Or

Let f and g be bounded measurable functions
defined on a measurable set E of finite

measure. Then prove that :

0 JU+e)=]r+]e

E E

(ii)) If f < g a.e, then prove that jfﬁjg.
E E

Hence

[r
E
(i) If a< f(x)<p, then prove that :
o m(E)< j f(x)dx <Bm(E)
E

sﬂf\.
E

(iv) If E; and E, are disjoint measurable
subsets of E, then prove that : 12

[r Jr+lr

E,UE, E, E,

12. State and prove Vitali’s covering lemma by

giving full details. 12
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Section A

Note : Attempt any Seven questions. 7x5=35

1.

Let f be a continuous function and g be a
measurable function, then prove that the
composite function f o g is measurable.

Prove that a continuous function defined on a
measurable set is measurable. Is the converse
true ? If not, justify by giving a suitable
example.
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Show by giving a suitable example (with
solution) that there are sequences of measurable
functions that converge in measure but fail to

converge at any point.

Prove that a bounded measurable function f
defined on a measurable set E of finite measure

is Lebesgue integrable.

If If =0 and f(x) > 0 on E, then prove that
E

f=0 ae.

State bounded convergence theorem. Verify this

theorem for the sequence of functions

fn(x)z%,Ostl,neN_

X
1+~
n

Prove that a measurable function f'defined on E

is integrable over E iff | f | is integrable over E.
Also, using this result, prove that if f is an
integrable function, then it is finite-valued a.e.

J-0362 2

10.

State four properties of Dini’s derivatives. Also
give an example of the functions f and g for
which D+(f+g) #D"f+D'g.

If fis a function of bounded variation, then
prove that it is measurable.

State and prove Fundamental theorem of
integral calculus.

Section B

Note : Attempt all the questions.

11.

State and prove Lebesgue dominated
convergence theorem. Use this theorem to
evaluate the following integral :

1
lim [ £, (x)dx,
0

n—0

n3/2x

where f,(x) = neN,xel0, 1]

1+n2x%
Also by giving a suitable example, show that
the existence of an integrable ‘dominant
function’ in this theorem is sufficient but not
necessary for the interchange of the limit and
integral operations. 12
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13.

Or

If fand g are absolutely continuous functions

on [a, b], then prove that functions :

@ f+g

(i) fg

(i) flg (g # 0)

are also absolutely continuous functions on
[a, b]. 12

Define characteristic function and simple
function. Give an example of simple function.
Also show that a function is simple if and

only if it is measurable and assumes only a

finite number of values. 11

Or
State and prove Lusin theorem. 11
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