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1.1. Introduction

With the class of measurable sets in mind, we introduce a rich class of
functions; namely, the class of measurable functions which includes the class
of continuous functions as a proper subclass. The class of measurable
functions plays a role of central importance in Lebesgue theory of integration.
It will assume a place comparable to that of the class of functions which are
bounded and continuous almost everywhere in the Riemann theory of
integration and of functions of bounded variation in the instance of Stieltjes
integrals. Roughly speaking, a function is integrable if its behaviour is not too
irregular, and if the values it takes are not too large too often. The second
requirement is equivalent to the existence of the equality of the upper and
lower integrals. We now introduce the notion of measurability which gives
precisely the conditions required for the integrability, given that the function is
not too large. In many cases, it is easier to examine the measurability of a

function than to investigate its upper and lower integrals directly.



1.2. Measurable Function

1.2.1 Definition. Let E be a measurable set and f a function defined on E.
Then f is said to be measurable (Lebesgue function) if for any realm any one

of the following four conditions is satisfied.

@) {x]| f(x) > a} is measurable
(b) {x] f(x) = a} is measurable
(©) {x] f(x) < a} is measurable
(d) {x] f(x) < a} is measurable.
We show first that these four conditions are equivalent. First of all we show
that (a) and (b) are equivalent.
Since

{xl f(x) > a} ={x| f(x) < a}f
and also we know that complement of a measurable set is measurable,
therefore (a) = (d) and conversely.
Similarly since (b) and (c) are complement of each other, (c) is measurable if
(b) is measurable and conversely.
Therefore, it is sufficient to prove that (a) = (b) and conversely. Firstly we
show that (b) = (a) . The set {x| f(x) = a} is given to be measurable.

Now

> = | Jfrl 0 20+ 1)
n=1

But by (b), {x| f(x) = a + 1} is measurable. Also we know that countable

union of measurable sets is measurable.

Hence {x|f(x) > o} is measurable which implies that (b) = (a)

Conversely, let (a) holds. We have
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| f(x)za}=Dl{x | f) > a-2)

The set {x| f(x) > a — 1} is measurable by (a). Moreover, intersection of
measurable sets is also measurable. Hence {x| f(x) > a} is also measurable.

Thus (a) = (b) . Hence the four conditions are equivalent.
Lemma.l.2.2. If m is an extended real number then these four conditions

imply that {x| f(x) = a} is also measurable.

Proof. Let m be a real number, then

x| f) =a} = {x| f(x) 2 a}n{x| f(x) < a}.

Since {x| f(x) = a} and {x| f(x) < a} are measurable by conditions (b) and
(d), the set {x| f(x) = a} is measurable being the intersection of measurable

sets. Suppose o = +oo. Then

(el £ = 0} = [l F) 2 m)

which is measurable by the condition (b) and the fact that intersection of

measurable sets is measurable.

Similarity when a = —oo, then

o)

(x1 () = —o0) = [ )il F0) < =)

n=1

which is again measurable by condition (d). Hence the result follows.

Second definition of Measurable functions




We see that
{x| f(x) > a}

is inverse image of ( a, o0]. Similarly the sets
{x| f(x) > a}, {x| f(x) > a}, {x]| f(x) > a} are inverse images of [a, ],
[—o0,a) and [—oo, ] respectively. Hence we can also define a measurable

function as follows.

A function f defined on a measurable set E is said to be measurable if for any

real a any one of the four conditions is satisfied :

(@) The inverse image f~!(a,o] of the half- open interval (a,co0] is
measurable.

(b) For every real m, the inverse image f~![ «, o] of the closed interval
[ o, o] is measurable.

(c) The inverse image f~![—o,a) of the half open interval [—oo,q) is
measurable.

(d) The inverse image f~'[—o,a] of the closed interval [—oo,a] is
measurable.

Remark 1.2.3. It is immediate that a necessary and sufficient condition for
measurability is that {x| a < f(x) < b} should be measurable for all a, b
[including the case a = —oo, b = +oo], for any set of this form can be written

as the intersection of two sets

x| f) za}nix|f(x) <b},

if f is measurable, each of these is measurable and so is {x | a < f(x) < b}.
Conversely any set of the form occurring in the definition can easily be
expressed in terms of the sets of the form



{x|]a<f(x)<b}.

Remark 1.2.4. Since (0, o) is an open set, we may define a measurable
function as “A function f defined on a measurable set E is said to be
measurable if for every open set G in the real number system, f~1(G) is a
measurable set.

Definition.1.2.5. Characteristic function of a set E is defined by

(1 if x€E

This is also known as indicator function.

Example of a Measurable function

Example.1.2.6. A constant function with a measurable domain is measurable.
Solution. Let E be a measurable set and let : E - R* be a constant function

definition by f(x) = K(constant) . Then for any real m, we have

{x: f(x) >a} = {Z L.i}]: g;:

Since both E and ¢ are measurable, it follows that the set {x : f(x) > a} and
hence f is measurable.

Theorem. 1.2.7. For any real ¢ and two measurable real- valued functions f,
g the four functions cf, f + g, fg are measurable.

Proof. We consider the function cf. In case ¢ = 0, cf is the constant function 0
and hence is measurable since every constant function is continuous and so

measurable. In case ¢ > 0 we have



{xl of (¥) > a} = (xIf () >} = f71(5, 0],

and so measurable.

In case ¢ < 0, we have
{xlcf(x) <Z>71}={xI f(x) <3}

and so measurable.

Now if f and g are two measurable real valued functions defined on the
same domain, we shall show that f 4+ g is measurable. To show iit, it is
sufficient to show that the set {x| f(x) + g(x) > a} is measurable. if f(x) +
g(x) > a, then f(x) < a - g(x) and by the Cor. of the axiom of Archimedes

there is a rational number r such that
a—gx) <r<f(x)
Since the functions f and g are measurable, the sets
{x| f(x) >r}and {x| g(x) > a — 1}

are measurable. Therefore, there intersection

Sr={xlf)>rin{x|glx) >a—r}
is also measurable.

It can be shown that
{x| f(x) + g(x) > a} = U{S,| risarational}

Since the set of rational is countable and countable union of measurable sets is

measurable, the set U{S,.| r is a rational} and hence {x| f(x) + g(x) > a} is



measurable which proves that f(x) + g(x) is measurable. From this part it
follows thatf - g = f + (—g) is also measurable, since when g is measurable
(—g) is also measurable.
Next we consider fg.

The measurability of f g follows from the identity

[(F+9)° - f*-g°],

N |-

fg=

if we prove that f2 is measurable when f is measurable. For this it is
sufficient to prove that {x € E| f2(x) > a}, m is a real number, is measurable.
Let a be a negative real number. Then it is clear that the set {x| f2(x) > a} =
E(domain of the measurable function f) . But E is measurable by the
definition of . Hence {x| f%(x) > a} is measurable when m < 0.

Now let @ > 0, then

{x| f2(x) > a} = {x| f(x) > Va} U {x| f(x) < —Va}
Since f is measurable, it follows from this equality that

{x| f*(x) > a}
is measurable fora > 0 .

Hence f2 is also measurable when f is measurable. Therefore, the theorem
follows from the above identity, since measurability of f and g imply the
measurability of +g . From this we may also conclude that f/g(g # 0) is
also measurable.

Theorem 1.2.8. If f is measurable, then |f] is also measurable.

Proof. It suffices to prove the measurability of the set
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{x| |f(x)| > a}, where a is any real number.

If @ < 0, then
{x| |f(x)| > a} = E (domain of f)

But E is assumed to be measurable. Hence {x| |f(x)| > a} is measurable for
a <0.
If « > 0 then

UG > a} = {x| f(x) > a} U {x]| f(x) < —a}

The right hand side of the equality is measurable since f is measurable. Hence
{x| |f(x)] > a} is also measurable. Hence the theorem is proved.

Theorem 1.2.9. Let {f,,}7-, be a sequence of measurable functions. Then

Sup{flffZl ""fn}l inf{flerI -"'fn}a

sup fu, fn,lim f,andlim f, are measurable.

Proof. Define a function

M) = sup {fi,fz, - fa}

We shall show that {x| M(x) > a} is measurable.

In fact

n

M@ > o = Jixl h@ >

=1

Since each f; is measurable, each of the set {x| f;(x) > a} is measurable and
therefore their union is also measurable. Hence {x| M(x) > a} and so M(x) is

measurable.
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Similarly we define the function

m(x) = inf {f1, 2, e, fu}

Since m(x) < a iff f;(x) < m for some i we have

txim@) < ) = | Jixl 0 < @)
i=1

and since {x| f;(x) < a} is measurable on account of the measurability of f;, it
follows that {x| m(x) < a} and so m(x) is measurable.
Define a function

M'(x) = supfu(x) = sup(f1, for--. fr)

We shall show that the set
{x| M'(x) > a}

is measurable for any real m.

Now

M0 > ay = il 0 > @)

is measurable, since each f,, is measurable.

Similarly if we define

m'(x) = inf f,(x),

then

cm' ) <ay=| Jixl o <)
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and therefore measurability of f,, implies that of m’(x) . Now since

lim f,=1lim sup f, =inf{supf,}
and lim f, = sup {inf f,},
the upper and lower limits are measurable.

Finally if the sequence is convergent, its limit is the common value of lim f,
and lim f,, and hence is measurable.

Definition.1.2.10. Let f and g be measurable functions. Then we define
f* = Max (f,0)
f~ = Max (—f,0)

fvg= —f+‘g+2|f_‘g| i.e. Max (f,g)

and

fAg =f+g+f_g|i.e. min (f, g)

Theorem 1.2.11. Let f be a measurable function. Then f*and f~ are both
measurable.

Proof. Let us suppose that > 0 . Then we have

ff=fand f- =0 (i)
So in this case we have

f=rr=f

Now let us take f to be negative. Then
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f* = Max (—f,0) =0
f~= Max (f,0) =0

(ii)
Therefore on subtraction
f=ft—f"

In case = 0, then

fr=0f"=0
(iii)
Thus for all £ we have

f=f"—f"

(iv)

Also adding the components of (i) we have

f=Ifl=f"+f"
(v)

Since f is positive.

And from (ii) when f is negative we have

fr+fm=0-f==f=Ifl
(vi)

In case fis zero, then



fr4f7=0-0=-0=]|f]
That is for all f, we have
[fl=f*+f

Adding (iv) and (viii) we have
fHIfl=27"

> fr=—(f+1fD
Similarly on subtracting we obtain

fm=20Uf1-F

14

(vii)

(viii)

(ix)

(x)

Since measurability of fimplies the measurability of | f]| it is obvious from

(ix) and (x) that f* and £~ are measurable.

Theorem 1.2.12. If f and g are two measurable functions, then f v g and

f A g are measurable.
Proof. We know that

fugftatlizg
fag=Lta-li-g

Now measurability of f= measurability of |f|. Also if f and g are

measurable, then f + g, f - g are measurable. Hence f v g and f A g are

measurable.
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We now introduce the terminology ‘“almost everywhere” which will be
frequently used in the sequel.

Definition 1.2.13. A statement is said to hold almost everywhere in E if and
only if it holds everywhere in E except possibly at a subset D of measure zero.
Examples (a) Two functions f and g defined on E are said to be equal almost
everywhere in E iff f(x) = g(x) everywhere except a subset D of E of

measure Zero.

(b) A function defined on E is said to be continuous almost everywhere in E if
and only if there exists a subset D of E of measure zero such that f is
continuous at every point of E —D.

Theorem 1.2.14. (a) If f is a measurable function on the set E and E; C E is
measured set, then f is a measurable function on Ej;.

(b) If f is a measurable function on each of the sets in a countable collection
{E;} of disjoint measurable sets, then f is measurable.

Proof. (a) For any real m, we have {x € E;, f(x) > a} right- hand side is
measurable. {x € E; f(x) > a} N E;. The result follows as the set on the
right-hand side is measurable.

(b) Write E = U2, E; Clearly, E, being the union of measurable set is
measurable. The result now follows, since for each real m, we have E =
{(x €Ef(x)>a} = (U2 Ei| f(x) > a}.

Corollary 1.2.15. Let {f,,} be a sequence of measurable functions such that
lim,_« f, = f almost everywhere. Then f is a measurable function.

Proof. We have already proved that if {f,,} is a sequence of measurable
functions then lim,,_,, f,, is measurable. Also it is given that lim,,. f, = f
a.e. Therefore using the above theorem it follows that f is measurable.
Theorem 1.2.16. Characteristic function y, is measurable if and only if A is
measurable.

Proof. Let A be measurable. Then
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_(1if x€A
XA(X)_{Oif x@Ai.e.x €A

Hence it is clear from the definition that domain of y, is A U A® which is
measurable due to the measurability of A. Therefore, if we prove that the set
{x| x4 > a} is measurable for any real m, we are through.

Letx > 0. Then
x| xa>a}={x| xa=1}

= A (by the definition of Ch. fn.)

But A is given to be measurable. Hence for a > 0. The set {x | y4 > a} is
measurable.

Now let us take o« < 0 . Then
{x|xs>a}=AUA

Hence {x | x4, > a} is measurable for a < 0 also, since A U A° has been
proved to be measurable. Hence if A is measurable, then y, is also
measurable.

Conversely, let us suppose that y,(x) is measurable. That is, the set {x | y, >
a} is measurable for any real m.

Letm > 0. Then
Xlxa>a}={x|xa=1}=4

Therefore, measurability of {x | y, > a} implies that of the set Afor « > 0.
Now consider < 0. Then

{x|xa>a}=AUA"

Thus measurability of y,(x) implies measurability of the set A U A® which

imply A is measurable.
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Remark 1.2.27. With the help of above result, the existence of
non- measurable function can be demonstrated. In fact, if A is
non- measurable set then x4 cannot be measurable.

Definition 1.2.18. A function ¢, defined on a measurable set E, is called
simple if there is a finite disjoint class {E;, E,, ..., E,} of measurable sets and a

finite set {ay, ay, ..., a, } of real numbers such that

_(a; if x € E;,;i=12,..,n
f(x)‘{o if x¢E, UE,U..UE,

Thus, a function is simple if it is measurable and takes only a finite number of
different values.

