
5

13x
4
1  

      = 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

−⎟
⎠
⎞

⎜
⎝
⎛ −−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
⎟
⎠
⎞

⎜
⎝
⎛ − ∫

2

1

4
3

1

42

dx)1x(
5

13x
2
1

4
)1x(

5
13x

4
1  

      = 
⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

⎥
⎦

⎤
⎢
⎣

⎡ −
×+⎥

⎦

⎤
⎢
⎣

⎡ −
⎟
⎠
⎞

⎜
⎝
⎛ −−×

3

1

635

6
)1x(

5
1

2
1

5
)1x(

5
13x

2
1

25
44

4
1  

      = 
15
4

5
2

5
4

25
4

+×−  

      = 
75
8

15
4

25
4

15
4

25
8

25
4

=+−=+−  

Theorem: - If X is a r.v., then V(aX + b) = a2 V(X), where a and b are constants. 

Proof: - Let Y = aX + b, then 

 E(Y) = aE(X) + b  

Then V(aX + b) = V(Y) = E[Y − E(Y)]2 

    = E[aX + b − aE(X) − b]2      

       = a2E(X2) + a2[E(X)]2 − 2a2[E(X)]2 

     = a2E(X2) − a2[E(X)]2 

     = a2[E(X2) − [E(X)]2] = a2 V(X) 

Cor(i) If b = 0, then V(ax) = a2 V(X)  

(ii) If a = 0, then V(b) = 0 

(iii) If a = 1, then V(X + b) = V(X). 
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Theorem: - Prove that V(X ± Y) = V(X) ± V(Y) ± 2 Cov(X, Y) and V(X ± Y) = V(X) +V(Y) 

provided X and Y are independent r.v. 

Proof: - V(X + Y) = E[(X + Y) − E(X +Y)]2 

         = E[(X + Y) − E(X) − E(Y)]2 

         = E[{X − E(X)} + {Y − E(Y)}]2 

         = E[X − E(X)]2 + [Y − E(Y)]2 + 2E[(X − E(X)][Y − E(Y)]       

         = E[X −E(X)]2 + E[Y − E(Y)]2 + 2E[{X − E(X)}{Y − E(Y)}] 

                    = V(X) + V(Y) + 2 cov(X, Y) 

Similarly V(X − Y) = V(X) + V(Y) − 2cov(X, Y) 

     V(X ± Y) = V(X) +V(Y) ± 2cov(X, Y) 

If X and Y are independent, then cov(X, Y) = 0 

∴ V(X ± Y) = V(X) + V(Y) ± 2.0 

       = V(X) + V(Y). 

Covariance: - If X and Y are two r.v., then cov between then is defined as 

 Cov(X, Y) = E[[X − E(X)[Y −E(Y)]] 

        = E[XY − XE(Y) − YE(X) + E(X) E(Y)] 

        = E(XY) − E(X)E(Y) − E(Y)E(X) + E(X)E(Y) 

       = E(XY) − E(X)E(Y) 

We can also express it as 

 Cov(X, Y) = E[[X −E(X)][Y − E(Y)]] 

        = ∑ ∑ −−
i j

jiji )y,x(f)Yy)(Xx( for discrete case 

 Cov(X, Y) = E[XY − YXYXYX +− ] 

        = E(XY) − YX)X(EY)Y(EX +−  

        = E(XY) − YXXYYX +−  

        = E(XY) − YX  

If X and Y are independent r.v., then  

 E(XY) = E(X) E(Y) 

 Cov(X, Y) = E(X) E(Y) − 0YXYXYX =−=  
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⇒ Cov(X, Y) = 0 if X and Y are independent.  

Remark 

i) Cov(ax, by) = E[(aX − E(ax))(bY − E(bY))] 

             = E[(aX − aE(X)) (bY − BE(Y))] 

  = E[a[X − E(X)] . b[Y − E(Y)]] 

  = ab[E(X − E(X)) (Y − E(Y))] 

   = ab Cov(X, Y) 

⇒ Covariance is not independent of change of scale.   

ii) Cov(X + a, Y + b) = E[{(X + a) − E(X − a)} {Y + b − E(Y + b)}] 

               = E[{(X + a) − E(X) − a} { Y + b − E(Y) − b} 

             = E[{X −E(X)} { Y − E(Y)}] 

             = Cov(X, Y) 

Thus Cov(X, Y) is independent of change of origin but is not independent of change of scale. 

MEAN DERIVATION FOR CONTINUOUS CASE  

 E[|X − a|] = ∫
∞

∞−

− |ax| f(x)dx 

Variance = 2
xσ = E[X − E(X)]2 = ∫

∞

∞−

− 2)Xx( f(x)dx 

Absolute moment 

 Let X be r. v. with p.d.f f(x), then its rth absolute moment about any point a is given by 

 E[|X − a|r] = ∫
∞

∞−

− r|ax| f(x) dx 

For Variance i.e. μ2 = E[X − E(x)]2 

        = E[X2 − 2XE(X) + E2(X)] 

        = E(X2) − 2E(X) E(X) + E2 (X)    [Θ E(X) = μ2] 

 μ2 = E(X2) − 2[E(X)]2 + E2(X)  

      = E(X2) − [E(X)]2 

 μ2 = 
2'

1
'
2 μ−μ  

Effect of change of origin & scale on moment  
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 U = 
h

aX −  

Now E[U] = 
h
1

h
aXEU =⎟

⎠
⎞

⎜
⎝
⎛ −

= [E(X) − E(a)] 

 UhaX)aX(
h
1U +=⇒−=  

Then    μr = E[X − X ]r = E[a + hU − a − h U ]r 

      = E[hr(U − U )r] = hr E[U − U ]r 

Where E[U − U ]r = rth moment of U about mean 

 

MOMENT GENERATING FUNCTION (M.G.F)  

 

M.G.F of a r.v. X with p.d.f. f(x) is given by  

 MX(t) = E[etx] 

where t is real number.  

Then MX(t) is known as Moment generating function about origin. 

Now, M.G.F about Mean is given by  

MX−μ(t) = E[et(X−μ)] 

If X is a discrete r.v.: - 

MGF about origin is given by 

 MX(t) = E[etX] = ∑
∞

=0x

txe f(x)         … (1) 

or MX(t) = E ⎥
⎦

⎤
⎢
⎣

⎡
+++++ ....

!r
Xt......

!2
Xt

!1
tX1

rr22
 

           = 1 + ....)X(R
!r

t......)X(E
!2

t)X(E
!1
t r

r
2

2
++++  

 MX(t) = 1 + ....μ
!r

t......μ
!2

tμt r

r

2

2

1 +′+′+′  

where rμ′ = coefficient of 
!r

t r
in MX(t), is the rth  moment about origin. 

The moments  can also be obtained from the M.G.F through following relations: 
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 0t
)t(M

dt
dμ Xr

r

r

=

=′
   

 0t
)t(M

dt
dμ X1

=

=′
  

 0t
)t(M

dt
dμ X2

2

2

=

=′

      etc.
 

when X is continuous  r.v., then MGF about origin is given by  

 MX(t) = ∫
∞

∞−

txe f(x) dx 

& MGF about mean is given by  

 MX(t) = ∫
∞

∞−

− )μx(te f(x) dx 

and MGF about any point ‘a’ is  

 MX(t) = ∫
∞

∞−

− )ax(te f(x) dx 

As MX(t) = ∑
x

txe f(x) = ⎥
⎦

⎤
⎢
⎣

⎡
++++∑ !r

xt......
!2
xt

!1
tx1)x(f

rr22

x
 

∴  
dt
d MX(t) = ⎥

⎦

⎤
⎢
⎣

⎡
+++++

−−∞

=
∑ .....

r
xrt......

!3
xt3

!2
tx2x)x(f

1r1r322

0x
 

∴  
dt
d MX(t) = 1

1x0x
μ)x(xf)x(xf ′==∑∑

∞

=

∞

=

= 1st moment about origin. 

Example: - Let x be a r.v. with p.d.f 

 f(x) = 
⎪
⎩

⎪
⎨

⎧
≤≤−
≤≤

otherwise,0
2x1,x2
1x0,x

  

Find MGF for this distribution. Also determine mean & variance. 

Solution: - First we shall prove that given distribution is probability distribution or not 
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i.e. ∫
∞

∞−

)x(f dx = 1 or not 

Now ∫
∞

∞−

)x(f dx = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
+++∫ ∫ ∫ ∫

∞−

∞0 1

0

2

1 2

f(x) dx 

      = 0 + ∫
1

0

x dx + 0)x2(
2

1

+−∫  

      = 
2

1

21

0

2

2
xx2

2
x

⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡
 

    = 
2
1 − 0 + 4 − 2 − 2 + 

2
1  

⇒ 1
2
1

2
1dx)x(f =+=∫

∞

∞−

 

⇒ Given distribution is a probability distribution  

Mean = E(X) = ∫∫ +
2

1

1

0

dx)x(xfdx)x(xf  

           = ∫
1

0

x.x dx + ∫ −
2

1

dx)x2(x  

           = 
2

1

321

0

3

3
x

2
x2

3
x

⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡
 

           = 1
3
83

3
2

3
1_1

3
84

3
1

=−+=−−+  

⇒ E(X2) = ∫
1

0

2x f(x) dx + ∫
2

1

2 dx)x(fx  

           = ∫∫ −+
2

1

2
1

0

2 )x2(xxdx.x dx 

           = 
2

1

431

0

4

4
x

3
x2

4
x

⎥
⎦

⎤
⎢
⎣

⎡
−+⎥

⎦

⎤
⎢
⎣

⎡
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           = 
4
1

3
2

4)8(
3
2

4
1

+−−+  

           = 
6
7

6
28243

3
144

2
1

=
+−

=+−  

∴  Variance = 
6
11

6
7 2 =−  

Now  MX(t) = E[etx] = ∫
∞

∞−

txe f(x)dx 

        = dxe)x2(xdxe tx
2

1

1

0

tx ∫∫ −+  

        = ∫∫ −−⎥
⎦

⎤
⎢
⎣

⎡
−+−⎥

⎦

⎤
⎢
⎣

⎡ 2

1

tx2

1

tx1

0

tx1

0

tx
dx

t
e)1(

t
e)x2(dx

t
e)1(

t
ex  

        = (1) [ ] [ ]21tx
2

t1
0

tx
2

t
e

t
1

t
e.10e

t
1

t
e

+⎥
⎦

⎤
⎢
⎣

⎡
−+−  

        = [ ] [ ]tt2
2

t
t

2

t
ee

t
1

t
e1e

t
1

t
e

−+−−−  

        = 2

t

2

t2

2
t

2 t
e

t
e

t
1e

t
1

−++−  

        = 22

t

2

t2

2 t
1

t
e2

t
e

t
1

=−+ [e2t − 2et + 1] 

        MX(t)  = 
2t

t
1e

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −  

Now  0t
)t(M

dt
dμ X1

=

=′
             

⎢
⎢
⎢
⎢

⎣

⎡

=

=μ′

0t

)t(M
dt
d

Xr

r
rΘ

  

 0t
)t(M

dt
dμ X2

=

=′
 

then variance, μ2 = 2
12 μ′−μ′  
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also    MX(t) = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
++++−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+++++ 1....

!3
t

!2
tt12.....

!4
)t2(

!3
)t2(

!2
)t2(t21

t
1 32432

2  

        = ⎥
⎦

⎤
⎢
⎣

⎡
+−+−+− ......

!4
t)216(

!3
t)28(

!2
t)24(

t
1 432

2  

        = ⎥
⎦

⎤
⎢
⎣

⎡
+++ ......

12
t7

6
t6

2
t2

t
1 432

2  

         MX(t) = ⎥
⎦

⎤
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛++ ......

!2
t

6
7

!1
t1

2
  

 1μ′ = coefficient of 
!1
t  → Mean 

 =′2μ coefficient of 
6
7

!2
t 2

=  

∴ Variance = 
6
11

6
7 22

12 =−=μ′−μ′  

 

Property: - (1) MCX(t) = MX(Ct) 

Proof: - By definition, 

 McX(t) = E[etcX] = E[e(ct)X] 

 McX(t) = MX(ct) 

(2) MGF of the sum of a number of independent r. v. is equal to the product of heir respective 

MGF’s i.e.   

 )t(M).......t(M).t(M)t(M nX2X1Xnx.....2X1X =+++  

Proof: - By definition, 

 [ ])nX.....2X1X(t
nx.....2X1X eE)t(M +++

+++ =  

                  = [ ]ntX2tX1tX e........e.eE  

If X1, X2,….., Xn are independent r.v., then function ntx2tx1tx e,.....e,e are also independent. 

∴ ( ) ( ) ( )[ ]ntX2tX1tX
nx.....2X1X eE........eE.eE)t(M =+++  

       = )t(M)......t(M).t(M nX2X1X  

(3) Effect of change of origin and scale on M.G.F 
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Let us transform X to the new variable U by changing both the origin and scale in X as follows: - 

Proof: - If X is a r.v., then 

 U = 
h

aX −  ⇒ X = a + hU  where a & h are constants 

Now MX(t) = E[etX] = E[et(a+hU)] 

           = E[eat, ethU] 

           = eat E[e(th)U]   

where MX(t) is the m.g.f. of X about origin. 

⇒ MX(t) = eatMU(th) 

⇒ MU(th) = e−atMX(t) 

Put  t h = t′  ⇒ t = 
h
t′  

then MU ⎟
⎠
⎞

⎜
⎝
⎛ ′

=′
′−

h
tMe)t( X

h
ta

 = M.G.F of U (about origin) 

Standard normal variate 

If X is a r.v., then the variable Z defined by 

 Z = 
σ
μX −  is called standard normal variate 

where μ, σ are Mean & standard derivation, respectively 

Also E(Z) = 0 

 Variance (Z) = 1 

Now E(Z) = E )μX(E
σ
1

σ
μX

−=⎟
⎠
⎞

⎜
⎝
⎛ −  

 E(Z) = [ ] [ ] 0μμ
σ
1μ)X(E

σ
1

=−=−  

and V(Z) = E [ ]2
2

2

)μX(E
σ
1

σ
μX

−=⎟
⎠
⎞

⎜
⎝
⎛ −  

⇒ V(Z) = 1σ.
σ
1 2
2 =           [Θ σ2 = E(X − μ)2]           

If X ∼ N(μ, σ2),then Z ∼N(0, 1) 

The m.g.f of standard variate Z is MZ(t) = e−μt/σ MX )t(
σ
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Example: - Let X is a discrete r.v. 

 P(X = r) = pqr−1, r = 1, 2,….. 

where p is the probability of success in one trial and q is the probability of failure in one trial. 

Then find MGF, Mean & variance. 

Solution: -  MX(t) = E[etX] 

            = 1r

1r

trpqe −
∞

=
∑  

⇒ MX(t) = ( ) ( )∑∑
∞

=

−∞

=

=
1r

1rttr

1r

tr qeqe
q
pqe

q
p  

             = [ ]......)qe(qe1qe.
q
p 2ttt +++   

⇒ MX(t) = pet
)qe1(

1
t−

      [sum of G.P] 

Now 0t
)qe1(

)qe.(pepe).qe1(

0t
)t(M

dt
d

μ
2t

tttt

X
1 =

−
−−−

===′  

      = 0t
)qe1(
PQEpqepe
2t

T2t2t

=
−

+−

 

      = 2)q1(
p

−
 

⇒ 221 p
p

)q1(
pμ =

−
=′       [Θ1 − q = p] 

⇒ 
p
1μ1 =′ = Mean 

and  0t
)t(M

dt
d

μ
X2

2

2 ==′  

       = 0t
)qe1(

pe
dt
d

2t

t

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

−   
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       = 0t
)qe1(

)qe)(qe1(2.pepe)qe1(
4t

ttttt

=
−

−−−−

 

       = 0t
)qe1(

pqe2pe)qe1(
3t

t2tt

=
−

+−

  

       = 0t
)qe1(

pqepe
3t

t2t

=
−
+

 

       = 233 p
q1

p
)q1(p

)q1(
pqp +

=
+

=
−
+  

∴ Variance, μ2 = 2
12 μμ ′−′  

⇒ μ2 = 222 p
q

p
1

p
q1

=−
+  

  

CUMULANT GENERATING FUNCTION AND CUMULANTS 

 

The logarithm of m.g.f about origin of a r.v. X is called second m’g.f or cumulant generating 

function (c.g.f.)  

i.e. KX(t) = log MX(t) = ∑
r

r

r !r
tK  

and Kr = coefficient of in
!r

t r
KX(t) 

This Kr is known as rth cumulant  

Now  K(t) = log MX(t) = log[E(etx)] 

         = log
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++++ .....

!r
Xt.......

!2
XttX1E

rr22
 

         = log 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
′++′+′+

!r
tμ......

!2
tμtμ1

r

r

2

21  

⇒ KX(t) = 
⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++′++′+′−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+′+′+′ .....

!r
tμ....

!2
tμμ

2
1......

!r
tμ....

!2
tμtμ

r

r

2

21

r

r

2

21   
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3r

r

2

21 ....
!r

tμ....
!2

tμtμ
3
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+′++′+′+  

   
⎥
⎥

⎦

⎤
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
′++′+′− .....

!r
tμ....

!2
tμtμ

4
1

4r

r

2

21                     ...(1) 

Now  KX(t) = K1t + K2 ......
!4

tK
!3

tK
!2

t 4

4

3

3

2
+++            …(2) 

Equating coefficients of like terms in equation (1), (2) we get 

 K1 = coefficient of =′= 1μ!1
t Mean 

 K2 = 212 μμμ =′−′ = (variance) 

 K3 = 3
3

1123 μμ2μμ3μ =′+′′−′  

 
4
μ

2
μμ3

3
1

!3
μμ2

4
μ

2
1

!4
μ

!4
K 4

12
2

131
2

2
1
44 ′

−
′′

+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ ′′
+

′
−=  

⇒ K4 = 4
12

2
131

2
24 μ6μμ12μμ4μ3μ ′−′′+′′−′−′  

      = ( ) ( )4
1

2
12

2
2

4
1

2
12134 μμμ2μ3μ3μμ6μμ4μ ′+′′−′−′−′′+′′−′   

⇒ K4 = μ4 − 3 2
2K = μ4 − 3 2

2μ  

Also Kr = )t(K
dt
d

Xr

r
 

Characteristic function  

Characteristic function of a variable X is defined as φX(t) = E[eitX] 

If X is continuous r. v., then  

 φX(t) = ∫ dx)x(feitx  

If X is discrete r. v, then  

 φX(t) = ∑ )x(feitx  
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LESSSON 6      THEORETICAL DISCRETE DISTRIBUTIONS 

BINOMIAL DISTRIBUTION 

Let n represent the number of trials in an event.  

x→ consecutive successes 

(n−x)→ failure 

then ppp…..p qq…..q = pxqn−x 

But x successes in n trials can occur in nCx ways. 

∴ Probability of x successes in any order in n trials = nCx px qn−x,  here n and p are called 

parameters. 

Therefore, probability density function for a Binomial distribution is 

 P(X = x) = B(n, p; x) 

     = f(x) = nCx px qn−x, x = 0, 1, 2…., n 

Also p + q = 1 and ∑ = 1)x(f   

Moments about origin of Binomial distribution 

The rth moment of the Binomial distance about origin is 

 rμ′ = E[Xr] = ∑
=

n

0x

r )x(fx  

⇒ ∑
=

=′
n

0x

r
r xμ  nCx px qn−x 

when r = 1, 1st moment, ∑
=

=μ′
n

0x
1 x  nCx px qn−x 

⇒ ∑
= −

=′
n

0x
1 x|xn|

n|x
μ   px qn−x 

      = ∑
= −−

n

1x 1x|xn|
n|  px qn−x 

      = np ∑
= −−

−n

1x 1x|xn|
1n|  px−1 qn−x 

      = np ∑
= −−−−

−n

1x 1x|)1x()1n(|
1n|    px−1 q(n−1)-(x−1) 
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      = np )1x()1n(1x
n

1x
1x

1n qpC −−−−

=
−

−∑  

      = np (q + p)n−1              [ ]∑ =+= 1)pq()x(f nΘ  

⇒ npμ1 =′ = Mean 

Now Second moment about origin is ∑==′ )x(fx)X(Eμ 22
2  

 [ ] xnx
x

n
n

0x
2 qpCx)1x(xμ −

=
∑ +−=′  

      = ∑
=

−−∑
=

+−
n

0x

xnx
x

nxnx
x

nn

0x
qpCxqpC)1x(x  

      = ∑∑
=

−

=

− +−
n

1x

xnx
x

n
n

2x

xnx
x

n qpCxqpC)1x(x  

      = ∑
= −−−

−n

2x xn|2x|)1x(x
n|)1x(x

px qn−x + np 

⇒ ∑
= −−

−−
=′

n

2x
2 xn|2x|

2n|)1n(n
μ  px qn−x+ np 

      = n(n−1)p2 ∑
= −−−−

−n

2x )2x()2n(|2x|
2n|  px−2 q(n − 2) − (x − 2) + np 

      = n(n−1)p2 ∑
=

−−−−
−

− +
n

2x

)2x()2n(2x
2x

2n npqpC  

      = n(n−1)p2.(1) + np 

⇒ 2μ′ = n(n−1)p2 + np  

Also variance, μ2 = 2
12 μμ ′−′  

⇒ μ2 = n(n−1)p2 + np−n2p2 

      = n2p2 − np2 + np − n2p2 

⇒ μ2 = np(1 − p) = npq 

So, variance = npq 

Also  variance ≤ Mean 

i.e. npq ≤ np  as q ≤ 1 

and variance = Mean if q = 1 
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Now ∑
=

==′
n

0x

33
3 )x(fx)X(Eμ  

As x3 = x(x−1)(x−2) +3x (x−1) + x  

So [ ] )x(fx)1x(x3)2x)(1x(xμ
n

0x
3 ∑

=

+−+−−=′  

      = ∑∑
=

−

=

− −+−−
n

0x

xnx
x

n
n

0x

xnx
x

n qpC)1x(x3qpC)2x)(1x(x  

        ∑
=

−+
n

0x

xnx
x

n qpCx  

      = ∑∑
=

−

=

− −+−−
n

2x

xnx
x

n
n

3x

xnx
x

n qpC)1x(x3qpC)2x)(1x(x  

        ∑
=

−+
n

1x

xnx
x

n qpCx  

      = xnx
n

3x
qp

xn|3x|)2x)(1x(x
n|)2x)(1x(x −

=
∑

−−−−
−−  

         npp)1n(n3 2 +−+  

      = n(n−1)(n−2) npp)1n(n3qp
)3x()3n(|3x|

3n| 2xnx
n

3x
+−+

−−−−

− −

=
∑  

 =′3μ n(n−1)(n−2)p3 npp)1n(n3qpC 2)3x()3n(3x
n

3x
3x

3n +−+−−−−

=
−

−∑  

⇒ =′3μ n(n−1)(n−2)p3 + 3n(n−1)p2 + np 

 

Also 3rd moment about mean is 

 μ3 = 3
1123 μ2μμ3μ ′+′′−′  

      = n(n−1)(n−2)p3 + 3n(n−1)p2 + np − 3[n(n−1)p2 + np] np + 2n3 p3  

      = (n2−n)(n−2)p3 + 3n2p2 − 3np2 + np − 3n3p3 + 3n2p3 − 3n2p2 + 2n3p3 

      = n3p3 − n2p3 −2n2p3 + 2np3 − 3np2 + np − n3p3 + 3n2p3    

      = np + 2np3 − 3np2 

      = np(1−3p + 2p2) = np(p − 1)(2p − 1) 
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      = np(−q)(2p−p−q) = npq(q−p) 

 ∑
=

−=′
n

0x

xnx
x

n4
4 qpCxμ  

Now x4 = x(x−1)(x−2)(x−3) + 6x(x−1)(x−2) + 7x(x−1) + x 

So npp)1n(n7p)2n)(1n(n6p)3n)(2n)(1n(nμ 234
4 +−+−−+−−−=′  

and μ4 = 4
112134 μ3μμ6μμ4μ ′−′′+′′−′  

⇒ μ4 = npq[1 + 3(n−2)pq] 

Moment generating function (M.G.F) about origin for a Binomial distribution  

 MX(t) = E[etx] = ∑ )x(fetx  

           = xnx
x

n
n

0x

tx qpCe −

=
∑  

           = ∑
=

−
n

0x

xtxn
x

n )pe(qC                                [Θetx = (et)x] 

 MX(t) = (q + pet)n 

Now 0t
)t(M

dt
dμ Xr

r

r

=

=′
 

⇒ 0t
)t(M

dt
dμ X1

=

=′
  

 0t
)peq(

dt
dμ nt

1

=

+=′
 

      = 0t
pe)peq(n t1nt

=
+ −

 

      = np (q + p) n−1 = np 

Also 0t
)t(M

dt
dμ X2

2

2

=

=′
   

      = 
( )

0t
pepeqn

dt
d t1nt

=
⎥⎦
⎤

⎢⎣
⎡ +

−
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[ ]

0t
)peq(e

dt
dnp 1ntt

=

+= −

 

      = np[et(q + pet)n−1 + 1 (n−1)(q + pet)n−2pet] t = 0  

      = np[ 1(q + p)n−1 + 1(n−1)(q+p)n−2p] 

      = np[1 + (n−1)p] = np+ n(n−1)p2 

Pearson’s Coefficients 

 β1 = 3βα,βα,
μ
μβ,

μ
μ

22112
2

4
23

2

2
3 −===  

 
npq

pq61(3β,
npq

)p21(β 2

2

1
−

+=
−

=  

 
npq

pq61α,
npq

p21α 21
−

=
−

=  

Characteristic function 

 φX(t) = E[eitx] = (q + peit)n 

Cumulants      

Cumulant generating function (c.g.f) of a Binomial distribution  is 

 KX(t) = log MX(t)  

           = log (q + pet)n = n log (q + pet) 

           = n log 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++++ ......

!3
t

!2
tt1pq

32
 

           = n log 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++++ ........

!3
t

!2
ttp)pq(

32
 

           = n log 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
++++ ........

!3
t

!2
ttp1

32
 

using log (1 + x) = x− .......,
3

x
2

x 32
+  we get 

 KX(t) = n
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+++⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+++−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+++ ........

!2
tt

3
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!3
t

!2
tt
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p....

!3
t

!2
ttp

323232232
  

The rth cumulant is 
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 Kr = coefficient of 
!r

t r
in KX(t) = 0t

)t(K
dt
d

Xr

r

=  

So K1 = np = 1μ′  

 K2 = np - np2 = coefficient of 
!2

t 2
 

⇒ K2 = np(1−p) = npq = μ2                     [Θp + q = 1]  

 & 
3

np
!2

2
2

np
!3

np
!3

K 32
3 +−=  

⇒ K3 = np−3np2 + 2p3n = np(1−3p+2p2) 

              = np(p−1)(2p−1) 

               = np(−q)[2p−p−q] 

              = npq(q−p) = μ3 

Example: - p = probability of getting a head = ½ 

         q = probability of not getting a head = ½ 

The probability of getting x heads in a random throw of 10 coins is 

 p(x) = 10......,,2,1,0x;
2
1

x
10

2
1

2
1

x
10 10x10x
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⎠
⎞

⎜
⎝
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∴ Probability of getting at least 7 heads is 

 P(X ≥ 7) = p(7) + p(8) + p(9) + p(10)   

     = 
⎭
⎬
⎫

⎩
⎨
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Recurrence Relation 

 μr+1 = pq[nr μr−1 + 
dp
d

μr] 

where μr is the rth moment about mean. 

Now, μr = E[(X−np)r] = xnx
x

n
n

0x

r qpC)npx( −

=
∑ −  

Differentiating w.r.t.p, we get 

 ∑
=

−−−
⎥
⎦

⎤
⎢
⎣

⎡
−+−−=

n

0x

xnx
x

nr1rxnx
x
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dp
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n
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=
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  [ ]∑
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n
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1xnx1xxn
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             ⎥
⎦
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⎣
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xnx
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0x
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p
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−

n

0x

xnx
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pq
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p
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1

+  

 

 

 

 



134 
 

M.G.F about its Mean 
 MX−np(t) = [qe−pt + petq]n    

Now by definition MX−np(t) = ∑
=

−n

0x

t)npx( )x(fe  

⇒ MX−np(t) = ∑
=

− −n

0x

qpCt)npx( xnx
x

n
e  

                = xnx
x

n
n

0x

nptxt qpCee −

=

−∑  

     = e−npt ∑
=

−
n

0x

xtxn
x

n )pe(qC  

     = e−npt(q + pet)n 

     = (e−pt)n(q + pet)n 

     = [qe−pt + pet(1−p)]n 

⇒ MX−np(t) = [qe−pt + peqt]n     [Θ p + q = 1] 

 MX−np(t) =
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As  p + q = 1, we have 
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    = 1 + n ⎥
⎦

⎤
⎢
⎣

⎡
+−+ .......

!3
t)pq(pq

!2
tpq

32
 

   .............
!3

t)pq(pq
!2

tpq
!2

)1n(n
232

+⎥
⎦

⎤
⎢
⎣

⎡
+−+

−
+  

    = 1 + npq .......
!3

t)pq(npq
!2

t 32
+−+  

∴ μ1 = 0 
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μ2 = coefficient of 
!2

t 2
= npq 

 μ3 = coefficient of 
!3

t3
= npq(q − p) 

Example: - In 8 throw of a dice, 5 or 6 is considered as success. Find the mean number of 

successes and S.D. 

Solution: - Here n = 8, p = 
3
1

6
2

= , q = 
3
2  

∴ Mean = np = 8 × 
3
8

3
1

=  

and SD = 
3
4

3
2

3
8npq =×=  

Example: - 6 dice are thrown 729 times. How many times due you expect at least 3 dice to show 

five or six? 

Solution: - n = 6, N = 729 

p = 
3
1

6
2

= , x =3, q = 
3
2  

∴ P(X≥3) = f(3) + f(4) + f(5) +f(6)     …(1) 

Now f(x) = nCx px qn−x 

∴ (1) ⇒ P(X≥3) =∑
=

−
6

3x

xnx
x

n qpC  

              =
729
233

3
1

3
2

3
16

3
2

3
1C

3
2

3
1C

6524

4
6

33

3
6 =⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛

⎟
⎠
⎞

⎜
⎝
⎛  

No. of times, at least 3 dice will show  

5 or 6 = NP(X ≥ 3) = 729×
729
233  

        = 233 

Fitting of Binomial distribution  
By fitting of Binomial distribution we mean to find out the theoretical or expected frequencies 

for all values of X = 0, 1, 2…., n 

The frequency F(x) for X = x is  
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 F(x) = N f(x) = N ∑
=

−
n

0x

xnx
x

n qpC  

for x = 0 

 F(0) = Nqn        …(1) 

Also 1xn1x
1x

n

xnx
x

n

qpC
qpC

)1x(f
)x(f

+−−
−

−

=
−

 

 
q
p.

x
1xn

)1x(Nf
)x(Nf +−

=
−

 

⇒ 
q
p

x
1xn

)1x(F
)x(F

⎟
⎠
⎞

⎜
⎝
⎛ +−

=
−

 

⇒ F(x) = 
q
p.

x
1xn

⎟
⎠
⎞

⎜
⎝
⎛ +− F(x−1)      …(2) 

where x = 1, 2, …..,n 

 

POISSON DISTRIBUTION  
Poisson distribution can be obtained from Binomial distribution under three conditions  

(i) no. of trials is large i.e. n → ∞ 

(ii) probability of success is very small i.e. p → 0 

(iii) the mean no. of successes is finite, i.e. np = m(say) 

In case of Binomial distribution,  

 f(x) = xnx
x

n qpC −  , x = 0, 1, 2,….n 

Taking limit case of f(x) in Binomial distribution, we get f(x) for Poisson distribution, 

 f(x) = 
!x

em mx −

 , x = 0, 1, 2, 3,….. 