The simplest example of a simple function is the characteristic function xg of
a measurable set E.

Definition 1.2.19. A function fis said to be a step function if

fX)=GC, &1 <x<§

for some subdivision of [a, b] and some constants C;. Clearly, a step function
is a simple function.

Theorem 1.2.20. Every simple function ¢ on E is a linear combination of
characteristic functions of measurable subsets of E.

Proof. Let ¢ be a simple function and c;, c,...,c, denote the non- zero real

numbers in its image (E) . For each = 1,2, ..., n, let
A ={x € E:¢p(x) = C;}

Then we have

n
=) Cia,
i=1
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On the other hand, if ¢ (E) contains no non- zero real number, then ¢ = 0 and
is the characteristic function x4 ofthe empty subset of E.

It follows from Theorem 10 that simple functions, being the sum of
measurable functions, is measurable. Also, by the definition, if f and g are
simple functions and c is a constant, then f + c, cf, f + g and f g are simple.

Approximation Theorem

Theorem 1.2.21. For every non- negative measurable function f, there exists

a non-negative non-decreasing sequence {f,,} of simple functions such that
lim f, () = fQ),x €E

In the general case if we do not assume non-negativeness of , then we say. For

every measurable function f, there exists a sequence {f,,}, n € N of simple

function which converges (pointwise) to f .

i.e. “Every measurable function can be approximated by a sequence of simple

functions.”

Proof. Let us assume that f(x) > 0 and € E . Construct a sequence

i—1 i—1 i .
fn(x) = { on for on < f(x) < z_n;l = 1,2, ...,le

n for f(x) =2n

for every n € N. If we take n = 1, then

i—1 i—1

fi(x) = { —— for ——<f)<5i=12

1 for f(x) =21
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for 0 <f(x)<;
for %Sf(x)<1
for f(x) =1

That is, filx) =

ANIe o

Similarly by taking n = 2, we obtain

fz(x)={i%1 for ileSf(x)<§,i=1,2,...,8
2 for f(x) =2
That is,

(0 for Osf(x)<%

1 1 1

fz(X)=4§ for gSf(x)<5
|; for ;sf(x)<2
2 for fx) =2

Similarly we can write f5(x) and so on. Clearly all f;, are positive whenever f
is positive and also it is clear that f,, < f,,+1. Moreover f, takes only a finite
number of values. Therefore {f,} is a sequence of non- negative, non-
decreasing functions which assume only a finite number of values.

Let us denote

-1 i i—1 i
Bu= f o ] = e Bl S s f@ <5

and
E, = f"!n,o0] = {x € E|f(x) = n}

Both of them are measurable. Let
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foreveryn e N .
ni-1 . .
Now Y4 lz—n)(En. is measurable, since E,, has been shown to be measurable
L

and characteristic function of a measurable set is measurable. Similarly yg is

also measurable since E,, is measurable. Hence each f;, is measurable. Now we
prove the convergence of this sequence.

Let f(x) < oo. That is f is bounded. Then for some n we have

i—1
omn

Sf(x)<zin

i-1  i-1 i-1 i i—-1
2w T S <

i—-1 1

2" <2"

=>0<f(x)—

=0<f(x)—f,(x) < zi (by the def of f, (%))

= f(x) — fax) <€
= LMo f (X) = f(X)

and this convergence is uniform. Let us suppose now that f is not bounded.

Then since
fu(x) =nfor f(x) =n

lim,_,q f, (X) = 00 = f(x)

When we do not assume non-negativenss of the function then since we

know that f* and f~ are both non-negative, we have by what we have proved
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above

fro=limy e ¢y (x) (i)

f7 = limye ¢ (%) (ii)
where ¢/ (x) and ¢, (x) are simple functions. Also we have proved already

that
f=fr—f

Now from (i) and (ii) we have
£ — £~ = lim ¢} (9) — lim ¢ff (x)
= limy ((prll(x) - ¢711,(x))
= limy_e0 P (%)

(since the difference of two simple functions is again a simple function).

Hence the theorem.

Littlewood’s three principles of measurability

The following three principles concerning measure are due to Littlewood.

First Principle: Every measurable set is a finite union of intervals.

Second Principle: Every measurable function is almost a continuous function.
Third Principle. If {f,} is a sequence of measurable function defined on a set
E of finite measure and if f,(x) — f(x) on E, then f,(x) converges almost
uniformly on E.

First of all we consider third principle. We shall prove Egoroffs theorem

which is a slight modification of third principle of Littlewood’s.

Egoroff’s Theorem

Theorem 1.2.22. Let {f,,} be a sequence of measurable functions defined on a

set E of finite measure such that f,(x) — f(x) almost everywhere. Then to
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each € > 0 there corresponds a measurable subset E, of E such thatm E§ <€
and f,,(x) converges to f(x) uniformly on E,.
Proof. Since f,(x) — f(x) almost everywhere and {f,} is a sequence of

measurable functions, therefore f(x) is also a measurable function. Let

H = {x | limpofn(x) = f(x)}
Clearly measure of E- H is zero.

For each pair (k,n) of positive integers, let us define the set

~ 1
Fen = [ (] 1fn00 = FGOI < 73

(Since each f;,,, — f is a measure function, the sets E},, are measurable).

E, = U Ele
n=1

Then for each k, if we put

Then it is clear that

E = UE,m S H
n=1

In fact,if xe Hthenx €e E' > H Cc E'.

We have also

~ 1
Fueny =[] Gl Ifn@ = @I <73

m=n+1

Clearly

1
Eyn = Ek(n+1) N {x]| |fn(x) - f(x)l < E}

Hence Ey 1) cannot be a proper subset of Ey,,. That is,

Ekn c Ek(n+1)

Thus for each k the sequence [E,] is an expanding sequence of measurable
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sets. Therefore

limm (Ey,) =m (U Ekn>
" n=1

> m(H) = m(E)
Whence

lim,_., m(Eg,) = 0. (i)
Thus, given € > 0, we have that for each k there is a positive integer n;, such
that

€
|mEj,, — 0| <zpn > ny

ie. mEG| <= n=my (ii)

Let

Ey = ﬂ Ey ny,
k=1

then E, is measurable and

= Yk=15% (using (ii))
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<
ZEZZ—RZE.
k=1

It follows from the definition of E,,, that for all m > n;,

() = FO] < (iii)
for every x € Eyy, . Since E, C Ey,, for every k, the condition m > n,, yields
(iii) for every x € E,. Hence f,(x) — f(x) uniformly on E,. This completes
the proof of the theorem.

Now we pass to the second principle of Littlewood. This is nothing but
approximation of measurable functions by continuous functions. In this
connection we shall prove the following theorem known as Lusin Theorem

after the name of a Russian Mathematician Lusin, N.N.

Lusin’s Theorem

Theorem 1.2.23.. Let f be a measurable function defined on [a,b]. Then to
each € > 0, there corresponds a measurable subset E, of [a,b] such that
mE§ < € and f is continuous on E,.

Proof. Let f be a measurable function defined on [a, b]. We know that every
measurable function is the limit of a sequence {¢,(x)} of simple functions

whose points of discontinuity form a set of measure zero. Thus we have
lim ¢, (x) =f, x € [a, b]
n—oo

By Egoroff’s theorem, to each € > 0 there exists a subset E, of [a, b] such that
mE§ <€ and ¢,(x) converges to f(x) uniformly on E,. But we know that if
{d,(x)} is a sequence of continuous function converging uniformly to a
function (x) , then f(x) is continuous. Therefore f(x) is continuous on E.
This completes the proof of the theorem.

Theorem 1.2.24. Let f be a measurable function defined on [a, b] and assume
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that f takes values +oo on a set of measure zero. Then given € > 0 we can

find a continuous function g and a step function h such that

If—gl<€  (f-h<Eg

except on a set of measure less than €.
Proof. Let H be a subset of [a,b] where f(x)isnot + c. Then by the
hypothesis of the theorem = m([a, b]) . We know that every measurable
function can be expressed as a almost everywhere limit of a sequence of step
functions which are continuous on a set of measure zero. That is, we can find a
sequence of step functions such that

lim,_ o ¢, (x) = f(x) a.e. on H.
Let F c H such that ¢,,(x) — f(x) and is continuous everywhere on F.
By Egoroft’s theorem for a given € > 0 we can find a subset F' ¢ H such that
¢n(x) = f(x) uniformly on F' and

M(F — F") <€

But we know that if {f,,} is a sequence of continuous function converging
uniformly to a function (x) , then f(x) is continuous. Therefore f(x) is
continuous on F'.

Define a continuous function g(x) on [a, b] such that

g(x) = { f(Zx) il]]: ;cc Zslf’
Therefore on F’ we have
If —gl <€
We have already shown that
m([a,b] — F'") <€.
Also we have shown that ¢,(x) — f(x) where ¢,(x) is a sequence of step
function, so f(x) is also a step function. Hence the theorem.

In order to prove the first principle of Littlewood we prove two theorems on
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approximations of measurable sets.

Theorem 1.2.25. Aset E in R is measurable if and only if to each € > 0, there
corresponds a pair of sets F, G such that F ¢ E c G, F is closed, G is open and
m(G- F) <e.

Proof. Sufficiency: Taking €= 1/n, let the corresponding pair of sets be F,,
G,, with

m(G, — F,) <1/n

X:UFn, Y:ﬂGn
n n

It follows thatY — X c G,, — F,, and
m(Y- X) <m(G,—FE,) <1/n

Let

So that

m(lY—-X)=0.
Since

E—-XcY-X,
o)

m(E —X) = 0.

Therefore, E—X is measurable.

But = (F — X) U X . Therefore E is measurable, since X is measurable and
E- Xis measurable.

Necessity: We now assume that E is measurable. We first prove this part under
the assumption that E is bounded. Since E is measurable and bounded, we can

choose an open set G O E such that

m(G) < m(E) + (i)
Choose a compact (closed and bounded) set © E , and then choose an open set
Vsuchthat S — E c V and
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m(V) <m (S- E) +>
(i)
Let F =S — V. Then F is closed (since S- V =5 n V¢ which is closed being
the intersection of closed sets) and c E . We have
m(F) =m(S) —m(SnV)

> m(S) —m(V)

>m(5)—m(5—E)—§
(Using (ii))

(iii)
Then
m(G- F) = m(G) — m(F)
= m(G) — m(E) + m(E) — m(F)

<S+S=e (using (i) and (iii))

This finishes the proof for the case in which E is bounded.

Now, let E be the measurable but unbounded. Let
S, ={x| |x] <n}, neE’z
E1 = E N Sl

E,=EN(S,—S,_),n=>2.
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Then

E=UEn,

n

where each E,, is bounded and measurable.

Using what has already been established, let F,,, G,, be a pair of sets such that
E, c E,, c G, E, is closed, G, is open, and m(G,, — E,) < zin

Let=UnF,,G=U, €, . ThenG — F c U,(G, — F,) and so

m(G' F) =< m{Un(Gn - Fn)}

We see that G is open and that F c E c G, so all that remains to prove is that
F is closed. Suppose {x;} is a convergent sequence (say x; — x) with x; € F
for each i. Then {x;} is bounded and so is contained in S, for certain . Now
E,cS,—Syifn>N.
Therefore,
x; € UN_, E, for each i.

But then the limit x is in UN_, E, , for this last set is closed. Therefore F is
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closed. This finishes the proof.
Definition 1.2.26. If A and B are two sets, then

AAB=(A-B)uU(B—-A4).
Theorem 1.2.27. If E is a measurable set of finite measure in R and if €> 0,
there is a set G of the form G = UY_, I, where I, I, ..., Iy are open intervals,
such that m(EAG) <E€.
Proof. Let us assume at first that E is bounded. Let X be an open interval such
that E < X. There exist Lebesgue covering {I,,} and {J,} of E and X E

respectively such that

€
Yl <m@© +3

n

> Ul <mx—B) +5

and such that each I, and J,, is contained in X. Choose N so that

XIPE

and define sets G, H, K as follows
G=UN_ily  HUpsyln \ K =G0 Uy Jy
Observethat E— G c Hand G — E c K so that EAG c H U K and therefore
m(EAG) < m(HUK) <m(H) + m(K)
We know that

m(H) < Z m (L)

n>N

=Yooy | In] < S (by our choice)

Hence it suffices to prove that m(K) < %E

Since
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therefore m(K) = ),, m (G nJ,). So we seek an estimate of ), m (G nJ,).
Now we can see that

X= [Un In] U [Un (]n - G)]'

whence
m(X)=mIU Inl +mIU (]n—G)l
<Dl + Y m U= 6)
We also have
2 €E
Dl + ) 1l <mCE) +mx - B) + ==
oy L€
=m( )+?,
whence

2 €
DUl + Y Ul < D Hal+ ) m G = 6) +
n n n n
and therefore, since J, = (J, —G) U (J, N G),

m(K) < > Mm@ )= ) mUp) = > mU - 6)

<2€
3

Hence when E is bounded
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EAG) <<+ 25—
m(EAG) <5 +—-=

For the general case, let

Sp={x|Ix] <n},
T1=Sl

Tl = Sn—Sn_l,TlZ 2

E = U;(E N

E—E, = U (ENT)
i=n+1

Because m(E) < +oo, we have

LetE, =ENS,.Then

m(E—E,)) =X2, . m(ENT;) - 0asn —wo.
But EAE, = E — E,(since EAE,=(E—-E,) U(E,—E) and E,—E is
empty} and so m(EAE,) — 0. Using what has already been proved we can
find a sequence G, which is finite union of open intervals such that m(E,AG,,)
< 1/n. Now the following inequality is true.

m(EAG,) < m(EAE,) + m(E,AG,) ,

Since AG, = (EAE,) U (E,AG,) . We see therefore that m(EAG,) — 0.
If € > 0, we shall have m(EAG,,) < € for a suitable value of n, and then G,
will serve our purpose. This completes the proof of the theorem.
Theorem 1.2.28. Let E be a set with m*E < co. Then E is measurable iff

given € > 0, there is a finite union B of open intervals such that

m*(EAB) <€

Proof. Suppose E is measurable and let € > 0 be given. The (as already
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shown} there exists an open set O o E such that m*(E) < S As m*E is finite,

so is m*0. Since the open set O can be written as the union of countable
{disjoint) open intervals {I;}, there exists an n € N such that
- €
z L) <5
i=n+1
(Infactm*0 = X2, L) <o = X2, L) <§ because m * 0 < «)
Set B = Uj2,I; . Then
EAB = (E — B) U (B\E) c (0\B) U (O\E)
Hence
€
2

Conversely, assume that for a given € > 0 , there exists a finite union B =

m*(EAB) < m* (Uznli) + m*(O\E) < §+ =E.