Now  n → ∞, p → 0, np = m 

i.e. p = 
n
m , q = 1−

n
m  as n → ∞ 

Probability of x successes in Binomial distance is  

 f(x) =  xnx
x

n qpC −  

Probability of x successes in Poisson distance is  
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 f(x) = xnx
x

n

n
qpClim −

∞→
 

        =
xnx

x
n

n n
m1

n
mClim

−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛  

        = 
xnx

n n
m1

n
m

)!xn(!x
!nlim

−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛

−
 

        = ⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
−

−

−−−−− −

∞→

xn

x

x

n n
m1

)n(xn|

xn|)1xn)....(2n)(1n(n

x|
mlim   

        = 
xn

x

x

n n
m1

n
m1

n
)1xn)....(2n)(1n(n

x|
mlim

−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −

+−−−  

        = 
xnx

n n
m1

n
m1

n
1xn.....

n
2n

n
1n

n
n

x|
mlim

−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −−

⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛ −

⎟
⎠
⎞

⎜
⎝
⎛  

        = 
xnx

n n
m1

n
m1

n
1x1.....

n
21

n
11.1

x|
mlim

−

∞→
⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −

−⎟
⎠
⎞

⎜
⎝
⎛ −⎟

⎠
⎞

⎜
⎝
⎛ −  

        = 
nx

n n
m1

x|
mlim ⎟

⎠
⎞

⎜
⎝
⎛ −

∞→
 [ΘRest of the terms tends to unity as n→∞] 

        = 
nx

n n
m1

x|
mlim ⎟

⎠
⎞

⎜
⎝
⎛ −

∞→
       (1) 

Now        ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

−−
−

−
+−=⎟

⎠
⎞

⎜
⎝
⎛ −

∞→∞→
....

n
m

!3
)2n)(1n(n

n
m

!2
)1n(n

n
m.n1lim

n
m1lim 3

3

2

2

n

n

n
 

        = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−+−

∞→
.....

!3
m

!2
mm1lim

32

n
 

        = e−m 

∴ from (1) 

 f(x) = m
x

e
x|

m − , x = 0, 1, 2,….. 

Moments of Poisson distribution 
 rμ′  = E[Xr] = rth moment about origin 
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∴ 1μ′ = E[X] = ∑
∞

=0x
)x(fx  

     = ∑∑
∞

=

−∞

=

−

−
=

0x

xm

0x

x
m

1x|x
mxe

x|
mex  

     = ∑
∞

=

−

−1x

xm

1x|
me  

     = me−m∑
∞

=

−

−1x

1x

1x|
m

 

     = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+++− .....

2|
m

1|
m1me

2
m  

⇒ 1μ′ = me−m em = m 

⇒ 1μ′ = m = Mean 

Now 2μ′ = E(X2) = 
x|

mex
x

m

0x

2 −
∞

=
∑  

      = ∑
∞

=

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ +−

0x

xmme
x|

x)1x(x  

      = e−m 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+

− ∑∑
∞

=

∞

= 0x

x

0x

x

x|
mxm

x|
)1x(x  

      = e−m ∑∑
∞

=

−
∞

= −
+

− 1x

x
m

2x

x

1x|
me

2x|
m

 

      = m2 e−m ∑
∞

=

−

+
−2x

2x
m

2x|
m

 

        = m2 e−m.em + m 

⇒ 2μ′ = m2 + m 

∴ Variance, μ2 = 2μ′ − 1μ′  

⇒ μ2 = m2 + m − m2 = m ⇒ μ2 = m 

So  mean = Variance 
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Moment generating function about origin 
M.G.F about origin is by definition 

 MX(t) = E[etx] = ∑
∞

=0x

tx )x(fe  

           = ∑∑
∞

=

−
∞

=

−

=
0x

xt
m

0x

xm
tx

x|
)me(e

x|
mee  

           = e−m
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+++ .....

2|
)me(me1

2t
t

   

           = e−m.
tmee  

⇒ MX(t) = )1te(me −          ...(1) 

 

 

Moment generating function about mean 

 MX−m(t) = ∑
∞

=

−

0x

)mx(t )x(fe  

    = 
x|
mee

xm

0x

)mx(t
−∞

=

−∑  

    = ∑
∞

=

−−

0x

x
mmttx

x|
meee  

      = e−(1+t)m ∑
∞

=0x

xt

x|
)me(  

    = e−m(1+t) 
tmee = )1tte(me −−        …(2) 

    = 
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
++−−⎟

⎟

⎠

⎞

⎜
⎜

⎝

⎛
++++

=
.....

3|

3t

2|

2tm1t.....
3|

3t

2|

2tt1m

ee  

Now 0t

)t(M
dt
d

μ
Xr

r

r ==′  
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∴ 0t
)t(M

dt
d

μ
X

1 ==′  

     = 0t
e

dt
d )1te(m

=

−

 

     = 0t
mee t)1te(m

=
−

 

 1μ′ = m 

and 0t
)t(M

dt
d

μ
X2

2

2 ==′  

     = 0t
eme

dt
d )1te(mt

=
⎥⎦
⎤

⎢⎣
⎡ −

 

     = 0t
meeeem t)1te(mt)1te(mt

=
⎥⎦
⎤

⎢⎣
⎡ + −−

 

     = m[1.e0 + 1. 1. m. 1]  

     = m(1 + m) = m2 + m 

Characteristic function 

 φX(t) = [ ]itx)1ite(m eEe =−  

Cumulant generating function about origin 

 KX(t) = log MX(t) = log )1te(me −  

          = m(et − 1) 

⇒ KX(t) = ⎥
⎦

⎤
⎢
⎣

⎡
+++ ......

!3
t

!2
ttm

32
 

The rth cumulant is  

 Kr = coefficient of 
r|
t r

in KX(t)  

∴ K1 = m, K2 = m, K3 = m, …… 

i.e. Kr = m , for r =1, 2, 3,….. 

All cumulants are equal for Poisson distribution  
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Recurrence Relation for Moments  

 μr+1 =  ]
dm
dr[m r

1r
μ

+μ −         

Now rth central moment by definition is  

  μr = E[(X − m)r] 

     = ∑∑
∞

=

−∞

=

−=−
0x

xm
r

0x

r

x|
me)mx()x(f)mx(  

∴ ∑∑
∞

=

−
∞

=

−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−−+

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−==

0x

x
mr

0x

x
m1rr

x|
m)1(e)mx(

x|
me)1()mx(r

dm
μd  

   ∑
∞

=

−
−−+

0x

1x
mr

x|
mxe)mx(  

        = −r ⎥⎦
⎤

⎢⎣
⎡ −−+− ∑∑

∞

=

−∞

=

−
− 1

m
x

x|
me)mx(

x|
me)mx(

0x

xm
r

0x

xm
1r  

        = −r ∑∑
∞

=

−∞

=

−
− ⎟

⎠
⎞

⎜
⎝
⎛ −

−+−
0x

xm
r

0x

xm
1r

m
mx

x|
me)mx(

x|
me)mx(  

        = −r μr−1 + ∑
∞

=

−
+−

0x

xm
1r

x|
me)mx(

m
1  

⇒ 1r1r
r μ

m
1μr

dm
μd

+− +−=  

⇒ 1r1r
r μ

m
1μr

dm
μd

+− =+  

⇒ μr+1 = ]
dm
dr[m r

1r
μ

+μ −  

Recurrence relation or Fitting of Poisson distribution 

 f(x) = 
x|
me xm−

 

 f(x + 1) = 
1x|

me 1xm

+

+−

  

∴ 
1x

m
)x(f

)1x(f
+

=
+  
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⇒ f(x + 1) = 
1x
)x(mf

+
          …(1) 

Now Nf(x) = F(x)  

∴ F(0) = Nf(0) = Ne−m 

∴ (1) ⇒ Nf(x + 1) = N)x(f,
1x

m
⎟
⎠
⎞

⎜
⎝
⎛

+
 

⇒  F(x + 1) = ,.....2,1,0x,)x(F
1x

m
=

+
          …(2) 

Put x = 0 in (2), w get 

 F(1) = m F(0) = m Ne−m 

 F(2) = m
2

Ne
2

m)1(F
2
m −=  

 F(3) = ,.....Ne
6

m)2(F
3
m m

3
−=  

Additive Property of Poisson variate  

If X1, X2 are two independent Poisson variates with parameters m1, m2.Then their sum X1 + X2 is 

also a Poisson varite with Parameter (m1 + m2) 

i.e. X1 + X2 ∼ P(m1 + m2;x) 

Proof: - If X is a Poisson variable, then  

 f(x) = 
x|
me xm−

, x = 0, 1, 2…. 

& )t(M 1x  = )1te(1me −  

 )1te(2m
2X e)t(M −=  

“The MGF of sum of two independent r.v. is equal to the product of their MGF.” 

By using this result, we have  

 )t(M.)t(M)t(M 2X1X2X1X =+   

        = )1te(2m)1te(1m e.e −−  

        = )2m1m)(1te(e +−  

This is the MGF of Poisson variate X1 + X2 with parameter (m1 + m2). 
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Example: - Show that in a Poisson distribution with unit mean, deviation about mean is 
e
2  times 

the standard deviation. 

Solution: - Here mean = 1             

Variance = SD = 1         [ΘIn Poisson distance mean = variance]   

∴ M.D = Mean Deviation = E[|X−1|] 

         = ∑
∞

−

−−

0x

1

x|
e|1x|  

         = e−1 ∑
∞

=

−

0x x|
|1x|

 

         = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
++++ .....

4|
3

3|
2

2|
11

e
1  

Now general term of the series 

 is.....
4|
3

3|
2

2|
1

+++  

General term = 
1n|

11n
1n|

n
+

−+
=

+
 

           = 
1n|

1
n|
1

+
−   

Putting n = 1, 2, 3…. 

M.D = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
−+ .....

4|
1

3|
1

3|
1

2|
1

2|
111

e
1  

        = 
e
1 (1 + 1) = 1

e
2

× = ×
e
2 S.D. 

M.G.F about mean  
M.G.F about mean for Binomial distribution  is  

 MX−np(t) = E[et(X−np)] 

     = [qe−pt + pe(1−p)t]n = [qe−pt + peqt]n 

     = e−npt[q + pet]n 
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∴ log MX−np(t) = −npt + n log 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

q
pe1q

t
 

           = −npt + n log q + n log ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+

q
pe1

t
 

Put np = m, we get 

Log MX−np(t) = −mt + n log ⎟
⎠
⎞

⎜
⎝
⎛ −

n
m1 +n log 

⎥
⎥
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⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

⎟
⎠
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⎢
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⎢
⎢
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n
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           = −mt − m + ⎟
⎠
⎞

⎜
⎝
⎛+−

⎪
⎭

⎪
⎬

⎫

⎪
⎩

⎪
⎨

⎧
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⎠
⎞

⎜
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⎛ −
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n2
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n
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me
n2
1

n
m1

me  

           = −mt −m + ⎟
⎠
⎞

⎜
⎝
⎛+

− n
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As  n→∞, we have  

 t
npXn

memmt)t(Mloglim +−−=−
∞→

 

⇒ mmttme
npXn

e)t(Mlim −−
−

∞→
=  

            = )1tte(me −−  

            = M.G.F about mean of Poisson distance 
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Example: - If X is a Poisson variate s.t. P(X = 1) = P(X = 2), find P(X = 4). 

Solution: - Probability of x successes in Poisson distribution  is 

 P(X = x) = f(x) = 
x|
me xm−

 

∴ P(X = 1) = 
1|

me m−

= e−m m      …(1) 

 P(X = 2) = m
22m

e
2

m
2|
me −

−

=       …(2) 

Since  P(X = 1) = P(X = 2) 

∴ from (1) & (2), we get 

 m e−m = m
2

e
2

m −  ⇒ m = 2 

Therefore for X = 4 

 P(X = 4) = 
24

)2(e
4|
me 424m −−

=  

     = 09.0e
24
16 2 =−   

Let e−2 = a  

⇒ log10 a = −2 log10 e 

⇒ log10 a = −2(0.4343) = −0.8686 

            = T.1314 

⇒ a = antilog (T.1314) = 0.1353 

Example: -Six coins are tossed, 6400 times, using Poisson distribution, what is the probability of 

getting six heads x times? 

Solution: - When a coin is tossed, probability of getting head is = 
2
1  

When 6 coins are tossed, probability of getting 6 heads =
64
1

2
1 2

=⎟
⎠
⎞

⎜
⎝
⎛ = p(say) 

 Mean = np = 6400 × 
64
1 = 100 (Mean) 
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⇒ m = 100 

Probability of getting six heads x times 

 =
x|
me xm−

with m = 100 

 = 
x|

)100(e x100−

 

Example: - After correcting 50 pages of the proof of a book, the proof reader finds that there are 

on the average 2 errors of 5 pages. How many pages would one expect to find with 0, 1, 2, 3 & 4 

errors in 1000 pages of first print of the book? 

Solution: - Now Mean = 
5
2 = 0.4 = M (say) 

 X→ Poisson distance, 

 f(x) = P(X = x) = 
x|
me xm−

 

    = 
x|

)4.0(e x4.0−

 

Expected number of pages with 1000 pages is  

 1000 f(x) = 
x|

)4.0(e1000 x4.0−

 

Now we want to find f(0), f(1), f(2), f(3), f(4) by using Recurrence Relation, 

 f(x + 1) = 
1x

m
+

 f(x 

X = x f(x) Expected number of pages 

= 1000 f(x) 

0 f(0) = e−0.4 = 0.6703 670.3 ≈ 670 

1 f(1) = 
10

4.0
+

f(0) = 0.4 × 0.6703 

= 0.26812 

268.12 ≈ 268 

2 f(2) = 053624.0)1(f
11
4.0

=
+

 53.62  ≈ 54 
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3 f(3) = )2(f
12

4.0
+

= 0.0071298 7.1298 ≈ 7 

4 f(4) = 
13

4.0
+

f(3) = 0.0007129 ≈ 1 

 

Example: - In a certain factory making blades, there is a small chance
500

1 for any blade to be 

defective. The blades are supplied in packets of 10. Use Poisson distance to calculate the 

approximate. Number of packets containing no defective, one defective & 2 defective blades 

respectively in a consignment of 10000 packets. 

 (e−0.02 = 0.9802) 

Solution: - Let p→probability of blade being defective = 
500

1   

 n = 10  

∴ Mean = m = np = 
50
1 = 0.02 

Number of packets containing x defective blades, 

 F(x) = 
x|

mNe xm−

 

         = 
x|

)02.0(e10000 x02.0−×  

        = 
x|

)02.0(9802.010000 x×  

 F(x) = 
x|

)02.0(9802 x
 

X F(x) 

0 
F(0) = 

0|
)02.0(9802 0

= 9802 

1 
F(1) = 

1|
)02.0(9802 1

=196 
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2 

 
F(2) = 

2|
)02.0(9802 2

 

Mode of Poisson distribution 

Let the most probable values of r.v. X be r i.e. r is mode. 

Then P(X = r) should be greater than P(X = r + 1) and P(X = r− 1) 

i.e 

1r|
me 1rm

−

−−

< 
1r|

me
r|
me 1rmrm

+
>

+−−

 

⇒ 
1r|r)1r(

mm
1r|r

m.m
1r|

m 21r1r1r

−+
>

−
<

−

−−−

 

⇒ 1 < 
)1r(r

m
r
m 2

+
>  

⇒ r(r + 1) < m(r + 1) > m2 

⇒ r < m & (r + 1) > m 

⇒ r < m & r > m − 1 

⇒ m − 1 < r < m 

Thus if m is an integer, there shall be two modes m and (m−1). 

If m is not an integer, then mode is the integral value between (m−1) & m. 

Example: - A Poisson distance a double mode at X = 3 and X = 4, what is the probability that X 

will have one or the other of these two values. 

Solution: -  P(X = x) = 
x|
me xm−

 

 

⎪
⎪

⎭

⎪
⎪

⎬

⎫

==

==∴

−

−

4|
me)4X(P&

3|
me)3X(P

4m

3m

        …(1) 

Since the Poisson distance has a double mode at X = 3 and X = 4, so 

 P(X = 3) = P(X = 4)  

⇒ 
4|
me

3|
me 4m3m −−

=  
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⇒ m = 4
3|
4| =  

∴ from (1), P(X = 3) = 4
34

e
3

32
3|
4e −

−

=  

 & P(X = 4) = 
3|4
4.4.e

4|
4e 3444 −−

=  

         = 4
34

e
3

32
3|
4.e −

−

=  

Now P[(X = 3) Υ (X = 4)] = P(X =3) + P(X = 4) 

                     = 4e
3

64 −  

          = 
3

64 (0.0183) = 0.3904 

Example: - If X is a Poisson variate with mean m, show that 
m

mX − is a variable with mean zero 

and variance unity. 

Solution: - We know that  

     Mean = E(X) = m 

 Let Z = 
m

mX −  

then E(Z) = E )mX(E
m
1

m
mX

−=⎟
⎠

⎞
⎜
⎝

⎛ −  

          = [ ])m(E)X(E
m
1

−  

          = [ ]mm
m
1

− = 0 

and variance = E
2

m
mX

⎟
⎠

⎞
⎜
⎝

⎛ −  

          = 
m
1 E(X − m)2 = 

m
1 μ2 
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          = 
m
1 .m = 1 

Also find M.G.F of this variable and show that it approaches 
2t

2
1

e as m→∞ 

 Let Y = 
m

mX −  

then  MY(t) = E[
4te ] = E

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ −
m

)mX(t
e  

           = m

mt

e
−

 E ⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
m

tx

e  

           = ∑
∞

=

−
−

0x

m
txxm

tm e
x|
mee  

           = ∑
∞

=

−−

0x

xm/t
mtm

x|
)me(ee  

           = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+++−− .....

2|
)me(

1|
me1e

2m/tm/t
tmm  

           =
m/tmetmm ee −−  

           = 
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
+++++−− ....

mm3|

3t
2|

2t

m

t1mtmm

e  

 MY(t) = 
.....

m3|

3t
2

2t

e
++

 

As m→∞, 2/2t
4m

e)t(Mlim =
∞→

 which is MGF of standard normal variate (Normal Distribution)? 
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GEOMETRIC DISTRIBUTION 
Suppose we have a series of independent trials or repetitions and on each trial or repetition, the 

probability of success ‘p’ remains the same. Then the probability preceding the first success is 

given by 

    pqx 

where X→Number of failures preceding the 1st success in series of independent trials. 

and p = P(success in a single trial)  

eg.,  in tossing a coin, the possible outcomes of experiment are  

 S, FS, FFS, ……FF,…..FS,…….. 

 X = 0, 1, 2,……, x 

and corresponding probability are  

 p, qp, q2p,…….., qxp… 

∴ Probability distribution of X, 

 f(x) = P(X = x) = 
⎩
⎨
⎧ ∞=

otherwise,0
,......2,1,0x,pqx

 

Also ∑ =
x

1)x(f  

Now ∑∑
∞

=

∞

=

=
0x

x

0x
pq)x(f  

            = p + pq + pq2 + pq3 + ….. 

            = p(1 + q + q2 +……) 

            = p.
q1

1
−

    ⎥⎦
⎤

⎢⎣
⎡

−
+

r1
aS.P.initeGinfofsum   

            = p.
p
1 = 1 

Moments of Geometric distribution 

 ∑∑
∞

=

∞

=

===′
1x

x

0x
1 xpq)x(xf)X(Eμ  

       = pq ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
∑
∞

=

−

1x

1xxq  

                  = pq(1 + 2q + 3q2 + ……) 



152 
 

       = pq(1 − q)−2 

⇒ 
p
q

p
1.pqμ 21 ==′           …(1) 

⇒ 1μ′ = Mean = 
p
q  

 [ ]∑∑
∞

=

∞

=

+−==′
0x

x

0x

2
2 pqx)1x(x)x(fxμ  

      = ∑∑
∞

=

∞

=

+−
1x

x

2x

x pqxpq)1x(x  

      = 2pq2 
p
qq

1.2
)1x(x

2x

2x +
−∑

∞

=

−            [from (1)] 

     = 2pq2(1−q)−3 + 
p
q

p
q2

p
q

2

2
+=  

which is 2nd moment about origin. 

∴ variance, μ2 = 2
12 μμ ′−′  

  = 
p
q

p
q

p
q

p
q

p
q2

2

2

2

2

2

2
+=−+  

             = 22 p
q)pq(

p
q

=+  

MGF about origin 

MX(t) = E[etX] = ∑
∞

=0x

xtx pqe  

           = p ∑
∞

=

−−=
0x

1txt ]qe1[p)qe(   

           = tqe1
p

−
 

Moments from MGF 

 0t
)qe1(

)qe)(1(p

0t
)t(M

dt
d

μ
2t

t

X
1 =

−
−−

===′  
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      = 
p
q

p
pq

)q1(
pq

22 ==
−

 

 0t
)qe1(

pqe
dt
d

0t
)t(M

dt
d

μ
t

t

X2

2

2 =

⎥
⎦

⎤
⎢
⎣

⎡

−===′  

      = pq 0t
)qe1(

)qe)(qe1(2.ee)qe1(
4t

tttt2t

=

⎥
⎦

⎤
⎢
⎣

⎡

−
−−−−

 

      = pq 0t
)qe1(

qe2e)qe1(
3t

t2tt

=

⎥
⎦

⎤
⎢
⎣

⎡

−
+−

 

      = pq ⎥
⎦

⎤
⎢
⎣

⎡

−
+−

3)q1(
q2)q1(  

      = pq 2

2

3 p
q2

p
q

p
q2p

+=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ +  

 0t
)t(M

dt
d

μ
X3

3

3 ==′  

      = pq 
[ ]

0t
)qe1(qe2)qe1(e

dt
d 3tt22tt

=

−+− −−

 

      = pq [et (1−qet)−2 + et(−2) (1−qet)−3 (−qet) + 2qe2t. 2(1−qet)−3 + 2qe2t(−3)  

  (1−qet)−4 (−qet)] 

      = pq[(1−q)−2 + 2q(1−q)−3 + 4q(1−q)−3 + 6q2e(1−q)−4] 

⇒ pq
p
q6

p
q6

p
1μ 4

2

323 ⎥
⎦

⎤
⎢
⎣

⎡
++=′  

 3

3

2

2

3 p
q6

p
q6

p
qμ ++=′  

      = )qp(
p
q6

p
q

3

2
++  

      = 3

2

3

2

p
q6

p
q1.

p
q6

p
q

+=+  
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0t
)t(M

dt
d

μ
X4

4

4 ==′  

            = pq [ 3tt23tt22tt )qe1(qe4)qe1(qe2)qe1(e
dt
d −−− −+−+−  

   ]
0t

)qe1(eq6 4tt32

=
−+ −

 

      = pq [ 3tt23ttt2tt )qe1(qe4)qe1(2.qee)qe1(e −−− −+−+−  

  4tt323tt24tt32 )qe1(eq12)qe1(qe8)qe1(eq6 −−− −+−+−+  

  ]
0t

)qe()qe1(eq24)qe1(eq18 t5tt324tt32

=
−+−+ −−

 

      = pq [(1−q)−2 + 2q (1−q)−3 + 4q (1−q)−3 + 6q2 (1−q)−4 + 8q (1−q)−3 +   

 12q2 (1−q)−4 + 18q2 (1−q)−4 + 24q3 (1−q)−5] 

      = pq ⎥
⎦

⎤
⎢
⎣

⎡
+++ 5

3

4

2

32 p
q24

p
q36

p
q14

p
1  

 4

4

3

3

2

2

4 p
q24

p
q36

p
q14

p
qμ +++=′  
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LESSON 7      THEORETICAL CONTINUOUS DISTRIBUTIONS 

Uniform or rectangular distribution  
A continuous r.v. X is said to have continuous uniform (or rectangular) distribution  over an 

interval [a, b] if its p.d.f. is given by 

 f(x) = 
⎩
⎨
⎧ ≤≤

otherwise,0
bxa,K

 

also ∫ =
b

a

1dx)x(f  

⇒ ∫ =
b

a

1dxK  ⇒ [ ] 1Kx b
a =  

⇒ K(b−a) = 1 ⇒ K = 
ab

1
−

 

∴ f(x) = 
⎪⎩

⎪
⎨
⎧ ≤≤

−
otherwise,0

bxa,
ab

1
 

 

  

 

 

 

 

 

Moments  

 [ ] ∫==′
b

a

rr
r dx)x(fxXEμ  

∴ ∫ ⎟
⎠
⎞

⎜
⎝
⎛

−
=′

b

a

r
r dx

ab
1xμ  

      = 
b

a

1r

1r
x

)ab(
1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−

+

 

f(x) 

k=
ab

1
−

 

a b
X
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     = ⎥⎦
⎤

⎢⎣
⎡ −

+−
++ 1r1r ab

)1r)(ab(
1  

∴ 
2

ab
2

ab
)ab(

1μ
22

1
+

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
−

=′  

⇒ 
2

abMeanμ1
+

==′  

 
)ab(3

)abab)(ab()ab(
3).ab(

1μ
22

33
2 −

++−
=−

−
=′  

      = 
3
1 (b2 + a2 + ab) 

 Variance, μ2 = 2
12 μμ ′−′  

      = 
3
1 (b2 + a2 + ab) −

4
1  (b2 + a2 + 2ab)  

      = 
12
ab2

12
a

12
b 22

−+  

      = 
12
1 (b2 + a2 + 2ab) = 

12
)ba( 2−  

⇒ μ2 = 
12
1 (b−a)2 

 

MOMENT GENERATING FUNCTION 

  MX(t) = dx
)ab(

1.e
b

a

tx

−∫  

⇒ MX(t) = 
b

a

tx

t
e

)ab(
1

⎥
⎦

⎤
⎢
⎣

⎡
−

 

           = [ ]atbt ee
)ab(t

1
−

−
 

 

Characteristic function 

 φX(t) = 
)ab(it

eedx)x(fe
iatibtb

a

itx

−
−

=∫  
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Mean deviation 

 E[|X−Mean|] = dx
)ab(

1.
2

)ba(x
b

a −
+

−∫  

            = ∫ ⎟
⎠
⎞

⎜
⎝
⎛ +

−
−

b

a

dx
2

bax
)ab(

1        …(1) 

Put  t = x−
2

ba +  ⇒ dt = dx 

when x = b, t = a − 
2

ba
2

)ba( −
=

+  

when x = b, t = b −
2

ab
2

)ba( −
=

+  

∴ (1) ⇒ E[|X − Mean|] = ∫

−

⎟
⎠
⎞

⎜
⎝
⎛ −

−
−

2
ab

2
ab

dt|t|
)ab(

1   

      = 
2

ab

0

22/ab

0 2
t

)ab(
2dtt

)ab(
2

−
−

⎥
⎦

⎤
⎢
⎣

⎡
−

=
− ∫  

      = 
4

ab
4

)ab(.
)ab(2

2 2 −
=

−
−

 

Example: - Show that for the rectangular distance if f(x) = 
a2

1 , −a < x < a, 

The MGF about origin is 
at

atsinh . 

Also show that moments of even order are given by      μ2n = 
1n2

a n2

+
 

Solution: - By definition, 

 MX(t) = [ ]a a
tx

a

a

tx e
at2
1dx

a2
1.e −

−

=∫  

           = atsinh2.
at2
1)ee(

at2
1 atat =− −   
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⇒ MX(t) = 
at

atsinh  

           = ⎥
⎦

⎤
⎢
⎣

⎡
+++ ......

!5
)at(

!3
)at(at

at
1 53

 

           = 1 + .......
!5
)at(

!3
)at( 42

++      …(1) 

Since there are no terms with odd powers of t in MX(t), all moments of odd order about origin are 

zero i.e. 

 1n2μ +′ (about origin) = 0 

In particular, 0μ1 =′  i.e. Mean = 0  

⇒ rμ′ (about origin) = μr (about Mean) 

  [ ])μX[(Eμ],X[Eμ r
r

r
r −==′Θ  

  ]r
r

r μ]X[Eμthen,Mean0μif ′====  

Therefore μ2n+1 = 0 

The moments of even order are given by 

 ==′ n2n2 μμ  Coefficient of 
n2|

t n2
in MX(t)  

⇒ μ2n = 
1n2

a n2

+
             [using (1)] 

 

THE EXPONENTIAL DISTRIBUTION 
A continuous r.v. X assuming non-negative values is said to have an exponential distribution 

with parameter θ > 0 if its p.d.f. is given by 

 f(x) = 
⎩
⎨
⎧ ≥−

otherwise,0
0x,eθ xθ

 

Also ∫
∞

0

dx)x(f = 1 

                                                                                                                       

 

x 

f(x)

f(x) 
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The Cumulative Distribution function 

F(x) is given by, 

 F(x) = ∫ ∫ −=
x

0

x

0

xθ dxeθdx)x(f  

         = 
⎪⎩

⎪
⎨
⎧ ≥− −

otherwise,0
0x,e1

xθ

  

 

 

 

 

 

 

 

MOMENT GENERATING FUNCTION 

 MX(t) = E[etx] = θ ∫
∞

−

0

xθtx dxee  

           = θ ∫
∞

−

0

x)tθ( dxe  

           = θ
∞−−

⎥
⎦

⎤
⎢
⎣

⎡
−−

0

x)tθ(

)tθ(
e  

           = ,
tθ

θ
−

θ > t 

⇒ MX(t) = 

θ
t1

1

θ
t1θ

θ
tθ

θ

−
=

⎟
⎠
⎞

⎜
⎝
⎛ −

=
−

 

           = .......
θ
t

θ
t

θ
t1

θ
t1

321

++++=⎟
⎠
⎞

⎜
⎝
⎛ −

−

        …(1) 

           = ∑
∞

=
⎟
⎠
⎞

⎜
⎝
⎛

0r

r

θ
t  

F(x)

F(x)

1 
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(1)⇒ MX(t) = 1 + .......
3|
t

θ
3|

2|
t

θ
2|

θ
t 3

3

2

2 +++  

∴ rμ′ = E[Xr] = coefficient of 
r|
t r

in MX(t) 

      = ,........3,2,1r,
θ
r|
2 =  

∴ Mean = 
θ
1μ1 =′  

 22 θ
2μ =′  

Variance = μ2 = 222
2

12 θ
1

θ
1

θ
2μμ =−=′−′

 

Also by definition,
 

Mean = ∫∫
∞

−
∞

=
0

xθ

0

dxeθxdx)x(fx  

          = θ
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∫

∞ −∞−

0

xθ

0

xθ
dx

θ
e)1(

θ
ex  

          = θ
∞−

⎥
⎦

⎤
⎢
⎣

⎡
−+

0
2

xθ

θ
e)1(0  

          = [ ]
θ
1e

θ
1

0
xθ −

=−
∞− [0−1] = 

θ
1  

E(X2) = ∫∫
∞

−
∞

==′
0

xθ2

0

2
2 dxeθ.xdx)x(fxμ  

        = θ 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡

−
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∫

∞ −∞−

0

xθ

0

xθ
2 dx

θ
e.x2

θ
e.x  

        = θ
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+− ∫

∞
−

0

xθ dxxe
θ
200  

        = 2
0

xθ

θ
2

θ
1.