U2, I if open intervals with m = (EAB) <€. Then using “Let€ be any set.
The given €> 0 there exists an open set O D E such that m*0 < m*E+€ there
is an open set O D E such that
m'0 < m'E+€ (i)

If we can show that m*(0 — E) is arbitrary small, then the result will follow
from “Let E be set. Then the following are equivalent

Q) E is measurable and

(i) (i) given €> 0 there is an open set O > E such that m*(0 — E) <

e’

Write

n
S= U (I, 0)
i=1
Then S c B and so

SAE = (E\S)U(S\E) c (E—-S)U (B —E).
However,
E\S=(ENO°)U(ENB)=E—B (because E c 0).

Therefore
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SAE c (E—B) U (B —E) = EAB,

and as such m*(SAE) <€&. However,

E c S U (SAE)
and so
m'E <m*S + m*(SAE)
<m'S+€ (i)
Also
0-E=(0-S5)U(SAE)
Therefore

m*(O\E) < m"0 —m*S+€

<Mm'E+€ —m*S+€ (using(i))

<m'S+E+E—-m'S+E  (using(ii))

<mS+E+E—-—m*S+E

Hence E is measurable.

Convergence in Measure

Definition 1.2.29. A sequence (f,,) of measurable functions is said to converge

to f in measure if, given € > 0, there is an N such that for all n > N we have

mix| f(x) — fo(x)| = €} <€E.
F. Riesz Theorem

Theorem 1.2.30 “Let (f,,) be a sequence of measurable functions which
converges in measure to f. Then there is a subsequence (f,,x) which converges

to f almost everywhere.”
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Proof. Since (f;,) is a sequence of measurable functions which converges in
measure to f, for any positive integer k there is an integer n; such that for

n = n; we have

1 1
mix | fu00) = 0l = 52} < 5

2k
Let
1
B = {x 1 1@ = £ 2 55
Then if x & Up-; Ex,
we have

[fr GO) = FGO)| < 7 for ke = i and s0 £, () = £ ()
Hence f,,, (x) - f(x) forany x ¢ A = N2, U, Ex
But

Hence measure of A is zero.
Example 1.2.31. An example of a sequence (f,,) which converges to zero in
measure on [0,1] but such that (f,,(x)) does not converge for any x in [0,1]

can be constructed as follows :

Let=k+2”,0<k <2 andset f,(x) =1 if x € [k277, (k + 1)277] and
fn(x) = 0 otherwise. Then

m{x| |f,(x)| >€} < 2/n

and so f,, — 0 in measure, although for any x € [0,1], the sequence (f,,(x)) has

the value for arbitrarily large values of n and so does not converge.
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Definition 1.2.32. A sequence {f,} of a.e. finite valued measurable functions is

said to be fundamental in measure, if for every € > 0,

m{x : |f,(x) — fn(x)| =€} > 0asnand m — oo.

Definition 1.2.33. A sequence {f,,} of real valued functions is said to be

fundamental a.e. if there exists a set E, of measure zero such that, if x &

Eyand € > 0, then an integer ny = (x, €) can be found with the property that
|fn(x) — fm(x)| < €, whenever n > ny and > n, .

Definition 1.2.34. A sequence {f,,} of a.e. finite valued measurable functions

will be said to converge to the measurable function f almost uniformly if, for

every € > 0, there exists a measurable set F such that m(F) < € and such

that the sequence {f,,} converges to f uniformly on F€.

In this Language, Egoroffs Theorem asserts that on a set of finite measure

convergence a.e. implies almost uniform convergence.

The following result goes in the converse direction.

Theorem 1.2.35. If {f,} is a sequence of measurable functions which

converges to f almost uniformly, then {f,,} converges to f a.e.

Proof. Let F, beameasurable set such that m(F,) < 1/n and such that the

sequence {f;,,} converges to f uniformlyon Ef,n = 1,2, ...

If F = n;?lenv
then
m(F) < u(E) <1/n

so that m(F) = 0, and it is clear that, for x € F¢, {f,,(x)} converges to f(x) .
Theorem 1.2.36. Almost uniform convergence implies convergence in
measure.

Proof. If {f,} converges to f almost uniformly, then for any two positive
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numbers € and ¢ there exists a measurable set F such that m(F) < § and such
that | f,,(x) — f(x)| <€, whenever x belongs to F¢ and n is sufficiently large.
Theorem 1.2.37. If {f,,} converges in measure to f, then {f,} is fundamental
in measure. If also {f,,} converges in measure to g, then f = g .a.e.

Proof. The first assertion of the theorem follows from the relation

(1200 — fu ()] 26)
€ €
c fxilh@ = 11 2 S 0 - FG01 2 5

To prove the second assertion, we have

€ €
(i 1£ () = 901 2€) € i £, = FGO1 = 5} U sl £,00 — 9 ()1 = 3

Since by proper choice of n, the measure of both sets on the right can be made
arbitrarily small, we have

m({x: |f(x) —g(x)| =€}) =0
for every € > 0 which implies that f = g a.e.
Theorem 1.2.38. If {f;;} is a sequence of measurable functions which is
fundamental in measure, then some subsequence {fnk} is almost uniformly
fundamental.
Proof. For any positive integer k we may find an integer n(k) such that if
n = n(k) and = n(k) , then

m ([ 15,00 ~ 1 2 53 < 0

We write
Ng < ...,

So that the sequence {f,, } is indeed on subsequence of {k,}. If

B = {11, 00 = fun 01 2 )

And k < i < j, then, or every x which does not belong to E;, U E;,1 U Ej 4, U
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.., We have

N o1 1
) = fuyOO1 S D 1 fu ) = fay @ < ) o=y

so that, in other words, the sequence {fni} is uniformly fundamental on
E\(Ex UEi;1 U ....).

Since

o

m(E,y UEg, 1 U....) < Z (Em) <

m=k
This completes the proof of the theorem.

Theorem 1.2.39. If {f,,} is a sequence of measurable functions which is
fundamental in measure, then there exists a measurable function f such that
{f} converges in measure to f.

Proof. By the above theorem we can find a subsequence {fnk} which is almost
uniformly fundamental and therefore fundamental a.e. We write f(x) =
limy 0 fr, (x) for every x for which the limit exists. We observe that, for

every € > 0,

@100 — £ 2€] © {x: [0 — fo, @] 2 5} U {1, (1) - F)1 2
A5

The measure of the first term on the right is by hypothesis arbitrarily small if n
and ny are sufficiently large, and the measure of the second term also
approaches 0 (as k — o), since almost uniform convergence implies
convergence in measure. Hence the theorem follows.

Remark. Convergence in measure does not necessarily imply convergence

pointwise at any point. Let
Ere= |50 2| ¢ =12,..,25 k=12,..},

2k 2k

and arrange these intervals as a single sequence of sets {F,} by taking first

those for which k = 1, then those with k = 2, etc. If m denotes Lebesgue
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measure on [0,1], and f,, (x) is the indicator function of F,, then for 0 <e< 1,
{x:1fn(x)| €} = F,
so that, for any €> 0, m{x : |f,(x)| =€} < m(F,) = 0. This means that
fn — 0 in measure in [0,1]. However, at no point x € [0,1] does f,,(x) — 0; in
fact, since every x is in infinitely many of the sets F,, and infinitely many of
the sets (12 — F,,) we have
lim inf f,(x) =0,lim sup f,(x) =1forall x € [0,1].

1.3 Check Your Progress

Q.1. Let E be a set of rationals in [0,1]. Then the characteristic function yz(x)
IS measurable.

Q.2. A continuous function is measurable function.

Q.3. For any real ¢ and two measurable real- valued functions, g, the
function f + c is measurable.

Q.4.Fill in the blanks.
Let f and g be any two functions which are --------------- inE. If fis
measurable so is g.

Proof. Since f is measurable, for any real m the set {x| f(x) > a} is

measurable. We shall show that the set {x| g(x) > a} is measurable. To do so

we put

Ey ={x| f(x) > a}
and

E; = {x| g(x) > a}
Consider the sets

E,—E,and E, — E;

Since f = g almost everywhere, measures of these sets are zero. That is, both
of these sets are measurable. Now
E, = [Ey U (E; — ED)] — (E1 — Ep)
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Since E;, E, — E; and (E; — E,)¢ are measurable therefore it follows that E,
is measurable. Hence the theorem is proved.

Q.5. If a function f is continuous almost everywhere in E, then f is
measurable.

Proof. Since f is continuous almost everywhere in E, there exists a subset D
of E with m*D = 0 such that f is continuous at every point of the set C =
E —D. To prove that f is measurable, let m denote any given real number. It

suffices to prove that the inverse image

of the interval (a, o) is measurable.
For this purpose, let x denote an arbitrary point in BN C. Then
f(x) > a and f is continuous at x. Hence there exists an open interval U,
containing x such that f(y) > a hold for every point y of E n U,. Let
Since x EE N U, c B holds for every x € B n C, we have
BNnCcEnNuUcBH
This implies
B=(EnU)U(BND)
As an open subset of R, U is measurable. Hence E U U is measurable. On the
other hand, since
m*(BND)<m*D =0
B N D is also measurable. This implies that B is measurable. This completes

the proof of the theorem.

1.4 Summary

This chapter presents the definition and the theorem related to measurable
functions. Various properties of measurable functions are also reviewed. The
principal results of these properties are summarized. The Lusin's theorem is

also reviewed in the chapter. This theorem asserts that a measurable function
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is almost continuous. It has been used as a basis for the definition of

measurable functions.

1.5 Keywords

Measurable Functions, Continuous Function, Sequence of Function and
Convergence Behavior of Measurable Functions, Almost Everywhere,

Characteristics Function, Simple Function, Step Function.

1.6 Self-Assessment Test

Q.1. Show that the function f(x) = [x], where [.] is the greatest integer
function, is measurable?
Q.2. Show that the cardinality of the class of measurable function is 2¢.

Q.3. Let f: R— R such that

)= {x<x—1>
0 x=0
Is measurable?
lifxeA
—1lif xe A¢

where A is a non-measureble subset of a measurable set E is not measurable

Q.4. Show that f(x) = {

while f2(x) V x € E is measurable.
Q.5. Show that the function f defined on E = [0,1] is measurable where
3 if x=0
f(x) = if 0<x<1

if x=1

IR+

1.7 Answers to check your progress

A.1 For the set of rationals in the given interval, we have

(1 if x€E
XE(x)_{O lf x&E

It is sufficient to prove that the set
{x lxe(x) > a}
is measurable for any real a.



41

Let us suppose first that o« > 1. Then

x| xe(x) >a} ={x| xg(x) > 1}
Hence the set {x | yz(x) > a} is empty in this very case. But outer measure of
any empty set is zero. Hence for a > 1, the set {x | yz(x) > a} and so yg(x)
is measurable.
Further let 0 < m < 1. Then

{x|xe(x) >a}=E
But E is countable and therefore measurable. Hence y(x) is measurable.
Lastly, let a < 0. Then
{x | xe(x) > a} =[0,1]
and therefore measurable. Hence the result.
A.2. If the function f is continuous, then f~1(«, m) is also open. But every
open set is measurable. Hence every continuous function is measurable. We
may also argue as follows:
If f is continuous then
{x |f(x) <a,x € (a,b)}

is closed and hence

{x|f(x)2m}={x|f(x) <m}*
is open and so measurable.
All the ordinary functions of analysis may be obtained by limiting process
from continuous function and so are measurable.
A.3. We are given that f is a measurable function and c is any real number.
Then for any real number o

xlfG)+c>al={x[f(x) >a—c}
But {x| f(x) > a — c} is measurable by the condition (a) of the definition.
Hence {x| f(x) + ¢ > a} and so f(x) + c is measurable.
A.4. (i) equal almost everywhere
(i) = [E1 U (E; — ED] N (Ey — Ep)°
A5 () B=fYaw)={x€E]|f(x)>a}
(ii)
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2.1 Introduction

2.2 Lebesgue Integral of a Function

2.3 Check Your Progress

2.4 Summary

2.5 Keywords

2.6 Self-Assessment Test

2.7 Answers to check your progress

2.8 References/ Suggested Readings
2.1 Introduction

The theory of Riemann integration though very useful and adequate for
solving many mathematical problems, both pure and applied, is not free from
defects. It does not meet the needs of a number of important branches of
mathematics and physics of comparatively recent development. First of all, the
Riemann integral of a function is defined on a closed interval and cannot be
defined on an arbitrary set. Investigations in probability theory, partial
differential equations, hydromechanics and quantum mechanics often pose
problems which require integration over sets. Second and more important is
the fact that the Riemann integrability depends upon the continuity of the
function. Of course, there are functions which are discontinuous and yet
Riemann-integrable, but these functions are continuous almost everywhere.
Again, given a sequence of Riemann integrable functions converging to some
function in a domain, the limit of the sequence of integrated functions may not
be the Riemann integral of the limit function. -In fact, the Riemann integral of
the limit function may not even exist. This is a major drawback of the
Riemann theory of integration, apart from the fact that even relatively simple
functions are not integrable in the sense ot Riemann integration. H. Lebesgue
in his classical work, introduced the concept of an integral, known after his
name the Lebesgue integral, based on the measure theory that generalizes the
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Riemann integral. It has the advantage that it takes care of both bounded and
unbounded functions and simultaneously allows their domains to be more
general sets and thereby enlarges the class of functions for which the Lebesgue
integral is defined. Also, it gives more powerful and useful convergence
theorems relating to the interchange of the limit and integral valid under Jess
restrictive conditions required for the Riemann integral.