θ
2dxxeθ

θ
2

==
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
∫
∞

−  
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Variance = E[X−E(x)]2  

    = E 2
2

2

θ
1)X(E

θ
1X −=⎥⎦

⎤
⎢⎣
⎡ −  

    = 222 θ
1

θ
1

θ
2

=−  

Mean Deviation  

 E|X−E(X)| = E ⎥
⎦

⎤
⎢
⎣

⎡
−
θ
1X  

        = ∫
∞

−−
0

xθ dxeθ
θ
1x  

        = ∫∫
∞

−
∞

− −=−
0

xθ

0

xθ dxe|1θx|dxe|1θx|
θ
θ  

Put  θx = y ⇒ θdx = dy 

when  x = 0 ⇒ y = 0  

 x = ∞ ⇒ y = ∞ 

∴ E[|X−E(X)|] = ∫
∞

−−
0

y

θ
dye|1y|  

           = ∫
∞

−−
0

y dye|1y|
θ
1         …(1) 

when |y−1| = −(y−1)  for y−1 < 0 

⇒ |y−1| = 1−y,   y < 1 

and |y−1| = y−1  for y−1 > 0 

          = y−1  for y > 1 

∴(1) E[|X−E(X)|] = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−+− ∫∫

∞
−−

1

y
1

0

y dy)1y(dye)y1(
θ
1  

           = 
⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−+
−

−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

− ∫
∞−−− 1

0 1

yy1

0

y

1
e)1y(dy

1
e)1(

1
e)y1(

θ
1  
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⎥
⎥
⎦

⎤

−
− ∫

∞ −

1

y
dy

1
e.1  

           = 
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

+−+⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−+−
∞−−

1

y1

0

y

1
e00

1
e10

θ
1  

           = [ ])e0()1e(1
θ
1 11 −− −−−+  

           = 
θ
1 [e−1 + e−1] = 

θ
2 e−1 

Cumulants 
The c.g.f. is 

 KX(t) = log MX(t) = log ⎟
⎠
⎞

⎜
⎝
⎛ −−=⎟

⎠
⎞

⎜
⎝
⎛ −

−

θ
t1log

θ
t1

1

 

          = 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+⎟

⎠
⎞

⎜
⎝
⎛+⎟

⎠
⎞

⎜
⎝
⎛+ .......

θ
t

3
1

θ
t

2
1

θ
t 32

 

          = ∑∑
∞

=

∞

=
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
=⎟

⎠
⎞

⎜
⎝
⎛

1r
r

r

1r

r

θ
1r|

r|
t

r
1

θ
t  

⇒ Kr = coefficient of  
r|
t r

in KX(t)  

     = ,.......3,2,1r,
θ

1r|
r =

−  

∴ K1 = 
θ
1  , K2 = 2θ

1  

 K3 = 3θ
2  , K4 = 4θ

6  

Example: - Let X have the probability density function f(x) = θe−θx for x > 0 and zero, 

otherwise. Prove that if the +ve part of x-axis is divided into intervals of equal length h starting 

at the origin, then the probabilities that X will lie in successive intervals from a G.P. with 

common ratio e−θh. 
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Solution: - P(0 ≤ X ≤ h) = ∫∫ −=
h

0

xθ
h

0

dxeθdx)x(f  

       = θ [ ]1e1
θ

e hθ
h

0

xθ
−−=⎥

⎦

⎤
⎢
⎣

⎡
−

−
−

 

         = 1− eθh 

P(h ≤ X ≤ 2h) = ∫ −
h2

h

hθ dxeθ  

            = [ ] [ ]hθhθ2h2
h

xθ eee
θ
θ −−− −−=−  

            = e−θh ( 1−e−θh) 

 P(2h ≤ X ≤ 3h) = − [ ] h3
h2

xθe−  

               = e−2hθ − e−3hθ = e−2θh(1−e−θh) 

and so on. 

Thus the probabilities that X will lie in successive intervals from a G.P. with common ratio e−θh. 

Example: - The r.v. X has the exponential distribution with density function given by  

 f(x) = 
⎩
⎨
⎧

≤
>−

0x,0
0x,e2 x2

 

(i) what is the probability that X is not smaller than two? 

(ii) Show that 1
D.S

Mean
=  

(iii) Find its M.G.F 

Solution: -(i) Probability that X is not smaller than two  

 P(X ≥ 2) = ∫∫
∞

−
∞

=
2

x2

2

dxe2dx)x(f  

     = 2 [ ] 4
4

2

x2

e
1e01

2
e

=−−=⎥
⎦

⎤
⎢
⎣

⎡
−

−
∞−

 

(ii)  Mean = ∫
∞

==′
0

1 dx)x(xf)X(Eμ  
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           = 2 ∫
∞

−

0

x2 dxex  

           = 2
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
− ∫

−∞−

dx
2

e)1(
2

ex
x2

0

x2
 

           = 2 ( ) ⎥⎦
⎤

⎢⎣
⎡ −−

∞−
0

x2e
4
100  

           = 2
2
1

4
1.2)10(

4
1

==⎥⎦
⎤

⎢⎣
⎡ −−  

 ∫
∞

==′
0

22
2 dx)x(fx)X(Eμ        = 2 ∫

∞
−

0

x22 dxex  

 
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢

⎣

⎡

+
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛

−
=μ′ ∫

∞ −∞−

0

x2

0

x2
2

2 dx
2

e.x2
2

ex2   = 2 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+− ∫

∞
−

0

x2 dxxe2.
2
100  = 2

2
1

2
1.

2
1

=⎥⎦
⎤

⎢⎣
⎡  

Variance, μ2 = 
4
1

4
1

2
1μμ 12 =−=′−′  

∴ S.D. = 
2
1μ 2 =  

∴ 1
2/1
2/1

D.S
Mean

==  

(iii) M.G.F., MX(t) = E[etx] = ∫
∞

0

tx dx)x(fe  

         = ∫
∞

−

0

x2tx dxe)2(e      = 2
∞−∞

−
⎥
⎦

⎤
⎢
⎣

⎡
−

=∫
0

x)2t(

0

x)2t(

)2t(
e2dxe  

         = [ ] [ ]10
2t

2e
)2t(

2
0

x)t2( −
−

=
−

∞−−    = t2,
t2

2
2t

2
>

−
=

−
−  
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NORMAL DISTRIBUTION  
A r.v. X is said to have Normal distribution with parameters μ and σ 2, called Mean & variance 

respectively if its density function is given by 

 f(x) = ∞<<−∞>∞<<∞−
⎟
⎠
⎞

⎜
⎝
⎛ −−

μ;0σ;x,e
π2σ

1
2

σ
μx

2
1

 

If Z = 
σ
μxz

σ
μX −

=⇒
−  

Here  Mean = E(z) = 0 

and variance = V(Z) = 1 = S.D. 

then  f(z) = ∞<<∞−
−

z,e
π2

1
2z

2
1

 

then f(z) is known as Standard Normal distribution. 

Now dxe
π2σ

1dx)x(f

2

σ
μx

2
1

∫∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−∞

∞−

=  

Put z = dxdzσ
σ
μx

=⇒
−  

∴ ∫∫
∞

∞−

−∞

∞−

= dzσ.e
π2σ

1dx)x(f
2z

2
1

 

       = ∫
∞

∞−

−
dze

π2
1 2z

2
1

   

∴ ∫∫
∞ −∞

∞−

=
0

2z
2
1

dze
π2

2dx)x(f                    [ΘIntegrand is even function of z] 

Put 
2
1 z2

 = t  

⇒ z dz = dt ⇒ dz = 
t2

dr
z
dt

=  

∴ == ∫∫
∞

−
∞

∞− π2
dte

π
2dx)x(f

0

t ∫
∞

−−

0

2/1t dtee
π

1  
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   = 1
π
π

2
1Γ.

π
1

==⎟
⎠
⎞

⎜
⎝
⎛      …(1) 

⇒ it is a probability density function. 

 

 

 

 

 

 

 

 

This is called Normal distribution  or Normal probability curve or Gaussian distribution.  

This curve is symmetrical w.r.t. y-axis. The area under the curve gives the probability density 

function, f(x) = P(0 ≤ X ≤ x) where x is constant. 

Mean, ∫
∞

∞−

==′ dx)x(fx)X(Eμ1   

      = dxe
π2σ

1.x
2)μx(2σ2

1

∫
∞

∞−

−−

 

Put z = 
σ
μx −         …(2) 

⇒ x = μ + σz ⇒ dx = σ dz 

∴ 
dzσ2z

2
1

1 e
π2σ

1).zσμ(μ
−∞

∞−
∫ +=′  

     = ∫∫
∞

∞−

−∞

∞−

−
+ dzze

π2
σdze

π2
μ 2z

2
12z

2
1

 

⇒ =′1μ μ(1) + 0  [from(1)] [Θ integrand 
2z

2
1

ze
−

is an odd function of z]  

⇒ =′1μ μ (Mean) 

Variance, μ2 = E[(X−μ)2] 

y 

f(x) 

−∞ x = 2μ x = −μ        x = μ              x  ∞ 
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          = dxe
π2σ

1)μx(

2

σ
μx

2
1

2
⎟
⎠
⎞

⎜
⎝
⎛ −

−∞

∞−
∫ −  

          = ∫
∞

∞−

−

dzσ.
σ

ezσ
π2

1
2z

2
1

22  

          = dzez
π2

σ2

0

2z
2
1

2
2

∫
∞ −

 

Put  
2
z2

= t  ⇒ dz = 
t2

dt  

 μ2 = ∫
∞

−

0

t2

t2
dtet2σ

π
2  

     = ∫
∞

−

0

2/1t2 dtteσ
π

2  

     = ⎟
⎠
⎞

⎜
⎝
⎛=⎟

⎠
⎞

⎜
⎝
⎛

2
1Γ

2
1.σ

π
2

2
3Γσ

π
2 22  

⇒ μ2 = 2
2

σπ.
π

σ
=  ⇒ μ2 = σ2 

Normal distribution as a limiting case of Binomial distribution 
It can be derived under these conditions: - 

(i) n, the number of trials is infinitely large i.e. n→ ∞ 

(ii) neither p nor q is very small. 

p.d.f. of Binomial distribution is  

 f(x) = nCx px qn−x 

        = xnx qp
xn|x|

n| −

−
, x = 0, 1, 2, ….., n          …(1) 

Z = 
npq

npxz.e.i
)xvar(
)X(EX −

=
−            …(2)    

where  x = 0, 1, 2,….., n 
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when x = 0 ⇒   z = −
q
np ;  As n → ∞, z → −∞ 

when x = n ⇒   z = 
p

nq
npq
nq

npq
npn

==
−  

and  As n → ∞, z → ∞ 

Thus in the limiting case as n→∞, z takes values −∞ to ∞. 

Using Stirling’s approximation formula, 

 2
1rr reπ2r|

+−=  

From (1) as n → ∞, we get  

 
2
1xn)xn(2

1xx

xnx2
1nn

nn
)xn(eπ2xeπ2

qpneπ2lim)x(flim
+−−−+−

−+−

∞→∞→
−

=  

     = 
2
1xn

2
1x

xnx2
1n

n
)xn(x

qpnlim
π2

1
+−+

−+

∞→
−

 

     = 
npq
npq

.

)xn(x

qpnlim
π2

1

2
1xn

2
1x

xnx2
1n

n +−+

−+

∞→
−

 

     = 
2
1xn

2
1x

2
1xn

2
1x1n

n
)xn(xnpq

qpnlim
π2

1
+−+

+−++

∞→
−

 

    = 
2
1x

2
1x

2
1xn

2
1xn

2
1xn

2
1x

1n

n
n

)np(.

n

)q.n(

)xn(x

1.
npq

nlim
π2

1
+

+

+−

+−

+−+

+

∞→
−

 

    = 
2
1xn

2
1x

n xn
nq

x
np

npq
1lim

π2
1 +−+

∞→
⎟
⎠
⎞

⎜
⎝
⎛

−
⎟
⎠
⎞

⎜
⎝
⎛        …(3) 

from (2), x = np + z npq  
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∴ 
np
n = 1+ z

np
npq

 = 1+ z 
np
q          …(4) 

and  n−x  = n − np − z npq  

         = n(1−p) − z npq  = nq − z npq  

∴ 
nq

xn − = 1 − z
nq
p            …(5) 

Hence probability difference of the distribution is 

 dx
N
1.

npqπ2
1limdx)x(flim

nn ∞→∞→
=         …(6) 

where N = 
2
1xn

2
1x

nq
xn

np
x

+−+

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
 

using (4) & (5), we get 

 N = 
⎟
⎠
⎞

⎜
⎝
⎛ +−⎟

⎠
⎞

⎜
⎝
⎛ ++

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+

2
1npqznq

2
1npqznp

nq
pz1

np
qz1  

∴  log N = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−⎟

⎠
⎞

⎜
⎝
⎛ +−+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
+⎟

⎠
⎞

⎜
⎝
⎛ ++

nq
pz1log

2
1npqznq

np
qz1log

2
1npqznp    

    = ⎥
⎦

⎤
⎢
⎣

⎡
+−⎟

⎠
⎞

⎜
⎝
⎛ ++ .......

)np(
qz

3
1

np
qz

2
1

np
qz

2
1npqznp 2/3

2/3
32  

           + ⎥
⎦

⎤
⎢
⎣

⎡
−−−⎟

⎠
⎞

⎜
⎝
⎛ +− .......

)nq(
p

3
z

nq
p

2
z

nq
pz

2
1npqznq 2/3

2/332
 

    = 
np
q

4
z

np
q

2
z

np
q

2
zqz......

nq
q

3
zq

z
znpqz

22/33
2

2/332
−+−+++−  

             + 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−++−−−+

nq
p

2
3

nq
p

2
zpz

nq
p

3
zp

2
znpqz

)np(
q

6
z 2/33

2
2/332

2/3

2/33
 

              − ........
)nq(

p
6
z

nq
p

4
z

2/3

2/332
+−  

Collecting the terms in decreasing power of n, we get 
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 logN = ......
q
p

p
q

2
z

q
p

p
q

3|
z

n
1)qp(

2
z 2/32/332

+
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛
+

−
++  

          =
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
+⎟

⎟
⎠

⎞
⎜
⎜
⎝

⎛ −
+

pq
pq

2
3

pq
qp

3|
z

n
1

2
z 2232

+ [terms of higher powers 1/ n ] 

Taking limit as n → ∞ 

 2/2

n
zNloglim =

∞→
 

or 2/2

n
zNloglim =

∞→
 ⇒ 

2/2z

n
e

N
1lim −

∞→
=  

Put this value in (6), we get the probability of the distribution of Z is given by 

 dP = dznpqe.
npqπ2

1limdx)x(flim 2/z

nn

−

∞→∞→
=  [Θ dz = 

npq
dx ] 

      = dze
π2

1 2/2z−  

Hence probability function of Z is  

 f(z) = 2/2ze
π2

1 − , −∞ < z < ∞ 

The probability function of normal distribution with variable X is  

 f(x) = 

2

σ
μx

2
1

e
π2σ

1 ⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

Some characteristics of Normal distribution 

 f(x) = 

2

σ
μx

2
1

e
π2σ

1 ⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

where −∞ < x < ∞ 

and f(z) = 
σ
μxzwheree

π2
1 2z

2
1

−
=

−
 

(1) The curve is Bell shaped & symmetrical about the line x = μ 

(2) Mean, Median & Mode coincides. 

(3) Max. probability occurs at the point x = μ and is given by 

−∞ x=μ−σ x=μ x=μ+σ +∞ 

0.5 0.5 
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  [
π2σ

1|)x(f .max =  

(4) β1 = 0, β2 = 3 

(5) All odd order moments are zero i.e. μ2n+1 = 0 

(6) Linear combination of independent normal variate is also a normal variate. 

(7) Points of inflexion of the curve are given by x = μ ± σ 

(8) Mean Derivation is σ
5
4 (appox.) 

 = σ
π
2  

(9) Area property 

 P(μ −σ < × < μ + σ) = 0.6826 

 P(μ−2σ < × < μ + 2σ) = 0.9544 

 P(μ−3σ < × μ + 3σ) = 0.9973 

  

   

 

 

 

   

 

when x = μ−σ , z = −1 

and x = μ + σ , z = +1 

∴ P(−1 < Z < + 1) = 0.6826 

 P(−2 < Z < +2) = 0.9544 

 P(−3 < Z < +3) = 0.9973 

also P(−z < Z < 0) = P(0 < Z < z) due to symmetry. 

Theorem: - Prove that Mean, Median and Mode coincide. 

Proof: - Mode 
To calculate Mode, we have  

0.6826 

x=μ−3σ x =μ−σ x =μ+3σ
z=+2 

X =μ+σ

z=+1 z=0 z=−1 z=−2 
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 0)x(f,0)x(f <′′=′  

Now f(x) = 

2

σ
μx

2
1

e
π2σ

1 ⎟
⎠
⎞

⎜
⎝
⎛ −

−
        …(1) 

∴ log f(x) = − log σ 
2

σ
μx

2
1π ⎟

⎠
⎞

⎜
⎝
⎛ −

−2  

Differentiating w.r.t. x, we get  

 )μx(
σ

1)μx(
σ2
20)x(f

)x(f
1

22 −
−

=−−=′  

⇒ )μx(
σ

)x(f)x(f 2 −−=′            …(2) 

Now μx0μx0)x(f =⇒=−⇒=′  

Also [ ])x(f)μx()x(f.1
σ

1)x(f 2
′−+

−
=′′  

          = ⎥⎦
⎤

⎢⎣
⎡ −

−−
−

22 σ
)μx)(x(f)μx()x(f

σ
1      from(2) 

          = ⎥
⎦

⎤
⎢
⎣

⎡ −
− 2

2

2 σ
)μx(1

σ
)x(f  

Put x = μ, we get 

 [ ] 0
π2σ

1.
σ

1)x(f(
σ
1)x(f 2μx2 <

−
=−=′′ =    [By using (1)] 

Hence x = μ is the mode of Normal distribution. 

Median 
Median is the middle value of variate. Let M be the Median distribution, then  

 ∫∫
∞∞

∞−

=+
M

1dx)x(fdx)x(f  

Also ∫∫
∞−∞−

=
MM

dx)x(fdx)x(f  

So we have ∫
∞−

=
M

2
1dx)x(f  
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⇒ 
2
1dxe

π2σ
1

2

σ
μx

2
1M

=
⎟
⎠
⎞

⎜
⎝
⎛ −

−

∞−
∫   

⇒ 
2
1dxe

π2σ
1dxe

π2σ
1 M

μ

2

σ
μx

2
1μ

2

σ
μx

2
1

=+ ∫∫
⎟
⎠
⎞

⎜
⎝
⎛ −

−

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

or I1 + I2 = 
2
1  

Now I1 = ∫
⎟
⎠
⎞

⎜
⎝
⎛ −

−
σ
μx

2
1

e
π2σ

1
 

Put z = 
σ
μx −  

∴ I1 = dze
π2σ

0
2/2z∫

∞−

−1  

     = dze
π2

1 0 2/2z∫
∞−

−  

⇒ I1 = dze
π2

1

0

2z
2
1

∫
∞ −

 

Put z2/2 = t  ⇒ z dz = dt  ⇒ dz = 
t2

dt  

I1 = dtt
2

1e
π2

1 2/1

0

t −
∞

−∫    

   = 
2
1π.

π2
1

2
1Γ

π2
1

==⎟
⎠
⎞

⎜
⎝
⎛  

⇒ I2 = 0 ⇒ 0dxe
π2σ

μ

μ

2

σ
μx

2
1

=
1

∫
⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

⇒ M = μ 

Hence Mean = Madian = Mode  
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Moment generating function about origin  

 MX(t) = E[etx] = ∫
∞

∞−

dx)x(fetx  

           = dxee
π2σ

1
2

δ
μx

2
1

tx∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

Put z = 
σ
μx −   

⇒  x = μ + σz 

 dx = σ dz 

 MX(t) = dzσ.ee
π2σ

1 2
1

)zσμ(t −∞

∞−

+∫  

 Mx(t) = dze
π2

e )zσt22z(
2
1tμ

∫
∞

∞−

−−
 

           = ∫
∞

∞−

+−+
−

dze
π2

e
2σ2t

2
1)zσt22σ2t2

z(
2
1tμ

 

           = dzee
π2

e 2σ2t
2
12)σtz(

2
1tμ

∫
∞

∞−

−−
 

           = dze
π2

e 2)σtz(
2
1

2σ2t
2
1tμ

∫
∞

∞−

−−
+

 

Put  z−tσ = μ  ⇒ dz = dμ 

∴ MX(t) = μde
π2

e 2μ
2
1

2σ2t
2
1tμ

∫
∞

∞−

−
+

 

           = )1(e
2σ2t

2
1tμ +

     
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=∫

∞

∞−

−
1dze

π2
1 2z

2
1

Θ   

           = 
2σ2t

2
1tμ

e
+

       …(1) 
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Moment generating function about mean 

 MX−μ(t) = E[et(X−μ)] = E[etX.e−μt] 

   = e−μt E[etX] = e−μt MX(t)  

   = 
2t2σ

2
12t2σ

2
1tμtμ

eee =
+−  

Also by defination  

 MX−μ(t) = ∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−
− dxee

π2σ
1

2

σ
μx

2
1

)μx(t  

   = e−μt dxee
π2σ

1
2

σ
μx

2
1

tx
⎟
⎠
⎞

⎜
⎝
⎛ −

−∞

∞−
∫  

    = e−μt .
2t2σ

2
1tμ

e
+

= 
2t2σ

2
1

e              [from(1)] 

Moment generating function about any point ‘a’ 

 MX−a(t) = 
2t2σ

2
1)aμ(t

e
+−

 

By defination  

 MX−a(t) = E[et(X−a)] 

 MX−a(t) = dxee
π2σ

1
2

σ
μx

2
1

)ax(t
⎟
⎠
⎞

⎜
⎝
⎛ −

−∞

∞−

−∫  

   = dxe.e
π2σ

1.e

2

σ
μx

2
1

txat ∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−  

   = 
2t2σ

2
1)aμ(t2t2σ

2
1tμat ee.e

+−+− =  

Cumulants 

 KX(t) = log MX(t) = log 
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛ + 2t2σ
2
1tμ

e  

           = μt + 
2
1

σ2 t2 

The 1st cumulants, K1 = coefficient of t = 1μ′ (Mean) = μ 
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The 2nd cumulants, K2 = σ2 = variance = μ2  

 Kr = 0   for r = 3, 4,……. 

Thus μ3 = K3 = 0 and μ4 = K4 + 3 2
2K = 3σ4             [Θ K4 = μ4− 2

2K ]  

Now β1 = 3
σ
σ3

μ
μ

4

2

2

4 ==       (β1 = 0, β2 = 3) 

Moments from Moment generating function 

M.G.F about mean = 
2t2σ

2
1

e  

         = 1 + .....
n|

2
σt

.....
3|

σt
2
1

2|

2
σt

σt
2
1

n223
22

222

22 +
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

++
⎟
⎠
⎞

⎜
⎝
⎛

+
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛

+     (1) 

from here,  

(1), μr = coefficient of 
r|
t r

= rth moment about mean 

Since there is no term with odd powers of t in (1), there fore all moments of odd order about 

Mean vanish. 

i.e. μ2n+1 = 0, n = 1, 2, …… 

and μ2n = coefficient of 
n2|

t n2
in (1) = 

n|2
n2|σ

n

n2

 

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎟
⎟
⎠

⎞
⎜
⎜
⎝

⎛
=

n2|
t

n|2
n2|σ

n2|n|2
n2|.σt n2

n

n2

n

n2n2

Θ  

∴ μ2n = [ ]1.2.3.4).....nn2()1n2(n2
n|2

σ
n

n2
−−  

       = 
n|2

σ
n

n2
[1.3.5…….(2n−1)] [2.4.6.(2n−2)2n] 

       = 
n|2

σ
n

n2
[1.3.5…….(2n−1) 2n [1.2…..n] 

       = 
n|2

σ
n

n2
[1.3.5…….(2n−1) 2n n|  
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⇒ μ2n = σ2n[ 1.3.5……(2n−1)] 

∴ μ2 = 1.σ2 = σ2  

 μ3 = 0,  μ4 = 1. 3σ4 

 μ5 = 0,  μ6 = 1.3.5σ6 

 β1= 0,  β2 = 3 

Also 1μ′ = moment about origin 

  = E[Xr] = ∫
∞

∞−

dx)x(fx r  

So μ2n+1 = odd moments about mean  

          = dx)x(f)μx( 1n2∫
∞

∞−

+−  

and μ2n = ∫
∞

∞−

− dx)x(f)μx( n2 = even order moments about mean 

Characteristic Function 

 φX(t) = ]E[eitx = 
2σ2t

2
1tμi

e
−

 

 

Mean deviation  

M.D = ∫
∞

∞−

− dx)x(f|μx|  

         = ∫
∞

∞−

⎟
⎠
⎞

⎜
⎝
⎛ −

−
− dxe

π2σ
1|μx|

2

σ
μx

2
1

 

Put z = 
σ
μx −  ⇒ dz = dx

σ
1  

        = dzσ.
σ

e|zσ|
π2

1
2z

2
1

−∞

∞−
∫  

∴ M.D = ∫
∞ −

0

2z
2
1

dzezσ
π2

2       [Θ integrand is eveb function of z] 
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Put  
2
1 z2 = t  ⇒ 

2
1 .2z dz = dt 

⇒ z dz = dt 

∴ M.D. = dteσ
π2

2

0

t∫
∞

−  

          = [ ] σ
π
210.σ

π
2

1
eσ

π
2

0

t
=−=⎥

⎦

⎤
⎢
⎣

⎡
−

∞−

 

          = 
5
4

σ = 0.8 σ ⇒ M.D = 
π
2

σ 

Points of Inflexion of a Normal Curve  
At the points of inflexion, 

 0)x(f,0)x(f ≠′′′=′′  

Now ⎥
⎦

⎤
⎢
⎣

⎡ −
−−=′′

2

2

2 σ
)μx(1

σ
)x(f)x(f  

Put 0
σ

)μx(1,0)x(f 2

2
=

−
−=′′  

⇒ (x−μ)2 = σ2 ⇒  x−μ = ±σ 

⇒ x = μ ± σ 

Now ⎥⎦
⎤

⎢⎣
⎡ −−

−⎥
⎦

⎤
⎢
⎣

⎡ −
−

′
−=′′′

222

2

2 σ
)μx(2

σ
)x(f

σ
)μx(1

σ
)x(f)x(f  

           = 42

2

2 σ
)μx)(x(f2

σ
)μx(1

σ
)x(f −

+⎥
⎦

⎤
⎢
⎣

⎡ −
−

′
−  

At x = μ ± σ,  

)μσμ(
σ

)x(f2
σ

)μσμ(1
σ

)x(f)x(f 42

2

2 −++⎥
⎦

⎤
⎢
⎣

⎡ −+
−

′−
=′′′  

⇒ [ ] σ.
σ

)x(f211
σ

)x(f)x(f 32 +−
′−

=′′′  

           = 0 + 0
σ

)σμ(f2
σ

)x(f2
33 ≠
+

=  

At x = μ−σ, 
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 )σ(
σ

)x(f2
σ

)σ(1
σ

)x(f)x(f 42

2

2 −+⎥
⎦

⎤
⎢
⎣

⎡ −
−

′
−=′′′  

           = 332σ σ
)x(f20

σ
)x(f2)11()x(f

−=−−
′

−  

⇒ 0
σ

)σμ(f2
σ

)x(f2)x(f 33 ≠
−−

=
−

=′′′  

 
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡ ±
−±

±
=′′′

2σ

2

4
)σ(3)σμ(f

σ
)σ()x(f  

           = 0
σ

)σμ(f2
3 ≠

±±  

The S.D. is the distance of point of inflexion from the axis of symmetry. 

 

 

 

 

 

 

 

Example: - 1μ′ (about 10) = 40 

          4μ′ (about 50) = 48 

Find Mean and S.D. 

Solution: - By defination 1st moment about 10, 

 1μ′ = ∫
∞

∞−

=− 40dx)x(f)10x(  

⇒     = 40dx)x(f10dx)x(xf =− ∫∫
∞

∞−

∞

∞−

 

⇒     = 501040dx)x(xf =+=∫
∞

∞−

   
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
=∫

∞

∞−

1dx)x(fΘ    

∴ Mean = ∫
∞

∞−

= 50dx)x(xf  

As Mean is 50. 

x=μ−σ x=μ x=μ+σ 
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 4μ′ = 48(4th moment about Mean) 

⇒ 3σ4 = 48  ⇒ σ4 = 16 = 24 

⇒ σ = S.D. = 2 

Theorem: - If X1 and X2 are independent normal variates, then X1 + X2
 is also a normal variate. 

Proof: - X1 ∼ N(μ1, 2
1σ ) 

    X2 ∼ N(μ2, 2
2σ ) 

 )t(M 1X  = [ ] 2t2
1σ2

1t1μ1tX eeE
+

=  

 )t(M 2X  = [ ] 2t2
2σ2

1t2μ2tX eeE
+

=   

As X1and X2 are independent,  

∴ )t(M).t(M)t(M 2X1X2X1X =+  

                   = 
)2

2σ
2
1σ(

2t
2
1t)2μ1μ(e

+++
 

which is the M.G.F of Normal distance with Mean μ1+μ2 and variance 2
2

2
1 σσ +  

i.e. X1 + X2 ∼ N(μ1 + μ2, 2
2

2
1 σσ + ) 

Theorem: - A linear combination of independent normal variates is also a normal variate. i.e. 

if Y = a1X1 + a1X2 + ……+an + Xn, then Y is also a normal variate. 

Proof: - Xi are independent normal variates. 