The shortcomings of the Riemann integral suggested the further
investigations in the theory of integration. We give a resume of the Riemann
Integral first.

Let f be a bounded real- valued function defined on the interval [a,b] and let
a=¢§; < << =b

be a partition of [a,b]. Then for each partition we define the sums

S = Zn:(fi —&i-1) M;
i=1

and

s = Zn:(fi — 1) m;,
=1

where

M; = fi<x<fsilir1) fx), m; = fi—1<x<iréif f(x)
We then define the upper Riemann integral of f by

R [Zf(x)dx = infS
With the infimum taken over all possible subdivisions of [a,b].
Similarly, we define the lower integral
Rfabf (X)dx = sups.

The upper integral is always at least as large as the lower integral, and if the
two are equal we say that f is Riemann integrable and call this common value

the Riemann integral of f. We shall denote it by

R Lbf (x)dx



To distinguish it from the Lebesgue integral, which we shall consider later.

By a step function we mean a function ¥ which has the form
P(x) =cj, §iog <x <F

for some subdivision of [a, b] and some set of constants c; .

The integral of ¥ (x) is defined by

f: PY)dx = Xz ¢ (6 — $i-1).
With this in mind we see that
R [2f(0dx = inf [ p(x)dx
for all step function ¥(x) = f(x) .
Similarly,

b b
Rj_ f(x)dx = supf ¢ (x)dx

a

for all step functions ¢ (x) < f(x) .
Example 2.2.1. If

_ (1 if x is rational
fGo) = {0 if x is irrational’
Then
R[2f(x)dx =b—a
And R f7 f (x)dx = 0.

Thus we see that f(x) is not integrable in the Riemann sense.
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The Lebesgue Integral of a bounded function over a set of finite measure:

The example we have cited just now shows some of the shortcomings of the

Riemann integral. In particular, we would like a function which is 1 on a

measurable set and zero elsewhere to be integrable and have its integral the ¥

measure of the set.
The function y ; defined by

1 eE
xe (0=, e

is called the characteristic function on E. A linear combination
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n

0 =) @i x5 @

i=1

is called a simple function if the sets E; are measurable. This representation for
@ is not unique. However, we note that a function ¢ is simple if and only if it
is measurable and assumes only a finite number of values. If ¢ is a simple

function and [a; a,] the set of non- zero values of , then

where A; ={x | p(x) = a;} . This representation for ¢ is called the
canonical representation and it is characterised by the fact that the A; are
disjoint and the a; distinct and nonzero.

If vanishes outside a set of finite measure, we define the integral of ¢ by

n

f(p(x) dx = z a; mA;

i=1
when ¢ has the canonical representation ¢ =Y, a; x4, We sometimes
abbreviate the expression for this integral to [ ¢. If E is any measurable set,

we define

I o= Joxs.
It is often convenient to use representations which are not canonical, and the
following lemma is useful.

Lemma 2.2.2. If E;, E,,.., E,, are disjoint measurable subset of E then every

n
» = Z Ci XE;
i=1

with real coefficients c;, c,, ..., ¢, is a simple function and

n
If Q= Zci mE;.
i=1

Proof. It is clear that ¢ is a simple function. Let a;, a,...a, denote the

linear combination
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non- zero real number in (E) . Foreachj =1,2,..,n.
Let

ci=aj
Then we have
A= (a) = {x| ¢(0) = a;}

and the canonical representation

n
¢ = z AjXa;
j=1

Consequently, we obtain

f ¢=Zaijj

j=1

— n n
- 2j=1aj ci=aiji
y

(Since E; are disjoint, additivity of measures applies)

n

= z Cj mEi

j=1
This completes the proof of the theorem.
Theorem 2.2.3. Let ¢ and ¥ be simple functions which vanish outside a set of

finite measure. Then

[@o+bwy=a[o+b|w

and, if @ = vy a.e, then
foxfo

Proof. Let {A;} and {B;} be the sets which occur in the canonical

representations of ¢ and y. Let A, and B, be the sets where ¢ and 1 are zero.
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Then the sets E, obtained by taking all the intersections A; N B; form a finite

disjoint collection of measurable sets, and we may write

N
(p = z akXEk
k=1
N
lp = Z kaEkl
k=1

and so
N N
ap + by = aZak)(Ek +b2bk)(Ek
k=1 k=1
N N
= Z aa’kXEk + 2 b kaEk
k=1 k=1
N
= Z(aak + bby) X,
k=1
Therefore

(ag + bp) = Z(aak + bby) mE,

Z(aa@ me, + Zwbk) mE
= az akmEk +bekmEk

k=1 k=1
=afo+b[y
To prove the second statement, we note that S
f<p—f¢=1(<p—¢)20,
since the integral of a simple function which is greater than or equal to zero

almost everywhere is non- negative by the definition of the integral.

Remark 2.2.4 We know that for any simple function ¢ we have
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N
(p = z a; XEl'
k=1

Suppose that this representation is neither canonical nor the sets E;’s are
disjoint. Then using the fact that characteristic functions are always simple

functions we observe that

f‘/’ :fal)(Ei +fa2)(52 +"'+fanXEn

=a1]XEi+aszE2+"'+aanEn

=aymE; +a,mE, + -+ -+ a,mE,
N

=ZaimEi

k=1

Hence for any representation of ¢, we have
N
j Q= z a; mE;
k=1

Let f be a bounded real- valued function and E a measurable set of finite
measure. By analogy with the Riemann integral we consider for simple

functions ¢ and vy the numbers

infyss JE Y

and

SUPp<f f P,
E

and ask when these two numbers are equal.
The answer is given by the following proposition :
Theorem 2.2.5. Let f be defined and bounded on a measurable set E with mE

finite. In order that

fyny | W x= supyes [ o
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for all simple functions ¢ and 1, it is necessary and sufficient that f be
measurable.

Proof. Let f be bounded by M and suppose that f is measurable. Then the sets

(K-1)M
n

Ek={x|%2f(x)> }L,—n<K<n,

are measurable, disjoint and have union E. Thus

Z mEksz

k=—n

The simple function defined by

M n
Yol = — > K5, ()

k=—n
and
Pn(x) = %kZR(K = 1) xg, (x)
Satisfy
Pn(x) < f(X) < Pn(x)
Thus
inf [, ¥ (0)dx < [, W, (X =T __ kmE,

and

sup [, ¢ ()dx = [, @ ()dx =237 __(k — 1) mEy
whence

0 <inf [, ¥ (x)dx — supg [ p(x)dx < %Z’L_nmEk = %mE.
Since n is arbitrary we have
inf [, ¥ (X)dx — sup [, (x)dx=0
and the condition is sufficient.

Suppose now that

inf [ 1 (x)dx = sup [, @(x)dx.



Then given n there are simple functions ¢,, and ¥, such that

Pn(x) < f(x) < Pr(x)

and

[ Yn()dx = [ ¢y (x)dx < -

Then the functions

Y= inf iy,
and @ * = Sup @,
are measurable and
P () < fx) <y (x).

Now the set

A= {x] ¢™{x) <P™{x)}

is the union of the sets

1
Av{x| @7 () <Y () =73
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(i)

But each 4y, is contained in the set {x|¢,(x) < ¥, (x) — % }, and this latter set

by (i) has measure less than % Since n is arbitrary, m4, =0 and so =0 .

Thus ¢ *= 1" except on a set of measure zero, and ¢ *= f except on a set of

measure zero. Thus f is measurable and the condition is also necessary.

Definition 2.2.6. If f is a bounded measurable function defined on a

measurable set E with mE finite, we define the Lebesgue integral of f over E

by

f (x)dx = inf Y (x)dx
E E

for all simple functions y > f.

By the previous theorem, this may also be defined as

L f(x)dx = supL @ (x)dx

for all simple functions ¢ < f .

We sometimes write the integral as [, f. If E = [a, b] we write f;f instead



52

of f[a‘b] f
Definition and existence of the Lebesgue integral for bounded functions.
Definition 2.2.7. Let F be a bounded function on E and let E;, be a subset of
E. Then we define M|[f, E;]Jand m[f, E;] as

MIf; Ex] = Lw.b reg, f(x)

mlf, Ex] = g.1. byeg, f (%)
Definition 2.2.8. By a measurable partition of E we mean a finite collection
P ={E,,E,, ..., E,} of measurable subsets of E such that

n
UEk == E
k=1

and such that m(E; N E,) =0 (J,k=1,..,n,/ # k). The sets E;, E,...E,
are called the components of P.

If P and Q are measurable partitions, then Q is called a refinement of P if every
component of Q is wholly contained in some component of P.

Thus a measurable partition P is a finite collection of subsets whose union is
all of E and whose intersections with one another have measure zero.
Definition 2.2.9. Let f be a bounded function on E and let P = {E,, ..., E,,} be

any measurable partition E. We define the upper sum U[f, P] as

ULfiPl = ) MIfi Bl mE
k=1

Similarly, we define the lower sum L[f; P] as

LIFiP] = ) mlfiEl-mEy
k=1

As in the case of Riemann integral, we can see that every upper sum for f is
greater than or equal to every lower sum for f. We then define the Lebesgue
upper and lower integrals of a bounded function f on E by

inf U[f; P] and sup L[f; P]

respectively taken over all measurable position of E. We denote them
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respectively by

Definition 2.2.10. We say that a bounded function f on E is Lebesgue
integrable on E if
fE_f = fE f

Also we know that if v is a simple function, then

n
f ll} = ZakmEk
E k=1

Keeping this in mind, we see that
[ f =inf [, p(x)dx

for all simple functions 1 (x) = f(x). Similarly

sz supfg o(x)dx

for all simple functions ¢ (x) < f(x).

Now we use the theorem:

“Let f be defined and bounded on a measurable set E with mE finite. In order
that

inf rer f Y ()dx = sup ray f o () dx
E E

for all simple functions ¢ and 1, it is necessary and sufficient that f is
measurable.” And our definition of Lebesgue integration takes the form :
“If f is a bounded measurable function defined on a measurable set E with mE

finite, we define the (Lebesgue) integral of f over E by

Lf(x)dxz infL Y (x)dx

for all simple functions p > £
The following theorem shows that the Lebesgue integral is in fact a
generalization of the Riemann integral.

Theorem 2.2.11. Let f be a bounded function defined on [a, b]. If f is Riemann
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integrable on [a, b], then it is measurable and

bef (x)dx = be (x)dx

Proof. Since f is a bounded function defined on [a,b] and is Riemann

integrable, therefore,

RIPFGOdx = infpy [7@(0)dx
And

R fgbf(x)dx = SUpyss fflp (x)dx
for all step functions ¢ and y and then
R fff(x)dx =R fabf(x)dx

= infpsr J; @OO)dx = supyes [, 1 (X)dx (i

Since every step function is a simple function, we have

RIDf)dx = supyey [0 ()dx < infay [P @C)dx < R 2 f (D)dx

Then (i) implies that

b b
Supye;s j ¥ ()dx = inf s j o () dx

a

and this implies that f is measurable also.

Comparison of Lebesgue and Riemann integration

(1) The most obvious difference is that in Lebesgue’s definition we divide up
the interval into subsets while in the case of Riemann we divide it into

subintervals.

(2) In both Riemann’s and Lebesgue’s definitions we have upper and lower

sums which tend to limits. In the Riemann case the two integrals are not
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necessarily the same and the function is integrable only if they are the same. In
the Lebesgue case the two integrals are necessarily the same, their equality

being consequence of the assumption that the function is measurable.

(3) Lebesgues’s definition is more general than Riemann. We know that if
function is the R- integrable then it is Lebesgue integrable also, but the
converse need not be true. For example the characteristic function of the set of

irrational points have Lebesgue integral but is not R- integrable.

Let y be the characteristic function of the irrational numbers in [0,1]. Let E; be
the set of irrational numbers in [0,1], and let E, be the set of rational numbers
in [0,1]. Then P = [E;, E,] is a measurable partition of [0,1]. Moreover, ¥ is

identically 1 on E; and y is identically 0 on E,.

Hence
M[XF El] = m[XF El] = 1’
While
M[X, Ez] = m[X, Ez] = O
Hence
Uly,P] = 1.mE; + 0.mE, = 1.
Similarly
Llx,P]=1. mE; +0.ME, = 1.
Therefore,

Ulx,P]=LlyP]

Therefore, it is Lebesgue integrable.

For Riemann integration
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Mlx.J1=1, mlxJ]=0
for any interval J c [0,1]

Ulx,J1=1, LlxJj1=0.
The function is not Riemann- integrable.

Theorem 2.2.12. If f and g are bounded measurable functions defined on a

set E of finite measure, then
M J, af=af, f

i ,F+=0,f+/, g
(iii) If f < g ae., then

o=l
(iv) If f = g ae., then

=)o

(V) If A < f(x) < B, then

AmESJ f < BmE.
E

(vi) If Aand B are disjoint measurable sets of finite measure, then

Lt =Lt ]
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Proof. We know that if y is a simple function then so is a . Hence

Laf:infwsz all’:ainfwsz IIJZQLf

which proves (i).
To prove (ii)
let € denote any positive real number. There are simple functions ¢ < f,

Y =>f,& < gandn > g satisfying

fE qb(x)dx>L f —€, L t/)(x)dx<fE f +€,

dx > —E, dx < +€,
| twax>| g | neoar<| g
Sincep+¢&<f+g <y +n,wehave

L(ﬂuﬂ2L¢+E=L¢+L€>J;ﬁﬁf9—26

]E(f+g)SJE(¢+n)=sz+Ln<Lf+ng+2€

Since these hold for every € > 0, we have

.L“+”:Lf+Lg

To prove (iii) it suffices to establish

L(g—ﬂzo

For every simple function y > g — f, we have ¥ > 0 almost everywhere in



E. This means that

| w=o

Hence we obtain

Je @@= = inf yog-p) [y ¥ (Ddx =0
which establishes (iii).