∴ 
2
iσ

2t
2
1tiμ

iX e)t(M
+

=  

and 
2
ia2

iσ
2t

2
1tiaiμ

iiX e)ta(M
+

=       …(1) 

Now M.G.F of Y = ∑
=

n

1i
iiXa is 

)t(M)t(M nXna......2X2a1X1aiXia +++=∑  

    = )t(M).......t(M)t(M nXna2X2a1X1a             [ΘXi’s are independent] 

     = )ta(M.).........ta(M).ta(M nnX22X11X       [ΘMCX(t) = MX(Ct)] 

   = ..........e.e
2t2

2a2
2σ2

1t2a2μ2t2
1a2

1σ2
1t1a1μ

++
             [from(1)] 
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   = 
( ) ⎟

⎠
⎞⎜

⎝
⎛+ ∑∑ 2

iσ
2
ia2t

2
1

iμiat
e  

which  is M.G.F of Normal distribution with Mean = ∑ iiμa and Variance = ∑ 2
i

2
i σa  

Remarks 

(1) If we take a1 = a2 = 1, a3 = a4 = ……0,  

then  X1 + X2  ∼ N(μ1 + μ2, 2
2

2
1 σσ + )  

if we take a1 = 1, a2 = −1, a3 = a4 = ……..0,  

then X1−X2 ∼ N(μ1 + μ2, 2
2

2
1 σσ + )  

Thus we see that sum as well as the difference of two independent normal variates is also a 

normal variate.  

Note: - If Xi ∼ N ( μ, σ2), Xi are identically distributed independent Normal variates, then their 

mean  

 iX ∼ N ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
n
σ,μ

2
 

Taking a1 = a2 = ……..= an = 
n
1 in the result  

 Y = ∑ iiXa ∼ N( ( )∑ ∑ 2
i

2
iii σa,μa         …(1) 

then 
n
1 (X1 + X2 + ……+ Xn) ∼ N

⎭
⎬
⎫

⎩
⎨
⎧

∑∑
==

n

1i

2
i2

n

1i
i σ

n
1,μ

n
1   

⇒ iX  ∼ N 
⎭
⎬
⎫

⎩
⎨
⎧ 2

2 σn
n
1,μn.

n
1  

       [ΘAs each Xi has mean = μ, variance = σ2] 

⇒ iX  ∼ N ⎟
⎠
⎞

⎜
⎝
⎛ 2σ

n
1,μ  

Theorem: - If X ∼ B (n, p), then prove that MGF of 
npq

npX − tends to 2/2te as n→∞. 

Proof: - Let U = 
npq

npX −  

 f(x) = nCx px qn−x 

MGF of Binomial distribution is  
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 MX(t) = (q + pet)n 

∴ MU(t) = e−at/h MX ⎟
⎠
⎞

⎜
⎝
⎛

h
t  where U = 

h
aX −  

 MU(t) = 

n

npq
t

npq
npt

peqe
⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
+

−

 

∴ log MU(t) = 
npq
npt− + n log [ ]npq/tpeq +  

      = 
npq
npt−  + n log 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

++++ .......
)npq(3|

t
npq2|
t

npq
tp1 2/3

32
 

      = )n(0)p1(
q2

t 2/1
2

−+−  

      = ⎟
⎠

⎞
⎜
⎝

⎛+
n

10
2
t 2

 

As  n→∞,  log MU(t) = t2/2 

⇒   MU(t) = 2/2te  

Area property  

 If X ∼ N(μ, σ2) 

The probability that r.v. X will lie between X = μ and X = x1 is given by  

 P(μ < X < x1) = ∫
1x

μ

dx)x(f  

             = dxe
π2σ

1 1x

μ

2

σ
μx

2
1

∫
⎟
⎠
⎞

⎜
⎝
⎛ −

−
 

Put  Z = 
σ
μX − , then z = 

σ
μx −  

If  X = μ, then Z = 0 

& when X = x1, Z = z1(say) where z1 = 
σ
μx1 −  

∴  P(μ < X < x1) = P( 0 < Z < z1) 
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             = ∫∫ =
− 1z

0

1z

0

2z
2
1

dz)z(φdze
π2

1  

where φ(z) = 2/2ze
π2

1 − is the probability function. 

The definite integral ∫
1z

0

dz)z(φ  is known as normal probability Integral & gives the area under 

Normal curve between ordinates at Z = 0& Z = z1. These are tabulated for different values of z1 

at interval of 0.01 

 

 

 

 

 

 

 

 

 

 

 P(μ − σ < X < μ + σ) = P(−1 < Z < 1) 

 = ∫∫∫ ==
−

+

−

1

0

1

1

σμ

σμ

dz)z(φ2dz)z(φdx)x(f          [Θ curve is symmetrical] 

 = 2(0.3413) 

 = 0.6826 

and P(μ − 2σ < X < μ + 2σ) = P(−2 < Z < 2) 

       = ∫∫ =
−

2

0

2

2

dz)z(φ2dz)z(φ  

       = 2(0.4772) = 0.9544 

and (μ − 3σ < X < μ + 3σ) = P(−3 < Z < 3) 

     = 2(0.4987) = 0.9974 

and outside rangeμ ± 3σ 

z=−3 z=−2 

x=μ−σ 
z=−1 

X=μ+σ 
z=1 

X=μ 
z=0 

z=3 
z=2 
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 P(|X−μ| > 3σ) = P(|Z| > 3) 

   = 1−P(−3 < Z < 3) 

   = 1−0.9974 = 0.0026 

Example: - If X ∼ N(12, 16) 

Find (i) P(X ≥ 20)  (ii) P(X ≤ 20)  (iii) P(0 ≤ X ≤ 12) 

Solution: - (i) Here μ = 12, σ = 4 

 Z = 
4

12X
σ
μX −

=
−  

∴ P(X ≥ 20) = P(Z ≥ 2) 

       = 0.5 − P(0 ≤ Z < 2) 

       = 0.5 − 0.4772 = 0.0228 

(ii) P(X ≤ 20) = 1− P(X ≥ 20) 

            = 1−0.0228 = 0.9772 

(iii) P(0 ≤ X ≤ 12) = P(−3 ≤ Z ≤ 0) = P(0 ≤ Z ≤ 3)  (due to symmmtrical) 

∴ P( 0 ≤ X ≤ 12) = 0.4987 

(iv) Find x` when P(X > x`) = 0.24 

Solution: - when X = x`, then Z = 1z
4

12x
=

−′
(say)     …(1) 

∴ P(Z > z1) = 0.24 

P(0 < Z < z1) = 0.5 − 0.24 = 0.26 

From table, z1 = 0.71 

∴(1)⇒ z1 = 
4

12x −′
= 0.71 

⇒  x′  = 14.84 

Example: - X ∼ N(
2σμ

25,30 ) 

Find  (i) P(26 ≤ X ≤ 40) (ii) X ≥ 45 (iii) |X−30| > 5 

Solution: - Here μ = 30, σ = 5 

(i)  when X = 26,   Z = 8.0
5

3026
σ
μX

−=
−

=
−  
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&  when X = 40,  Z = 0.2
5

3040
=

−  

∴ P(26 ≤ X ≤ 40) = P( − 0.8 ≤ Z ≤ 2) 

    = P(− 0.8 ≤ Z < 0.8) + P(0 ≤ Z ≤ 2) 

  = P(0 ≤ Z ≤ 0.8) + P(0 ≤ Z < 2) 

  = 0.2881 + 0.4772 

P(26 ≤ X ≤ 40) = 0.7653   

 

 

 

 

 

(ii) P(X ≥ 45) = P(Z ≥ 3) = 0.5−P(0 ≤ Z ≤ 3) 

            = 0.5−0.4987 = 0.0013 

(iii) P(|X−30|>5) 

Put |X−30| = |Y| ∴|Y| ≤ 5 

⇒ −5 ≤ Y ≤ 5 

∴ P(|X−30| ≤ 5) = P(25 ≤ X ≤ 35)  

             = P(−1 ≤ Z ≤ 1) = 2P(0 ≤ Z ≤ 1) 

Then  P(|X−30| > 5) = 1− P(|X−30| ≤ 5) 

             = 1− 0.6826 = 0.3174 

Example: - X ∼ N (12, 16) 

Find 1
0x and 1

1x  when P( 1
0x  ≤ X ≤ 1

1x ) = 0.50 and P(X > 1
1x ) = 0.25 

Solution: -  

 

 

 

 

 

 

−0.8 z=0 0.8 z=3 

0.25 
0.25 

0.25 

0.5 

x=x0′
z=z1 z=0 

x=x1′
z=z1 
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when X = 1
1

1 z
4

12xZ,x =
−′

=′  (say) 

when X = 1
0

0 z
4

12xZ,x −=
−′

=′  (from figure) 

 P(X > 25.0)X1 =′   ⇒ P( Z > z1) = 0.25 

and [P(Z > z1) = 0.5 − P(0 ≤ Z ≤ z1) = 0.25]X 

∴ P(0 < Z < z1) = 0.5 − P(Z > z1) = 0.25 

from table, z1 = 0.67 

Hence 67.0
4

12x1 =
−′

  

⇒ 1x′ = 0.67 × 4 + 12 = 14.68 

and =
−′
4

12x0 −0.67 ⇒ 32.9x0 =′  
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LESSON 8             MULTIPLE AND PARTIAL CORRELATION 

INTRODUCTION. 

When the value of the one variable is associated with or influenced by other 

variable, e.g., the age of husband and wife, the height of father and son, the supply 

and demand of a commodity and so on, Karl Pearson’s coefficient of correlation 

can be used as a measure of linear relationship between them. But sometimes there 

is correlation between many variables and the value of one variable may be 

influenced by many others, e.g., the yield of crop per acre say (X1) depends upon 

quality of seed (X2), fertility of soil (X3), fertilizer used (X4), irrigation facilities 

(X5) etc. Whenever we are interested in studying the joint effect of a group of 

variable upon a variable not included in that group , our study is that of multiple 

correlation and multiple regression. The correlation and regression between only 

two variates after eliminating the linear effect of other variates in them is called the 

partial correlation and partial regression. 

Yule’s Notation:  

 Let us consider a distribution involving three random variables X1, X2 and 

X3. Then the equation of the plane of regression of X1 on X2 and X3 is 

X1 = a +b12.3 X2 + b13.2 X3       (1) 

Without loss of generality, we can assume the variables X1, X2, and X3 have been 

measured from their respective means, so that 

 E(X1) = E(X2) = E(X3) = 0 

Hence on taking expectation of both sides in (1), we get   a = 0 

Thus the plane of regression of X1, X2, and X3 becomes 

 X1 = b12.3 X2 + b13.2 X3      (2) 
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The coefficient b12.3  and b13.2 are known as the partial regression coefficients of 

X1 on X2 and of X1 on X3 , respectively. The quantity  

e1.23 = b12.3 X2 + b13.2 X3  

is called the estimate of X1 as given by the plane of regression (1) and the quantity. 

X1.23 = X1 -  b12.3 X2 - b13.2 X3 

is called the error of estimate or residual. 

In the general case of n variable X1, X2,…… Xn   the equation of the plane of 

regression of X1 on X2, X3,……. Xn becomes 

X1 = b12.34……n X2 + b13.24……n X3+……..b1n.23……..(n-1)Xn 

The error of estimate or residual is given by 

X1.23…….n =  X1 -  b12.34……n X2 + b13.24……n X3+……..b1n.23……..(n-1)Xn. 

The notation used here are due to Yule. The subscripts before the dot (.) are 

known as primary subscripts and those after the dot are called secondary 

subscripts. The order of regression coefficient is determined by the number of 

secondary subscripts, e.g., 

 b12.3,  b12.34,…….. ,b12.34………n 

are the regression coefficients of order 1.2,……(n-2) respectively. Thus in general, 

a regression coefficient with p-secondary subscripts will be called a regression co-

efficient of order ‘p’.  It may be noted that the order in which the secondary 

subscripts are written is immaterial but the order of the primary subscripts is 

important, e.g., in b12.34………n,   X2 is independent while X1 is dependent variable but 

in b21.34………n,  X1 is independent while X2 is dependent variable. Thus of the two 

primary subscripts, former refer to dependent variable and the latter to independent 

variable. 
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 The order of the residual is also determined by the number of secondary 

subscripts in it, e.g., X1.23, X1.234,…….X1.23…..n, are the residual of order 2,3,……. 

(n-1) respectively. 

Remaks: In the following sequences we shall assume that the variable under 

consideration has been measured from their respective means. 

Plane of regression: 

 The equation of the plane of regression of X1 on X2 and X3 is 

X1 = b12.3 X2 + b13.2 X3      (3) 

The constants b’s in (3) are determined by the principle of leastsquares, i.e., by 

minimizing the sum of the squares of the residual, viz., 

S = ∑ X1.23
2 = ∑ (X1 - b12.3 X2 - b13.2 X3)2, 

the summation being extended to the given values (N in number) of the variables. 

The normal equation of estimating  b12.3 and b13.2 are 

⎪
⎪
⎭

⎪⎪
⎬

⎫

−−−==
∂
∂

−−−==
∂
∂

∑

∑

)XbXbX(X20
b

S

)XbXbX(X20
b

S

32.1323.1213
2.13

32.1323.1212
3.12       (4) 

 i.e.,  ∑ X2 X1.23 = 0  and ∑ X3 X1.23 = 0    (5) 

⎪⎭

⎪
⎬
⎫

−−

−−⇒

∑∑∑
∑∑∑

2
32.13323.1231

322.13
2
23.1221

XbXXbXX

XXbXbXX
        (6) 

Since Xi’s are measured from their respective means, we have  
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⎪
⎪
⎭

⎪
⎪
⎬

⎫

σσ
=

σσ
=

==σ

∑
∑∑

ji

ji

ji

ji
ij

jiji
2
i

2
i

N
XX)X,X(Cov

r

XX
N
1)X,X(Cov,X

N
1

      (7) 

Hence from (6), we get 

r12 σ1 σ2 – b12.3 σ2
2 – b13.2r23 σ2 σ3 = 0 

 r13 σ1 σ3 – b12.3 r23 σ2 σ3 – b13.2 σ3
2 = 0     (8) 

solving equations (10.30d) for b12.3 and b13.2, we get 

1r
r1
1r

rr

r
r

r
rr

b

23

23

13

2312

2

1

3223

3232

3113

323112

3.12 σ
σ

=

σσ
σσ

σσ
σσ

=           (9) 

Similarly, we obtain 

1r
r1
rr
r1

b

23

23

1323

12

3

1
2.13 σ

σ
=               (10) 

If we write 

1rr
r1r
rr1

3231

2321

1312

=ω               (11) 

And ωij is the cofactor of the element in the ith row and jth column of ω, we have 

from (9) and (10) 

11

12

2

1
3.12b

ω
ω

σ
σ

−=  and  
11

13

3

1
2.13b

ω
ω

σ
σ

−=     (12) 
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Substituting thes values in (3), we get the required equation of the plane of 

regression of X1 on X2 and X3 

0.
X

.X.X

0X.X..X

13
3

3
12

2

2
11

1

1

3
11

13

3

1
2

11

12

2

1
1

=ω
σ

+ω
σ

+ω
σ

⇒

=
ω
ω

σ
σ

−
ω
ω

σ
σ

−=

    (13) 

or Eliminating the coefficient b12.3 and b13.2 in (3) and (8), the required equation of 

the plane of regression of X1 on X2 and X3 becomes 

0
rr

rr
XXX

2
332233113

3223
2
22112

321

=
σσσσσ
σσσσσ  

Dividing C1, C2 and C3 by σ1, σ2 and σ3 respectively and also R2 and R3 by σ2 and σ3 

respectively, we get  

0
1rr
r1r

XXX

2313

2312

3

3

2

2

1

1

=
σσσ

 

0.
X

.
X

.
X

13
3

3
12

2

2
11

1

1 =ω
σ

+ω
σ

+ω
σ

⇒  

Where ωij is defined in (11) 

Generalization: 

In general, the equation of the plane of regression of X1 on X2, X3…… Xn is 

X1 = b12.34……n X2 + b13.24……n X3+……..b1n.23……..(n-1)Xn  (14) 

The sum of the squares of residuals is given by 



  192

∑= 2
n......23.1XS  

     = ∑( X1 -  b12.34……n X2 + b13.24……n X3 -……..b1n.23……..(n-1)Xn   

Using the principle of least squares, the normal equations for estimating the 

(n-1), b’s are 

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎭

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎬

⎫

−−−−==
∂

∂

−−−−==
∂

∂

−−−−==
∂

∂

−

−

−

∑

∑

∑

)Xb...........XbXbX(X20
b

S
.
.
.
.

)Xb...........XbXbX(X20
b

S

)Xb..........XbXbX(X20
b

S

n)1n.(..........23.n13n..........24.132n.........34.121n
n.........23.n1

n)1n.(..........23.n13n..........24.132n.........34.1213
n.........24.13

n)1n.(..........23.n13n..........24.132n..........34.1212
n.......34.12

                (15) 

i.e.,  ∑ == )n,.......3,2i(,0XX n.....23.1i     (16) 

which on simplification after using (7)   

r12 σ1 σ2 =  b12.34…….n σ2
2 + b13.24………nr23 σ2 σ3 + ……b1n.23………(n-)r2n σ2 σn = 0 

r13 σ1 σ3 =  b12.34…….n r23 σ2 σ3 + b13.24……..n σ3
2 + …….b1n.23………(n-)r3n σ3 σn = 0 

.   .    . 

.   .    . 

.   .    . 

r1n σ1 σn =  b12.34…….n r2n σ2 σn + b13.24……..n r3n σ3 σn + …….b1n.23………(n-) σn
2 = 0

 (15) 



  193

 Hence, the elimination of b’s between (14) and (15) yields     

          

 0

.........rrr

r..............rr
r.............rr

X............XXX

2
nn3n3n2n2n1n1

n3n3
2
332233113

32233223
2
22112

n321

=

σσσσσσσ

σσσσσσσ
σσσσσσσ

Κ
ΜΜΜΜΜ

 

Dividing C1, C2 …….. ,Cn by σ1, σ2…….σn respectively and also R2, R3…..Rn by 

σ2, σ3…. σn respectively, we get  

0

1.........rrr
........

r........1rr
r.........r1r

X
........

XXX

n3n2n1

n32313

n23212

n

n

3

3

2

2

1

1

=

σσσσ

ΜΜΜΜ

    (18) 

If we write 

1......rrr

r......1rr
r......r1r
r......rr1

3n2n1n

n33231

232321

n11312

ΜΜΜΜΜ
=ω            (19) 

And ωij is the cofactor of the element in the ith row and jth column of ω, we get 

from (18) 

0.
X

..................
X

.
X

.
X

n1
n

n
13

3

3
12

2

2
11

1

1 =ω
σ

++ω
σ

+ω
σ

+ω
σ

⇒  (20) 

As the required equation of plane of regression of X1 on  X2, X3…… Xn. 

Equation (20) can be re-written as 
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0X...........X.X..X n
11

n1

n

1
3

11

13

3

1
2

11

12

2

1
1 =

ω
ω

σ
σ

−
ω
ω

σ
σ

−
ω
ω

σ
σ

−=  (21) 

 Comparing (21) with (14), we get 

⎪
⎪
⎪
⎪

⎭
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⎪
⎪

⎬

⎫

ω
ω

σ
σ

−=

ω
ω

σ
σ
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ω
ω

σ
σ

−=

−
11

n1

n

1
)1n......(23.n1

11

13

3

1
24.13

11

12

2

1
34.12

b

b

b

ΜΜ
    (22)  

Properties of residuals 

Property 1. The sum of the product of any residual of order zero with any other 

residual of higher order is zero, provided the subscript of the former occurs among 

the secondary subscripts of the latter. 

 The normal equation for estimating b’s in trivarate and n-variate 

distributions are  

     ∑ X2 X1.23 = 0,  ∑ X3 X1.23 = 0   

And      ∑ Xi X1.23…..n = 0 ; I = 2,3,……n 

respectively. Here Xi, (i = 1,2,3…….,n) can be regarded as a residual of order zero.  

Property 2. The sum of the product of any two residual in which all the secondary 

subscripts of the first occur among the secondary subscripts of the second is 

unaltered if we omit any or all the secondary subscripts of the first.  

e.g.   ∑ X1.2 X1.23 = ∑ X1 X1.23 

also ∑X1.23
2 = ∑ X1 X1.23 

so ∑X1.23
2 = ∑ X1.2 X1.23 = ∑ X1 X1.23 
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Property 3. The sum of the product of two residuals is zero if all the subscripts 

(primary as well as secondary) of the one occur among the secondary subscripts of 

the other, e.g., 

 ∑ X1.2 X3.12 = 0 

 

Variance of the Residuals 

Let us consider the plane of regression of X1 on X2, X3…… Xn as. 

 X1 =  b12.34……n X2 + b13.24……n X3 +……..b1n.23……..(n-1)Xn  

Since all the Xi’s are measured from their respective means, we have  

E(Xi) = 0; i = 1,2,3,……n     ⇒ E(X1.23…….n) = 0 

Hence the variance of the residual is given by 

∑∑ =−=σ 2
n....23.1

2
n....23.1n....23.1

2
n....23.1 X

N
1)]X(EX[

N
1  

∑∑ ==σ n....23.11n....23.1n....23.1
2

n....23.1 XX
N
1XX

N
1

 

2n)1n....(23.n13n....24.132n....34.1211 Xb.........XbXbX(X
N
1

−−−−= ∑  

n1n1)1n........(23.n13113n....24.132112n....34.12
2
1 rb...............rbrb σσ−−σσ−σσ−σ= −  

n1n1)1n........(23.n13113n....24.132112n....34.12
2

n......23.1
2
1 rb...............rbrb σσ−−σσ−σσ=σ−σ⇒ −  

Eliminating the b’s we get  
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Dividing R1, R2…..Rn by σ1, σ2…. σn  respectively and also C1, C2 …….. ,Cn by σ1, 

σ2…….σn respectively,  we get  
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1.....rr

r......1r
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n1122
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 0112
1

2
n......23.1 =ω

σ
σ

−ω⇒  

11

2
1

2
n......23.1 ω

ω
−σ=σ∴         (23) 

Remarks: In a tri-variate distribution, 

11

2
1

2
n......23.1 ω

ω
−σ=σ∴     (24) 

Where ω  and  ω11 are defined in (11) 

 

 



  197

Coefficient of Multiple Correlation:  

In a tri-variate distribution in which each of the variables X1, X2 and X3 has N 

observations, the multiple correlation coefficient of X1 on X2 and X3, usually 

denoted by R1.23,is the simple correlation coefficient between X1 and the joint effect 

of X2 and X3 on X1. In other words R1.23 is the correlation coefficient between X1 

and its assumed value as given by the plane of regression of X1 on X2 and X3 i.e. 

e1.23 = b12.3 X2 + b13.2 X3  

we have, 

X1.23 = X1 -  b12.3 X2 - b13.2 X3 = X1- e1.23 

⇒ e1.23 = X1 - X1.23 

Since Xi’s are measured from their respective means, we have 

E(X1.23) = 0 and E(e1.23) = 0 

By definition 

)e(V)X(V
)e,X(Cov

R
23.11

23.11
23.1 =           (25) 

Cov (X1, e1.23) = E[{X1-E(X1)}{ e1.23-E(e1.23)}]= E(X1, e1.23) 

  = σ1
2 –σ1.23

2 

Also  

V(e1.23) = σ1
2 –σ1.23

2 

)(
R

2
23.1

2
1

2
1

2
23.1

2
1

23.1
σ−σσ

σ−σ
=  
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2
1
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23.1R1
σ
σ
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Using (24), we get 
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2
23.1R1

ω
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Where, 
1rr
r1r
rr1

3231

2321
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Hence from (27), we get 
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This formula expresses the multiple correlation coefficient in terms of the total 

correlation coefficients between the pairs of variables 

Generalisation: 
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Where ω and ω11 are defined in (19) 
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Coefficient of Partial Correlation: 

 The partial correlation coefficient between X1 and X2, usually denoted by 

r12.3 is given by 

 
)X(Var)X(Var

)X,X(Cov
r
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Similarly, we can get    )r1()X(Var 2
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2
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Example:  From the data relating to the yield of grain  (X1),fertilizer used (X2) and 

whether condition (X3) for 18 crops the following correlation coefficients were 

obtained: 

 r12 = 0.77 ,     r13 = 0.72,     r23 = 0.52 

Fond the partial correlation coefficient r12.3 and multiple correlation coefficient R1.23 

Solution: 

62.0
))52.0(1)()72.0(1(

)52.072.077.0(
)r1)(r1(

)rrr(
r

222
23

2
13

231312
23.1 =

−−

×−
=

−−

−
=  

7334.0
)52.0(1

)52.0)(72.0)(77.0(2)72.0()77.0(
r1

rrr2rr
R 2

22

2
23

231312
2

13
2

122
23.1 =

−

−+
=

−
−+

=  

R1.23 =    +0.8564 

 

Central Limit Theorem 

If X1, X2 ,………. Xn are independent and identically distributed variables with 

 E(Xi) = μ1 

 V(Xi) = σ1
2 , i = 1,2,……n 

Then the sum Sn = X1 + X2+………. +Xn is asymptotically normal with mean μ = 

n μ1 and variance σ2 = n σ1
2 

Hence we make the following assumptions 

(i) The variable are independent and identically distributed 

(ii)  E(X2
i) exists for i = 1,2,….. 
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Proof: Let M1(t) denote the M.G.F. of each of the derivation (Xi-μ1) and M(t) 

denote the M.G.F. of the standard variate 

   Z = (Sn-μ)/σ 

Since 2
1

2
1i21i1 )X(E,0)X(E σ=μ−=′μ=μ−=′μ  

We have 
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⎢
⎣

⎡
+σ+=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+′μ+′μ+′μ+=

)t(O
2
t1

........
6
t

2
tt1)t(M

32
1

2

2

3

2

211

   (1) 

Where )t(O 3  contains terms of order t3  and higher powers of t 

We have 
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And since Xi’s are independent, we get 
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For every fixed ‘t’, the term O(n-3/2)→0 as n→∞. Therefore, as n→∞, we get 
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, 

which is the M.G.F. of standard normal variate 

Hence by uniqueness theorem of M.G.F.’s,   Z = (Sn-μ)/σ is asymptotically N(0, 1), 

or  Sn = X1 + X2+………. +Xn is asymptotically  N(μ, σ2), where μ = n μ1 and  σ2 = 

n σ1
2 

Weak Law of Large Number: 

Let X1 , X2,………. ,Xn be a sequence of random variables and μ1, μ2, ……, μn 

Be their respective expectation and let 

Bn = Var (X1 + X2+………. +Xn) < ∞ 

Then η−≥
⎭
⎬
⎫

⎩
⎨
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For all n > n0, where ε and η are arbitrary small positive numbers, provided 
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Proof. Using Chebychev’s inequality, to the random variable  

(X1 + X2+………. +Xn)/n, we get for any ε >0, 
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Since ε is arbitrary, we assume 22
n

n
B
ε
→∞, as n becomes indefinitely large. Thus, 

having chosen two arbitrary small positive numbers ε and η, number n0 can be 

found so that the inequality 

  22
n

n
B
ε

 < η, is 1 

Is true  for n > n0. Therefore,  we shall have   
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⎬
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Chi-Square Distribution 

Definition. If X ~ N(μ, σ2) , then 
σ
μ−

=
XZ ~  N(0, 1) 

And 
2

2 XZ ⎟
⎠
⎞

⎜
⎝
⎛

σ
μ−

= , is the chi-square variate with 1 d. f 

In general, if Xi,(i=1.,2,……n) are n independent normal variates with men μi and 

variance σ2
i, (i=1.,2,……n), then 

∑
=

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
σ
μ−

=χ
n

1i

2

i

ii2 X , is the chi-square variate with n d. f 

Chi-square distribution: if Xi,(i=1.,2,……n) are independent N(μi, σ2
i), we want 

the distribution of 
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==

=⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
σ
μ−

=χ
n

1i

2
i

n

1i

2

i

ii2 UX  

Where 
i

ii
i

X
U

σ
μ−

=  

Probability density function 

( )

,d)()
2

exp(.
)2/n(2

1

d)()
2
1exp(.

)2/n(
2

1
)(dP

21)2/n(2
2

2/n

21)2/n(22

2/n

2

χχ⎥
⎦

⎤
⎢
⎣

⎡ χ
−

Γ
=

χχ⎥⎦
⎤

⎢⎣
⎡ χ−

Γ
=χ

−

−

 20 χ≤ <∞ 

Which is the required probability distribution function of chi-square distribution 

with n degree of freedom 

 

Students t distribution 

Definition. Let xi ( i=1, 2, 3,…,n) be a random sample of size n from a 

normal population with mean μ and variance σ2. Then student ‘s t is 

defined by the statistic 

  n
s

xt μ−
= , 

where  x  is the sample mean and s2 is an estimate of population variance of 

σ2 . It follows Student t –distribution with ν = (n-1) degrees of freedom 

with probability density function   
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2
12

}t1){
2

,
2
1(B

1)t(f
+ν

ν
+

ν
ν

=      - ∞ < t < ∞ . 

Moments 

The probability curve of t is  symmetrical  about t=0 and therefore,  

Mode=mean =median=0 

All odd order moments are zero i.e. μ2r+1 =0 

Even order moments are given by 

 μ2r = μ2r
’
  = ∫

∞

+ν∫
∞

∞−

ν
+

ν
ν

=
0

2
12

r2
r2 dt

}t1{

t

)
2

,
2
1(B

2dt)t(ft  

=
)

2
,

2
1(B

)
2
1r,r

2
(Br

ν

+−
ν

ν
 

Put r=1, then μ2 = 
2n

n
−

 ,    n>2, 

is known as variance. 

 

F –distribution. 

If U and V are two independent χ2 variates with ν1 and  ν2 degrees of freedom, 

respectively, then F –statistic is defined by  
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  F=
)V(

)U(

2

1

ν

ν
, (ν1> ν2),    |  as   

2

2

2

1

~V

~U

ν

ν

χ

χ
 

In other words, F is defined as the ratio of two independent chi-square variates 

divided by their respective degrees of freedom and it follows Snedecor’s F-

distribution with (ν1,  ν2) degrees of freedom with density function given by  

2
2

1

1
2

21

2
2

1

21

1
1

}F1{

F

)
2

,
2

(B

)(
)F(f

ν+ν

−
ν

ν

ν
ν

+
νν

ν
ν

= ,   0 < F < ∞ . 

Moments. 

The rth moment about origin is given by 

 μr 
‘ =E(Fr) = =∫

∞

0

r dF)F(fF ∫
∞

ν+ν

−
ν

ν

ν
ν

+
νν

ν
ν

0
2

2

1

1
2

21

2
2

1r

dF

}F1{

F

)
2

,
2

(B

)(F

21

1
1

 

)r
2

,
2

r(B
)

2
,

2
(B

)(
21

21

r

1

2

'
r −

νν
+

νν
ν
ν

=μ  

Putting r=1, we get mean = 
22

2'
1 −ν

ν
=μ  

Further 
)4)(2(

)2(

222

1
2

2'
2 −ν−νν

+νν
=μ ,     2ν >4 
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Now variance is obtained from  
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

−ν−νν
ν+νν−−ν

−ν
ν

=μ−μ=μ
)2)(4(
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