Similarly we can show that

Iz @@= 1) = supy<g-p) J; ¥ ()dx <0
Therefore, from (1) and (2) the result (iv) follows.
To prove (V) we are given that
A< f(x)<B
Applying (iv) we get

ff(x)dxsj de=Bj dx = BmE
E E E

That is,
f f < BmE
E

Similarly we can prove that [ f > AmE.
Now we prove (vi).
We know that

Xaup = Xa t Xp

Therefore,

LUBf = LUB Xausf = fQta+ x8)

AUB

= fea * fAUfoB

AUB

58
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“Jorels

Lebesque Bounded Convergence Theorem

which proves the theorem.

Theorem 2.2.13. Let (f,,) be a sequence of measurable functions defined on a
set E of finite measure and suppose that (f,,) is uniformly bounded, that is,
there exists a real number M such that |f,,(x)| < M forall n € N and all x €
E. If

lim, e frn (x) = f(x) foreach x in E,
then

fE f=1lim, e fE Ja-
Proof. We shall apply Egoroft’s theorem to prove this theorem. Accordingly
for a given € > 0, there is an N and a measurable set E, c E such that

mE§ < %and forn > N and x € E, we have

€
1200 = O < s

Then we have

IfEfn—fEfI=IfE(fn—f)ISLIfn—fl

=jE|fn—f|+fE fu— f]

c
0 0

Hence
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The integral of a non- negative function

Definition 2.2.14. If f is a non- negative measurable function defined on a

measurable set E, we define
f f = sup sy f h
E E
where h is a bounded measurable function such that m{x | h(x) # 0} is finite.

Theorem 2.2.15. If f and g are non- negative measurable functions, then

W) [, cf=cf, frc>0
@, Fra=[ f+] g

(iii)Iff<gae,thenand [, f<[. g.
Proof. The proof of (i) and (iii) follow directly from the theorem concerning
properties of the integrals of bdd functions.

We prove (ii) in detail.

If
h(x) < f(x) and k(x) < g(x),
we have
h(x) +k(x) < f(x) + g(x),
and so

L(h+k>s]E (f +9)

e [, h+[ k<[ (f+9)

Taking suprema, we have
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@) [ f+lp 95 F+9

On the other hand, let | be a bounded measurable function which vanishes
outside a set of finite measure and which is not greater than (f+ g). Then we

define the functions h and k by setting
h(x) = min (f(x),1(x))

and
k(x) =1(x) — h(x)
We have
h(x) < f(x),
k(x) < g(x),

while h and k are bounded by the bound | and vanish where I vanishes. Hence

leLh+LkSLf+ng

and so taking supremum, we have

sup Sf f+f g
E E
that is,

M f+l92),F+9
From (iv) and (v), we have

fE(f+g)=fEf+ng-

Fatou’s Lemma 2.2.16. If (f,,) is a sequence of non- negative measurable

functions and f,,(x) — f(x) almost everywhere on aset E, then

[ rim] £
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Proof. Let h be a bounded measurable function which is not greater than f and
which vanishes outside a set E’| of finite measure. Define a function h,, by

setting

hn (x) = min {h(x), fn(x)}
Then h,, is bounded by the bounds for h and vanishes outside E’. Now
h,,(x) - h(x) foreach x in E'.

Therefore by “Bounded Convergence Theorem” we have

fhz h=limf hnsli_mf fn
E E' E' E

Taking the supremum over h, we get

jEfszi_mLfn.

Lebesgue Monotone Convergence Theorem
Theorem 2.2.16.. Let (f,,) be an increasing sequence of non- negative

measurable functions and let f = lim f,,. Then

[ r=tim |5

Proof. By Fatou’s Lemma we have
f<tim |,
But for each n we have f;, < f,andso [ f,, < lim f,. But this implies

i< | f

[ r=tim | 5,

Definition 2.2.17. A non- negative measurable function f is called integrable

Hence

over the measurable set E if
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fres

Theorem 2.2.18. Let f and g be two non- negative measurable functions. If f

is integrable over E and g(x) < f(x) on E, then g is also integrable on E, and

_Lv—m=Lf—Lg
Lf=Lq>m+Lg

and the left hand side is finite, the term on the right must also be finite and so

Proof. Since

g is integrable.
Theorem 2.2.19. Let f be a non- negative function which is integrable over a

set E. Then given €> 0 there is a § > 0 such that for every set A c E with

jAf<e.

f fsf K = KmA
A A

mA < § we have

Proof. If |f| < K, then

Set5<§.Then

[, f<K.==€
Set f,(x) = f(x) if f(x) <n and f,(x) = n otherwise. Then each f, is
bounded and f,, converges to f at each point. By the monotone convergence

theorem there is an N such that

fE fN>fE f‘? ande (f_fN)<§-

Choose 6 < % If mA < 8, we have
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szL(f_fN)-l_LfN

<[ (f—fu) +NmA (since [, fv <

f, N =NmA)E

The General Lebesgue Integral

We have already defined the positive part f* and negative part f of a function

as
ft =max (f,0)
f = max (—f,0)
Also it was shown that
f=r-1
fl=f*+f

With these notions in mind, we make the following definition.

Definition 2.2.20. A measurable function f is said to be integrable over E if f*

and f are both integrable over E. In this case we define

fr=lor=)T

Theorem 2.2.21. Let f and g be integrable over E. Then
(i) The function f + g is integrable over E and

.L“+”:Lf+Lg

. f<l, 9

(ii) If f < g ae., then
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(iii) If A.and B are disjoint measurable sets contained in E, then

=0 140, 1

Proof. By definition, the functions f*, f, g*, g are all integrable. If

h=f+g,
then

h=(*=+@g" -9
and hence

h=(U*+g9-(f+7).
Since f* 4+ g* and f + g are integrable therefore their difference is also

integrable. Thus h is integrable.
We then have

LijL(U++gU-(7+§N

=L <f++g+>—jE F+7)

o[ 7] 3
(= 7)+([ -] 9)

That is,

.L“+”:Lf+Lg

Proof of (ii) follows from part (i) and the fact that the integral of a
non- negative integrable function is non- negative.

For (iii) we have
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Luszf f Xaus
=ffXA+ffXB
“Jrel

It should be noted that f + g is not defined at points where f = coand
g = —oo and where f = —oo and g =c0. However, the set of such points must
have measure zero, since f and g are integrable. Hence the integrability and the
value of [(f + g) is independent of the choice of values in these ambiguous
cases.

Theorem 2.2.22. Let f be a measurable function over E. Then f in integrable

over E iff |f] is integrable over E. Moreover, if f is integrable, then

| =] 1n

Proof. If f is integrable then both f* and f~are integrable. But |f| = f* +
f~. Hence integrability of f* and £~ implies the integrability of |f].
Moreover, if f is integrable, then since

f) =1 = 1£100),

the property which states that if f < g a.e., then [ f < [ g implies that
Jf<TIf] (i)

On ther other hand since —f (x) < |f(x)| , we have

—[f=JIf] (i)

From (i) and (ii) we have
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[ [fI<[IfI.
Conversely, suppose f is measurable and suppose |f| is integrable. Since
0<f () < If(x)|
It follows that £ is integrable. Similarly £~ is also integrable and hence f is
integrable.
Lemma 2.2.23. Let f be integrable. Then given €> 0 there exists § > 0 such

that
|jfw<e
A

whenever A is a measurable subset of E with mA < 6.
Proof. When f is non- negative, the lemma has been proved already. Now for
arbitrary measurable function f we have = f* — f~ . So by that we have

proved already, given € > 0, there exists §; > 0 such that

€
+
<z

when mA < 6;. Similarly there exists 6, > 0 such that

Lf-<§

when < 8, . Thus if < § = min (6,,6,) , we have

| r=fan=] o Fegeg=e

This completes the proof.
Lebesgue Dominated Convergence Theorem
Theorem 2.2.24. Let a sequence (f,), ne N of measurable functions be

dominated by an integrable function g, that is,

/(0] < g(x)

holds for every ne N and every x € E and let (f,,) converges pointwise to a
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function f, that is, f(x) = lim,_ f,, (x) for almost all x in E. Then

ff—um fi

n—->oo

Proof. Since |f,| < g for every ne N and f(x) =lim f,(x), we have
|f] < g . Hence f,, and f are integrable. The function g — f,, is non- negative,

therefore by Fatou’s Lemma we have

Lg—Lf=L(g—f)smL - f)
=L9—WLfn

[ r=tm| 5

Similarly considering g + f,, we get

jEfsﬁLfn

fE f: llm fE fn-
2.3 Check Your Progress

whence

Consequently, we have

Q.L. If feL[a, b] and if £(x) = 0 ae.in [a,b] then [ f > 0.
Q.2. If f isabounded function in L[a, b] then |f|eL[a, b] and
b b
|, 1<, If].
Q.3. Show that the function defined on E=[0,%0) is follows:
__sinx
f) =25

Q.4. Give an example to show that the integral of a no where zero function

inE.

can be zero.
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Q.5. If E is a measurable subset of [a, b] and f is a bounded measurable

function of feL[a, b] such that f (x) = 0 a.e.on Ethen [, f>0.

2.4 Summary

In this section, we will give a brief overview of measure theory, which leads to
a general notion of an integral called the Lebesgue integral. Integrals, as we
saw before, are important in probability theory since the notion of expectation

or average value is an integral.

2.5 Keywords

Lower Lebesgue Sum, Upper Legesgue Sum, Upper Lebegue Integral, Lower
Lebegue Integral Sum, Lebesgue Integral, L-Integral of Non-Negative

Function.

2.6 Self-Assessment Test

0; ifo<x<1
1. If f(x)=<1; if[1<x<2]u[3<x<4].
2; if[2<x<3]Ul4<x<5]
Show that [ f(x)dx = 6.
2. Letf: R— R be afunction defined by
0, x & [0,1]

f(x)=3 1, x€][0,1] and rational .
—1, x €]0,1] and irrational

Show that f is L-integrable.
3. Show that the function f defined on interval [a,b] by

0; if xisirrational
f) = {1 if x is rational

)
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is L — integrable but not R- integrable.

4. If f isL- integral, show that

ffdx = —ff(—x)dx.

5. Show that f: [0,1] — R is R- integrable if and only if the discontinuities of

f form a set of lebesgue measure zero.

2.7 Answers to check your progress

A.Ll. Let f be a L-integrable function on [a, b].
We know that if f(x) = 0 for all xe[a, b] then U[f, P] = 0 for every
partition P. Therefore,
b
Lfa f=U[f;P]=0

Now, since feL|[a, b](given) then

["r=1[r=0

A.2. Letf is a bounded function in L[a,b]

Hence, f;f > 0.

feL[a, b] = f is measurable
= |f| is also measurable
= |f|€eL]a, b].
Now, it remains to prove that f (x) < g(x) ae.onE = [ f <[ g.
We know that
f(x) < |f(x)| for all xe[a, b]
=00 f < J;If (1)
Further, we know that
—f) = 1f)| = Ifl1(x)
=[, f <] Il
)
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From (1) and (2) we conclude that

2F1< [2IFL.

sinx

A.3. Consider [,

_n nm | sin x|
|dx_ r=lJor-Dm

dx

X

—won nr | sin{t+(r—1)m}|
B r—lfo {t+(r-1)m} dt

nr | sin{t+(r—1)m}|
2¥ra )y gt

1 1,1 .
== ?zl;fo | sint |dt

lan 1,7 .
==Y" .= | sintdt
- T‘—1rf0
_2en 1
g eT=1,

Which implies that limy, .o, [} | = |dx 22 X7, =

But we know that 2?:1% is a divergent series, therefore Z?=1% =00

So, fy If(0)|dx = 00 = [°|f(x)|dx = oo

=|f] is not L-integrable.

Hence, f(x) is not L-integrable.

A.4. Let us define a function f: Q — R such that f(x) = 1 forall x € Q.
Clearly, the function f defined above is no where zero.

But we know that m(Q) = 0. (because Q is a countable set and measure of a
countable set is zero)

Then, by first mean value theorem
Lm@Q <[, f<1mQ
=0<f, f<0
:fQ f=0.

A.5. We know that [, f = ff fxg, xg is the characterstic function of E.

Isisgiventhat f > 0 a.e.onE.
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Also by definition of characterstic function yz = 0 on [a,b].

= fxg = 0a.e.on[ab].
:f:fXE =0
=J; f20
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3.5 Keywords
3.6 Self-Assessment Test
3.7 Answers to check your progress

3.8 References/ Suggested Readings
3.1 Introduction

The “fundamental theorem of the integral calculus” 1is that
differentiation and integration are inverse processes. This general principle
may be interpreted in two different ways.

If f(x) is integrable, the function
F(x) = [, f(t)dt (i)

is called the indefinite integral of f(x) ; and the principle asserts that
F'(x) = f(x) (ii)
On the other hand, if F(x) is a given function, and f(x) is defined by (ii), the

principle asserts that

J; f®dt=F(x) - F@ (i)
The main object of this chapter is to consider in what sense these theorems are
true.
From the theory of Riemann integration (ii) follows from (i) if x is a point of
continuity of f. For we can choose h, so small that |f(t) — f(x)| < € for

|t — x| < hy; and then

F(x+h)—F(x)

| TS f )l = |5 [T () — £} de| <€ (Jh| < ho),
by the mean- value theorem. This proves (ii).
We shall show that more generally this relation holds almost everywhere. Thus
differentiation is the inverse of Lebesgue integration.
The problem of deducing (iii) from (ii) is more difficult and even using
Lebesgue integral it is true only for a certain class of functions. We require in

the first place that F'(x) should exist at any rate almost everywhere and as we
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shall see this is not necessarily so. Secondly, if F’(x) exists we require that it
should be integrable.

Differentiation of Monotone Functions

Definition 3.2.1. Let C be a collection of intervals. Then we say that C covers
a set E in the sense of Vitali, if for each € > 0 and x in E there is an interval |
eCsuchthatxeland I(I) < €.

Now we prove the following lemma which will be utilized in proving a result
concerning the differentiation of monotone functions.

Vitali Lemma

Lemma 3.2.2. Let E be a set of finite outer measure and C a collection of
intervals which cover E in the sense of Vitali. Then given € > 0 there is a

finite disjoint collection {13, ..., I, } of intervals in C such that

N

E—Uln

n=1

Proof. It suffices to prove the lemma in the case that each interval in C is

*

m <E.

closed, for otherwise we replace each interval by its closure and observe that
the set of endpoints of I, I,,...,Iy has measure zero.
Let O be an open set of finite measure containing E. Since C is a Vitali
covering of E, we may suppose without loss of generality that each | of C is
contained in O. We choose a sequence (I,,) of disjoint intervals of C by
induction as follows :
Let I; be any interval in C and suppose I, ...,I,, have already been chosen. Let
k., be the supremum of the lengths of the intervals of C which do not meet any
of the intervals I, ..., I,, . Since each | is contained in O, we have k,, < m0 <
oo, Unless

Ec ULl

we can find I, in C with [(I,,41) > %kn and I,, 4 disjoint from I, I, ..., I, .

Thus we have a sequence (I,) of disjoint intervals of C, and since U I, c O,



75

we have [(I,,) < mO < oo. Hence we can find an integer N such that

il(ln)<§

N+1

Let

It remains to prove that m*R <€.

Let x be an arbitrary point of R. Since UY_, I,, is a closed set not containing x,
we can find an interval | in C which contains x and whose length is so small
that |1 does not meet any of the intervals Iy, I,....Iy . If now I nI; = ¢ for
<N , we must have I(I) < ky < 2l(Iy;,) . Since lim [(I,) =0 , the
interval I must meet at least one of the intervals I,,. Let n be the smallest
integer such that | meets I,,. We have n > N, and I[(I) < k,_; < 2I(I,,) . Since
x isin |, and | has a point in common with I,,, it follows that the distance from

x to the midpoint of I,, is at most

1) + 5101 < 21,
Let J,, denote the interval which has the same midpoint as I,,, and five times

the length of 1,,,. Then we have x € J,,,. This proves

RCCJ]n

N+1

Hence

m*RSil(]n)=5m§:l(]n)<mE.

N+1 N+1

The Four Derivatives of a Function
Whether the differential coefficients
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fx+h) - fx)
h

f10) = lim
exists or not, the four expressions

D+f(X) — h@—f(x-l_h})l_f(x)

by = i LRI

fx+h) - fix)

D, = i

f(x) hi_fgi Y

D_f(x)=li_mf(x)—£(x—h)
h—-0+

always exist. These derivatives are known as Dini Derivatives of the function
f.D*f(x) and D, f(x) are called upper and lower derivatives on the right and
D~f(x) and D_f(x) are called upper and lower derivatives on the left.
Clearly we have D*f(x) = D, f(x) and D~ f(x) = D_f(x).
If
D*f(x) = Dyf (%),
the function fis said to have a right hand derivative.
If
D™ f (x) = D_f(x),
the function is said to have a left hand derivative.
If
D*f(x) =Dyf(x) =D f(x) = D_f(x) # too,
we say that f is differentiable at x and define f'(x) to be the common value of
the derivatives at x.
Theorem 3.2.3. Every non- decreasing function f defined on the interval [a, b]
is differentiable almost everywhere in [a, b]. The derivative f'1 is measurable
and
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[, f'Gdx < f(b) - (@),

Proof. We shall show first that the points x of the open interval (a, b) at which
not all of the four Dini- derivatives of f are equal form a subset of measure
zero. It suffices to show that the following four subsets of (a,b) are of
measure zero:

A={xe(a,b)|D_+f(x) <D+ f(x)},

B={xe(ab)|D_+f(x)<D"— f(x)},
C={xe(a,b)|D_+f(x) <D"— f(x)},

D={xe(ab)|D_+ f(x) <D+ f(x)}.
To prove m*A = 0, consider the subsets
Ay ={xe(ab)|D_f(X)<u<v<D"f(x)}
of A for all rational numbers u and v satisfying u < v. Since A is the union of
this countable family {A,}, it is sufficient to prove m*(4,,,,) = 0 for all pairs
u, v with u < v.
For this purpose, denote o = m*(Au,v) and let € be any positive real number.
Choose an open set U o A, ,, with m*U < m+E€. Set x be any point of 4, .
Since D_ f(x) < u, there are arbitrary small closed intervals of the form
[x — h, x] contained in U such that
f(x) — f(x —h) <uh.
Do this for all x € 4, ,, and obtain a Vitali cover C of A4, ,. Then by Vitali

covering theorem there is a finite sub collection {J,,/,,...,J,} of disjoint

n
m* (Au,v — U]l> <€
i=1

Summing over these n intervals, we obtain

intervals in C such that
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n

[FG) = f e = hdl < ) hy
=1

i=1

l

<um*U

< u(a+e€).
Suppose that the interiors of the intervals J;, J,,....J, cover a subset F of 4,,,,.
Now since D* f(y) > v, there are arbitrarily small closed intervals of the form

[y, y + k] contained in some of the intervals J; (i = 1, 2,...,n) such that

f+k)—fQy)>vk
Do this for all y e F and obtain a Vitali cover D of F. Then again by Vitali

covering lemma we can select a finite subcollection [K;, K, ..., K,,] of disjoint

m
F— UKL-
i=1

Since m *x F > ag—¢€, it follows that the measure of the subset H of F which is

intervals in D such that

m* <€

covered by the intervals is greater than o — 2 €. Summing over these intervals

and keeping in mind that each K; is contained in a J,,, we have

DU = f =k} = ) O+ k) = O]
i=1 =1

m
>U2ki

=1

>v(a—2€)
so that
v(ia—2€) <u(a+e)
Since this is true for every € > 0, we must havev a < ua. Since u < v, this

implies that a = 0 . Hence m*A = 0 . Similarly, we can prove that m*B = 0,
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m*C = 0and m*D = 0.
This shows that

fx+h) - fx)
h

is defined almost everywhere and that f is differentiable whenever g is finite. If

g(x) = lim

we put

gn(x) =n [f (x + %) — f(x)] for x € [a,b],
where we re- define f(x) = f(b) for x = b. Then g, (x) - g(x) for almost
all x and so g is measurable since every g, is measurable. Since f is

non- decreasing, we have g,, = 0 . Hence, by Fatou’s lemma

b b b
[[o<tm [ gu=timn [ 1 (x+7) Foolax
= limn[f jf (¥)dx — [ f()dx]
— limn [[°f dx+ [P (dx — [T f @ — [° f ()]

= limn [fbb+%f (x)dx — f;H%f (x)dx]

<f) - f(a)
(Use of f(x) = f(b) for x = b for first interval and f non- decreasing in the
21 integral).
This shows that g is integrable and hence finite almost everywhere. Thus f is
differentiable almost everywhere and g(x) = f'(x) almost everywhere. This
proves the theorem.

Functions of Bounded Variation

Let f be a real- valued function defined on the interval [a,b] and let a = x, <
x; < xp < -+ < x, = b be any partition of [a,b].
By the variation of f over the partition P = {x,, x4, ..., x,} of [a,b], we mean

the real number
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VEP) = ) IFG) = fxioa)l
i=1

and then

V.2 (f) = sup {V(f, P)} for all possible partitions P of [a, b]}

= sup, Z G = F(ximy)]
i=1

is called the total variation of f over the interval [a,b]. If V2(f) < oo, then we
say that f isafunction of bounded variation and we write f € BV.
Lemma 3.2.4. Every non- decreasing function f defined on the interval [a,b]
is of bounded variation with total variation

V2 (f) = f(b) - f(a).

Proof. For every partition P = {x,..., x,} of [a,b] we have

V(f.P) =Xk | f(x) = f(xima)

= 160 - fli)

=1

=f(b) - f(a)
This implies the lemma.

Jordan Decomposition Theorem

Theorem 3.2.5. A function f: [a, b] — R is of bounded variation if and only if
it is the difference of two non- decreasing functions.
Proof. Let f =g —h on [ab] with g and h increasing. Then for any,

subdivision we have

n

DG = el < ) 90 = 9G] + ) [hGx) = h(xi-)]

=1

= g(b) — g(a) + h(b) — h(a)
Hence

V2 (f) < g(b) + h(b) — g(a) — h(a),
which proves that f is of bounded variations.
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On the other hand, let f be of bounded variation. Define two functions
g, h :[a,b] = R by taking
9@ =V"(f),  h(x)=V(f)—fx)
for every x € [a, b]. Then f(x) = g(x) — h(x).
The function g is clearly non- decreasing. On the other hand, for any two real

numbers x and y in [a, b] with x < y, we have

h(@) —h() = [V () = fFO)] - V& () — (0]
=V - IfO) - f)]

>V () -V () =0
Hence h is also non- decreasing. This completes the proof of the theorem.
Examples 3.2.6. (1) If £ is monotonic on [a,b], then f is of bounded variation
on [a, b] and

V() = Ifb) - f(a)l,

where V (f)is the total variation.

(2) If f" exists and is bounded on [a, b], then f is of bounded variation.
For if
If' ()l =M

we have

DG = el < ) MG = x0) = MG = @)
i=1 i=1

no matter which partition we choose.

(3) f may be continuous without being of bounded variation. Consider

xsin r (0<x<2)
fG) = ¥
0 (x=0)
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Let us choose the partition which consists of the points 0,—,—, ...,

on-1’>n-3’

,2

)

Ul N
w N

Then the sum in the total variation is

2 2 2 2 2 2
[2+§]+[§+§]++[2n-3+2n-1]+2n-1
Sty
2 3 n

and this can be made arbitrarily large by taking n large enough, since 2%
diverges. Since

If () — f(a)] <V(f)
for every x on [a,b] it is clear that every function of bounded variation is
bounded.
The Differentiation of an Integral
Let f be integrable over [a,b] and let

F(x) = jxf(t)dt

a
If f is positive, h > 0, then we see that

x+h

F(x+h)—F(x)=f f@®dt=0

X

Hence, integral of a positive function is non-decreasing.

We shall show first that F is a function of bounded variation. Then, being
function of bounded variation, it will have a finite differential coefficient F’
almost everywhere. Our object is to prove that F'(x) = f(x) almost
everywhere in [a,b]. We prove the following lemma:

Lemma 3.2.7. If f is integrable on [a,b], then the function F defined by

F(x) = f;f(t)dt is a continuous function of bounded variation on [a,b].

Proof. We first prove continuity of F. Let x, be an arbitrary point of [a,b].
Then
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P

FG) - Fel =1 [ f @l

X0

<[ 1r@lat

Now the integrability of f implies integrability of |f| over [a,b]. Therefore,
given € > 0 there is a 6 > 0 such that for every measurable set A c [a, b]

with measure less than 8, we have

jA £l <€

Hence
|F(x) — F(xg)| <€ whenever |x — x,| < §;
and so f is continuous.
To show that F is of bounded variation, leta = x, < x; < - < x, = b be any

partition of [a,b]. Then
Pl F(x) = FQa)| = Sy | [ f (©de = [77 f ()t |

|f £ ()t |

i—

Il
.Mz

1l
[y

l

<

-

1]
oy

L " Fole

i i-1

b
- f | F(O)]dt

Thus

b
VPF sf | f(D)|dt < o
a

Hence F is of bounded variation.

Lemma 3.2.8. If fis integrable on [a, b] and
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fxf (H)dt=0

a

for all x € [a,b], then f = 0 almost everywhere in [a,b].
Proof. Suppose f > 0 on a set E of positive measure. Then there is a closed
set F c E withm F > 0. Let O be the open set such that

0= (ab)—F

Then either f:fi 0 orelse
b
o=Jr=lrel s
a F o

oo bn
= Jp f+Za ) f @)t (1)
Because O is the union of a countable collection {(a,, b,,)} of open intervals.

But, for each n,

Lbnf (H)dt = Lbnf (t)dt — faanf (t)dt

=F(b,) —F(a,) =0 (by hypothesis)

fr-s

Butsincef>00nFand>O,wehavefF f>0.

Therfore, from (1), we have

We thus arrive at a contradiction. Hence f = 0 almost everywhere.

Lemma 3.2.9. If f is bounded and measurable on [a, b] and

F(x) = [ f(tydt +F(a),
then F'(x) = f(x) for almost all x in [a,b].
Proof. We know that an integral is of bounded variation over [a,b] and so
F'(x) exists for almost all x in [a,b]. Let |f] < K. We set

F(x+h) — F(x)
h

fax) =

With h = % Then we have
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x+h

fa(x) = —[f f ®dt — [ f(t)dt]

fx+hf (Ot

X

> -

x+h

1
S 1h@I=15 | f @l

X

<

x+h 1 x+h
f |f(t)|dtsﬁj K dt

X X

SRS

=] =

Moreover,

fa(x) - F'(x) ae.
Hence by the theorem of bounded convergence, we have

[CF(dx = lim [ f(dx = limh_,O% SIIFCe+h) —
F(x)]dx

= limy oy [ F)dx - & [ F(x)dx]

= limpol [ F(x)dx - + [+ F(x)dx]

h
=F(c) — F(a) (since F is
continuous)
= [, f(x)dx

Hence

JIIF(o)- f(0)]dx =

for all c e [a,b], and so
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F'(x) = f(x) ae.
by using the previous lemma.
Now we extend the above lemma to unbounded functions.

Theorem 3.2.10. Let f be an integrable function on [a,b] and suppose that

Fx) = F(a) + fxf(x)dt

Then F'(x) = f(x) foralmost all x in [a, b].
Proof. Without loss of generality we may assume that f > 0 (or we may write

“From the definition of integral it is sufficient to prove the theorem when
f=0).
Let f,, be defined by f,(x) = f(x) if f(x) <n and f,(x) =n if f(x) > n.
Then f — f, = 0 and so
X
G = [ = f)
a

is an increasing function of x, which must have a derivative almost
everywhere and this derivative will be non- negative. Also by the above

lemma, since f;, is bounded (by n), we have

L([2F) = o) ae. 0

o ([1)-4(or [

gl
Cdx " dxaf"

Therefore,

> fn(x) ae. (using (i))
Since n is arbitrary, making n — m we see that F'(x) > f(x) a.e.

Consequently,

[ F'dx > [ f(x)dx
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= F(b) — F(a) (using the hypothesis of the theorem)

Also since F(x) is an increasing real valued function on the interval [a,b], we

have
[PF'(0dx < F(b) - F(a) = [ f(x)dx
Hence

[ F()dx = F(b) - F(a) = [ f(x)dx
= [P[F'(x) - f(x)dx =0

Since F'(x) — f(x) =0 , this implies that F'(x) — f(x) =0 a.e. and so
F'(x) = f(x) ae.

Definition 3.2.11 A real- valued function f defined on [a,b] is said to be

absolutely continuous on [a,b] if, given € > 0 there isa & > 0 such that

Absolute Continuity

D IFG) = fa] <e
i=1

for every finite collection {(x;, x;")} of non- overlapping intervals with

n

Dl —xl <8

i=1

An absolutely continuous function is continuous, since we can take the above

sum to consist of one term only. Moreover, if

F(x) = [, f (©)dt,
then



n

mel') Fel=Y 1 [ @ae- [ o

i=1

-3 [(roa

i=1 i

< T LI f©xNde = [ 1f©ldt,

where E is the set of intervals (x, x;")

—0asyr,|x;'—x;]|—0.

The last step being the consequence of the result.
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“Let € > 0 . Then there is a 6 > 0 such that for every measurable set E c

[a,b] with mE < &, we have

J, 11 <€”.

Hence every indefinite integral is absolutely continuous.

Lemma 3.2.11. If f is absolutely continuous on [a,b], then it is of bounded

variation on [a,b].

Proof. Let 6 be a positive real number which satisfies the condition in the

definition for € = 1. Select a natural number

b—a

>
nTs

Consider the partition I = {x,, x4, ..., x,} of [a,b] defined by

i(b—a)
n

xl':xo

foreveryi =0,1,...,n. Since |x; — x;_1| < 6, it follows that
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Vet (F) <1

This implies
V=D V() <n
i=1

Hence f is of bounded variation.
Corollary 3.2.12. If f is absolutely continuous, then f has a derivative almost
everywhere.
Lemma 3.2.13. If f is absolutely continuous on [a,b] and f(x) = 0 a.e., then
f is constant.
Proof. We wish to show that f(a) = f(c) for any c € [a,b]. Let E < (a,c) be
the set of measure ¢ — a in which f'(x) =0, and let € and n be arbitrary
positive numbers. To each x in E there is an arbitrarily small interval [x, x + h]
contained in [a,c] such that
If(x+h) = f(x)| <nh

By Vitali Lemma we can find a finite collection {[x;, vx]} of non- overlapping
intervals of this sort which cover all of E except for a set of measure less than
d, where & is the positive number corresponding to € in the definition of the
absolute continuity of f . If we label the x; so that x, < xy,;, we have (or if
we order these intervals so that)

A=Y <X <Y1 S x <. <Yy < Xpyp1 =¢C

and

n
D 1% =yl <6
k=0

Now
INILCORVICHETDYCAED
k=0 k=1

<n(c—a)
by the way to intervals {[xy, v, ]} were constructed, and
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D 1) = FOl <
k=0

by the absolute continuity of f. Thus

F© = F@1 =1 ) [f Ges) = FORT + ) [F 0 = FGa] |
k=0

k=1
<€ +n(c—a)

Since € and n are arbitrary positive numbers, f(c) — f(a) =0 and so
(¢) = f(a) . Hence f is constant.

Theorem 3.2.14. A function F is an indefinite integral if and only if it is
absolutely continuous.

Proof. We know that if F is an indefinite integral then F is absolutely
continuous. Suppose on the other hand that F is absolutely continuous on

[a,b]. Then F is of bounded variation and we may write
F(x) = F;(x) — F,(x),

where the functions F; are monotone increasing. Hence F'(x) exists almost
everywhere and

|F'(x)| < Fi(x) + F3(x)
Thus

f |F'(0)]dx < Fy(b) + Fy(b) — Fy(a) — Fy(a)

and F'(x) is integrable. Let

G(x) = fo "(H)dt

Then G is absolutely continuous and so is the function f = F — G. But by the
above lemma since
f'(x) =F'(x)—G'(x) =0ae,

we have f to be a constant function. That is,
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F(x) — G(x) = A (constant)

or

F(x) = fo’(t)dt =4

a

or
F(x) = fo "(tHdt+ A

Taking x = a, we have A = F(a) and so

F(x) = [T F'(t) dt+F(a)
Thus F(x) is indefinite integral of F'(x) .
Corollary 3.2.15. Every absolutely continuous function is the indefinite

integral of its derivative.

3.3 Check Your Progress

.1
X sin—; forx #0

Q.1. Let f be a function defined by f(x) = { . Find

0; x=0

D" f(0), D, f(0), D f(0)and D_f(0)

Q.2. If the function f(x) assumes its maximum at c, show that
D" f(c)<0,D_f(0)<O.
Fill in the blanks in following question.
Q.3. Let f: [a, b] = R be a fuction which satisfies Lipschitz condition then
show
that it is absolutely continuous.
Sol. Let f: [a, b] = R be the given function which satisfies Lipschitz
Condition, i.e., for any constant M.
[ f)-f(VI<M[x=y[ VX Yye[ah] (1)
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Now for given ¢ >0, take 6 = ﬁ
Where, (]ai,b,[) .1 e Nis a finite non-overlapping collection of pairwise

disjoint intervals. Then from (1)

=3 f(br)—f(ar)ISMZIbr—ar|<Mﬁ:g
r=1

=31 fb)-f(a)l<e

Q.4. Show that if f’(x) exists and is ------------------ on [a, b] then f is of
bounded variation on [a, b].
Sol. ltis given that f'(x) exists and bounded so that there exist m > 0
such that [f(x)|] < mon [a, b].

ERLICORRICTN] .
X =X

S I S A0 - S—

T <m> (% —x_,)=m(b—a), for any patition P of [a, b].
Hence, f € BV|a, b].

x"sini, 0<x<

1, p>2 is of bounded
0, x=0

Q.5. Show that the function f(x) ={

variation on [0,1].

3.4 Summary

In this chapter we discuss functions of bounded variation and three
related topics. Begin by defining the variation of a function and what it means
for a function to be of bounded variation, then develop some properties of
functions of bounded variation. Consider algebraic properties as well as more
abstract properties such as realizing that every function of bounded variation

can be written as the difference of two increasing functions. Examine the
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definition of the Riemann-Stieltjes integral and see when functions of

bounded variation are Riemann-Stieltjes integrable.

3.5 Keywords

Absolute Continuous Function, Function of Bounded Variation, Lebesgue

Point, Vittali’s Cover of a Set, Indefinite Integral, Convex Function.

3.6 Self-Assessment Test
1. Show that the function f defined on [0,1] by

. foro<x<t
x cos—; for x <
fx) = 2
0; x=0
is continuous but not of bounded variation on [0,1].

2. Let f be a function of bounded variation, then show that f(x) exists a.e.

3. Show that if F(x) = F(a) + f;f(t)dt,then F'(x) = f(x) ae.

4. 1f f is integrable on [ab] and [ f()dt = 0 for all x € [a,b]. Show that
f(t)=0a.e.in[a,b].

5. Show that every increasing function on [a,b] is of bounded variation and

every function of bounded variation on [ab] is almost everywhere
differentiable on [a,b]

3.7 Answers to check your proqgress

A.1. By the definition of Dini’s derivatives, we have

hﬁnl—o
D+f(0):m f(0+hr:_ f(O) :m T =ﬁsin1=1
— — — h
D 1) =lim OO _jingnl_4
h—0* h h=>0
_hsin(-1)-0
D f(0)=lim rO=-N-10 _m :Wsin(—1)=1
h—0" —h h—0" —h h—0 h



94

D_f(0)=lim

FO-M=1O _jimsinly-—1
_h S h '

ho0 A0
A.2. It is given that the function f(x) assumes its maximum value at x = c.
Therefore,

f(c+h)< f(c)= f(c+h)—f(c)<0
And

f(c—h)< f(c)= f(c—h)— f(c)<0
which implies that

f(c+h)—f(c)<O and f(c—h)—f(c)>0
h B h B

Hence

lyf(c):mf(c+hr)]—f(c)So

h—0*

Similarly D_f(c)>0

A3. (i) rZill(b,—ar)<5=ﬁ

(i) | f(b)-f(@)|<M(b,—a,),Vr
A.4. (i) Bounded
(i) m(x —x_,)
(i) Vi ()
A.5. We know that the finction f'(x) exists and bounded then f is of bounded

variation.

(0+h)psin1—0
lim h

n—0

Now, Rf'(0) = Iirrg

fO+h)—f(0) .
’ _

=lim hp‘lsinizo
h

n—0
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(=h)® sin(—ﬁ) -0 .

f(0—h)— f (0)

And Lf ‘(0)=Iing =lim

n—0 —h
So  Rf'(0)=Lf0)=0.

= f'(0)=0= f'(x) exists.

And f'(x)=x" cosl(—izj+ px”’lsinE
x\ X X
= xp{pxsini—cosl}, 0<x<1
X X
= f '(x)is bounded for 0 < x < 1.
Here f(x) is of bounded variation on [0,1].
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4.1 Introduction

Many of the classical spaces in analysis consist of measurable
functions and most of the important norms on such spaces have been defined
by integrals. The Lebesgue LP-spaces arc among such important classes. A
complete understanding of these spaces needs a thorough understanding of the
Lebesgue theory of measure and integration which we have developed in the
preceding chapters. We are now fully prepared to introduce the LP spaces.
These spaces have remarkable properties and are of enormous importance in
analysis as well as its applications.

LP- space
If £ is a measurable function on E, then If LP is so for each p, 0 < p < oo.

Designate by L? (E), the class of all p- integrable functions over E, i.e.,

PE=H S, IfIP <}
Examples 1. Let E = [0,16] and f: E — R be a function defined by f(x) =
(x)~Y* . Then f € L*(E) but f ¢ L*(E).

2. LetE = [0%] and the function f: E — R be defined by

@) =[x log2 ()]
Then f € L1(E).
3. Let E =(0, ) and the function f: E — R be defined by
fe) =0 +x)7"2
Then LP(E), foreachp, 2 < p < oo.
It is easy to verify that LP (E) is a linear space over R. Indeed, we observe that:
1. geLP(E) = f + g € LP(E), since
If + 917 < 2P max {|f|?,|g]"}
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<2P{fIP +1gIP}
2.f eLP(E)ande R = af € LP(E).
Furthermore, iff € LP(E) , then the inequalities
{0 <fr<Ifl
0<f~ <Ifl
imply that f*, f~ and |f| also in LP(E).
In order to define L*(E), let f be a real- valued and measurable function on a
set E with m(E) > 0. Areal number M is said to be an essential bound for the
function if
|f(x)] < Ma.e.onE.
A function is said to be essentially bounded if it has an essential bound. In
other words, a function defined on E is essentially bounded if it is bounded
except possibly on a set of measure zero. The essential supremum off on E'is
defined by
esssup |f(x)| = inf {M: |f(x)| < M a.e.onE},
or equivalently
ess sup |f(x)| = inf {M:m({xeE :|f(x)] > M }) =0}.

If f does not have any essential bound, then its essential supremum is defined
to be co.
Let us designate by L (E) the class of all those measurable functions defined
on E which are essentially bounded on E, i.e.

L*(E) = {f:esssup |f| < o}
It is not difficult again to verify that L*(E) is a linear space over R.

Examples 1. Every bounded function on E in L*(E).

2. The function : [a, b] — R given by
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_ (1 ifx isirrational
fx) = {oo if x is rational

isin L®[a,b].

Let us now define a function || .||, : LP(E) - R, 0 < p < oo, as follows:

111 = (5, 17) " 0 <p <o

[Ifllo = ess sup |f].

Lemma. 4.2.1. Let € L*(E) . Then:

@) If ()] < |Ifllwa.e. on E.

(0) 11f1leo = sup {M:m({x € E:|f(x)| = M}) # 0}.
Proof. (a) Letn = ||f]|. Note that

” 1
(e B IfI 2 7} = le{x eE:IfCOl > 7+,

Since the union of a countable collection of sets of measure zero has measure
zero, we have
m({x € E: [f ()| = [|fllo}) = 0

= [f()] < |If]le a.€. ONE.
(b) It is obvious from the definition of ||f]|. on E.
Theorem 4.2.2 Let E be a measurable set with m(E) < o. Then L*(E) C
LP(E). For each p with 1 < p < oo Furthermore, if f € L*(E)

1S lleo=limp o0 [ £11-
Proof. Let f € L*(E) and n = ||f || . Then

lf(x)]? <nPaeonk

= [ If@IP <nP.m(E).
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Therefore, f € LP(E) and consequently L*(E) c LP(E) . Furthermore, we

note that
If1l, < nlm(E)]Y?.

Since [m(E)]*/? - 1 as p — oo, e obtain
Jim sup |Ifll, <n

On the other hand, let |f(x)| = « on a set F with m(F) > 0. Then
Ifllp = nlm(F)]*P

= lim,_,, inf [|f]l, = a.
This verifies that (cf. Lemma 2.3)
supfo:m ({x €EE:|f(x)| = a}) # 0} < lim,_, inf |[f][,.
Henoe. the result fonows from

n < lim inf [Ifll, < lim sup |Ifll,

Corollary 4.2.3. L*(E) < Ny LP (E) , and the norm on L*(E) is equal to the

limit of ||f|[, as p — oo provided m(E) < oo.

The Holder and Minkowski Inequalities
Lemma4.2.4. Let0 < A1 < 1. Then
a’ft=* < da+ (1 -2
holds good for every pair of nonnegative real numbers a and g with equality

onlyifa = p.
Proof. The inequality is trivial if either « = 0 or § = 0. Hence, assume that «
>0 and g > 0. Consider the function ¢ defined for a nonnegative real
number t by
ey =1 -2+t —t%
Then,
o' =2A(1—*1),
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and so t = 1 is the only possible point for the extrema of . It is verified that
@ attains its maximum at t = 1. Thus
e = (1) =0
>1-1+At >t
Setting t = a/f, the inequality follows. The equality holds good only for
t = 1 which is obtained only if & = .

Riesz-Hoélder Inequality

Theorem 4.2.5 Let p and g be nonnegative extended real numbers such that

$+$:1.IffeLpandgeLq,thenf-geLland

[z

Equality holds iff, for some non zero constant A and B, we have A|f|P= B|g|?
a.e.

Proof. When p = 1, then g = o, and the inequality is available trivially in this
case. Indeed, if ||g||. = M, then |g] < M a.e., and so

Ifgl < M|f]ae.
Thus f g € L, and by integrating, we get

[ irai=m [ s <iifIb gl

Now, assume that 1 < p < oo and consequently 1 < g < oo. The inequality is
trivial if either f = 0 a.e. or g = 0 a.e. So assume f # 0 a.e. and g # 0O.a.e.
so assume that f # 0 and g # 0 This gives that ||f|], > 0 and ||g||, > 0.
Now, applying lemma 3.1 with
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( ,1:1
p
£
17Tl

Lo
=Gl

a=( )P

)q

we obtain

p q
I® g1 _ 1FOP | 1190 @
Wl llglle = 2 1Ifllp 4 llgllq

This gives that fg € L, and by integrating, we find that
[ Ifgl 1 1

T <_4-=1.
fllpllglly P q

Hence

I 1fgl=1iflIpllgllg: ©)
Equality in (2) would occur if a = 8, and, consequently, in (3) if a = S holds
a.e. In other words, if
gl IfFOP = 1If1I," g1
Note. The inequality (3) is homogeneous, i.e., it holds for af and bg with a,
b € R whenever it is so for f and g.

Riesz-Minkowski Inequality

Theorem 4.2.6 Let 1 < p < oo. Then for every pair f, g € LP, the following
inequality holds:

If +glly < 1fllp + 1191l
Proof. The case for p = 1 is straight forward. If p = o, we note that

{Ifl=||flloo
lgl = 11glle

= |+l < flle + 19]loo
and hence the result follows in this case also. Thus, we now assume that
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1I<p < oo.

Since LPis a linear space, f + g € LP. Also, we have

J Af+glP <[ If+glPHUfI+] If +9P gl

Let 1 < g < oo be such that % + i = 1. Then, since (p — 1)q = p, observe that

[ ar+are=| ir+ar

and therefore |f + g|P~* € LP. As such, by Theorem 3.2, both

If + 9P~ Ifland |f + g|P~ gl
belong to L!, and the Riesz- Holder Inequality leads to

j If + P < HIfHIAf + g1P7Dlg

and

f If + 1P gl < llgllpll Af +g1P™Dllg

But

1/q )
II(|f+ng‘1)IIq=<f If+gl(”‘1)"> = (If + gllp) /a

Since (p — 1)q = p. Hence

p
j If +91” < (IIf1lp + 1gll) IS + gllp) /e
If||f + gll, is nonzero finite, the result follows by dividing both sides by

[f + g||g/q. In case ||f + gll, = 0, there is nothing to prove while in case
[If +gll, = o, we either have ||f]|, = « or ||g||, = « in view of the
relation |f + g| < |f| + |g|, and the result is obviously true again.

Remark. Equality holds in Theorem 3.3 if and only if one of the functions f
and g is a multiple of the other.

Note. For the special case p = g = 2, the inequality in Theorem 3.2 is known
as the Cauchy Schwarz Inequality. Cauchy (1821) first proved the inequality

(Cauchy’s inequality) for square summable sequences. Indeed, if {a,} and



104

{b,} are sequences of numbers (real or complex) such that Yo°_, |a,|* < «
and Y5 ; |bp|? < oo, then

i | @nbpl < (i | an|2) 2 (i |bn|2) 2

n=1 n=1 n=1
This inequality was generalized to integrals by A. Schwarz (1885). However,
the same generalization had already been obtained by a Russian
mathematician Victor Bunyakovsky (1859) which remained unnoticed by
Western mathematicians. O. Holder (1989) extended Cauchy’s inequality for
the general values ofp and g by establishing, for sequences {a,} and {b,,) with

Z?ﬁ;l |an|p <® and Z?Lq:.l |bn|p < o0, that

1) %) 1/ %)
D lanby| < (Z |an|p) p (Z |bn|Q)
n=1 n=1 n=1

where (1/p) + (1/q) = 1. The latter inequality is then generalized to the case
of integrals by F. Riesz (1910).

1/q

Completeness of LP-spaces

We are now prepared to show that || - ||, defines a norm on LP.In fact, for
1 < p < o, the function || - ||,,: L? — R satisfies the following conditions:
LIfllp = 0

2.1|fll, = 0 ifand only if f = 0 a..

3. llafll, = lalllf1lp, « areal number

411+ gllp = NIfllp + 1Igllp-

Conditions (1) and-(3) are immediate from the definition of [[.||,,; condition
while condition (4) is available from the Riesz-Minkowski Inequality.

Unfortunately the definition of ||| on LP fails to satisfy the norm
requirement that [|f]l, = 0= f = 0. As such, || - |[, is not a norm on LP.
However, to avoid this difficulty, we do not distinguish between equivalent

functions, i.e. the functions that are equal almost everywhere. In that situation,
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we regard the space LP consisting of equivalence classes of functions; for
example, 0 will represent the class of functions each of which is equivalent to
zero. Thus || - ||, now defines a norm on, regarded as the space of equivalence
classes, and therefore, LP becomes a normed space. If one refers to LP as a
normed space, it is in reality the space of equivalence classes f of functions.
But this should not pose any problem since, for any f € LP, the norm is given
by
11711 = llgllp,

where g is any function in the equivalence class £, and this definition does not
depend on the choice of the function g in the class f. In actual practice, the
equivalence classes are relegated to the background, and the elements of LP
are thought of as functions, where any two functions are regarded identical if
they are equivalent.
The norm || - ||, on LP induces in a natural way a metric don it given by

d(f,9) =If — gllp-

Riesz-Fischer Theorem

Theorem 4.2.7. The normed spaces LP,1 < p < oo, are complete.
Proof. To prove the result for the case p = o, let {f;,} be a Cauchy sequence in
L”. Then

/() = fin GOl < lfn = finlleo
except on a set A, < [a,b] with m(An,m) =0. If A=UpmAnm then
m(A) = 0 and

|fn(x) - fm(x)l < ”fn - f‘m”oo

Jfor all n and m, and for all x € [a, b] —A. Therefore, it follows that {f,}
converges uniformly to a bounded limit f outside A and the result is proved by
observing the fact that the convergence in L* is equivalent to uniform
convergence outside a set of measure zero. Now, assume 1 <p < . It is

enough to show that each absolutely summable sequence in L? is summable in
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LP to some element in LP.

Let {f,,} be a sequence in L? with

D lfally =M <o
n=1

Define a sequence {g,} of functions, where

gn () = D 1 fel
k=1

Observe, for each x that {g, (x)} is an increasing sequence of (extended) real
numbers and as such must converge to an extended real number g(x) (say),
i.e., gn(x) —> g(x) , for each x € [a,b]. Since the functions g, are
measurable, the function g is so. Also, in view of Riesz- Minkowski

Inequality, we note that

1gnllp=Il Zie=1 1fie COT Il

< D il <M
k=1

= [ 1gnlP < MP(b—a).

Therefore, since g,, = 0, by Fatou’ s Lemma, we have

[ gP < Mp(b-a).
This verifies that gP is integrable, and hence g(x) is finite a.e. on [a, b] Thus,
we find that, for each x for which g(x) is finite, the sequence therefore must
be summable to a real number (say) s(x). Let us set {f,,(x)} is an absolutely
summable sequence of real numbers,and
s(x) =0,

for those x where g(x) = oo a.e. of the partial sums. Then the function s so
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defined is the limit

Sn(X) = Lie=1 fie ().

i.e., s,(x) — s(x) a.e. Hences is a measurable function. Further
n
152001 < D | el
k=1

= gn(x)
< g),
which implies |s(x)| < g(x) . Therefore, s € LP since g € LP, and
|52(6) = s@)IP < 27 (g ()"
But 2PgP is an integrable function and |s,,(x) —s(x)|P - 0 a.e. So, by the

Lebesgue Dominated Convergence Theorem, we have

fl%—ﬂ”*o

= |lsp — sl = 0

Hence the sequence {f,,} is summable in L? and has the sum s in LP. This
proves the theorem completely.
Remark 4.2.8. It is worthwhile to point out that the space C[a, b] is a normed
space under the norm [|.||,but not a Banach space. However, it can be noted
that the completion of C[a, b] under ||. ||, is LP[a, b], for each p with 1< p <
0.
Theorem 4.2.7(A) If 0 <p <[, then L? is a complete metric space with
metric p defined by

p(f,9) = If = glly,
vi, gelLP.

Convergence of LP-spaces

Definition 4.2.9. A sequence {f,,} of functions in LP, 1 < p < oo, is said to
converge to f € LP in the norm of LP iff for each € > 0, there exists a positive
integer N such that [|f, — fl|, — 0. This type of convergence is usually

referred to as convergence in the mean of order p when 1 < p <oo and nearly
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uniform convergence when p = co.
As usual, one may define a p- mean Cauchy sequences of functions in LP.
Theorem 4.2.10. Let {f,,} be a sequence in LP which converges in the mean
of orderptof in LP. Then:
a. If the sequence {f,,} converges In the mean oforder p to g, then

f=gae.
b. The sequence {f,,} is p- mean Cauchy sequence.
C. limp_ o [Ifnllp = lIf1lp, In particular the sequence {f,} is bounded with
respect to the norm || f|],.
Remark 4.2.11. The converse of (b) is true, since L? is a complete normed
space, while that of (c) need not be true.
In general, convergence in the mean implies nor is implied by the pointwise
convergence or convergence almost everywhere
Examples
1. For each n € N, consider the function f,,: (0, 1) — R given by

n if 0<x<1/n

fo =
0 if I/n<x<1.

It can easily be ver fied that lim,,_. f,(x) = 0 for each x € (0,1) while
[Ifull, = c0asn — o forp > 1.

2. For each n € N, consider the function f,, : R = R given by

fa = X[nn+1]-

Note that f,,(x) —0asn — oo for each x € R. On the other hand
fn€LP, 1<p <
= |Ifull, =1,Vn €N
= |lfallp » 0asn > o forany p, 1 < p < .
Towards the relationship between pointwise convergence and convergence in

the mean of order p, we prove that the following results
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Theorem 4.2.12. Let {f,} be asequence in LP, 1 < p < oo, such that f, = f
a.e.and that f € LP.If lim,_,, || fullp = |If 1], then lim,_ ||fn — fll, = 0.
Proof. We assume, without any loss of generality, that each f,, > 0 a.e. so that
f is also so since the result in the general case follows by considering
f=fr=r
For any pair of nonnegative real numbers a and b, we have
la—b|P < 2P |alP+|b|P, 1 <p < oo

Taking a = f, and b = f, we get

22 (IlP + If 1P =|f. - f|" 2 0ace.

Thus, using Fatou’s Lemma and tho hypothesis, we get
2 [ 1= [ BmE e+ 1) = [ - £
< lim inf [ (2R +171P) - [~ £
=207 im [ 1P+ 2271 [ IF1P+ lim inf (= [ |~ )
=22 [ 1= timsup [ - P
Since [ |f|P < oo, it follows that

lim sup j If. - " <o.

Therefore
lim sup f fo. = fI° = lim inff If. =" =0,
n—oco n—»oo
so that
lim | |fo—f"=0
n—»>oo
Hence

lim[|fp = fll, =0

Bounded Linear Functional on LP Spaces
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Let p and q be two conjugate exponents. If € L9, 1 < q < oo, it follows from
the Riesz- Holder Inequality that f - g € L* for each f € LP. As such, for a

fixed g € L7, one can define a function F;: L? - R by

RO=| f

Clearly, F, is a linear functional on the Banach space LP. In fact, we now
prove that it is bounded also.
Theorem 4.2.13. Letp and q (1 < p, g <o) be two conjugate exponents and

g € L. Then the linear functional defined by

RO=| fe

is a bounded linear functional on L? such that ||, || = [|g]lq-

Proof. First consider the case when p = « and g = 1. Observe, by the Riesz-

Hoélder Inequality that
15 OI=HgN1 1 f e, VFE LP.

Thus, it follows that F; is a bounded linear functional on L? and that

[1E 11 < 1lglls-
To prove the reverse inequality, let

f=sgng.

Clearly f € L and satisfies ||f||. = 1. Therefore

R = ra=] 1=l

= ||K1l = llgll:-
Let us now consider the case when ] < p < co. Again, by the Riesz- Holder

Inequality,
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B gl A1, vferr
Therefore, F, is a linear functional on L? and satisfies ||F;|| < ||g]lq- Further,
to obtain the reverse inequality, let
f=1gl"sgng.
Clearly, f is a measurable function and |f| = |g|P@~V = |g|%. This verifies

that f € LP. Also, since

f—g=~gl%"sgng)g = |g]%

(1 ifg(x)=0
sgng(x)—{_l if g(x) <0

we note that

R=[ fa=] lgn

= ([ 191DV ([ 1glHVe

= 1197 191D
= |If1],[1g1],

= |11l = 11gllq

Hence the proof is complete
Riesz Representation Theorem
Theorem 4.2.14 Let F be a bounded linear functional on LP, 1 < p < co. Then

there is a function g in L7 such that

F=[ fg
and that [|F[| = [|g]]q-

The proof of Theorem 7.2 needs the following lemma.
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Lemma 4.2.15. Let g be an integrable function on a, b and K be a constant

such that
‘ f fg

for all bounded measurable functions f. Then g € L7 and ||g]|, < K.

< K|lf1lp

Proof. First we consider the case when p = 1 and g = . Let € > 0 be given,
and let
E={x€[a b]:|g (X|=K+e}
Setf- (sgng)xg. Then is a bounded measurable function such that
[1f1l1 = m(E).

Therefore

KmE) =K|Ifll. =1 fgl
= | j g(sgn g)xg

= [, |9l = K+e m(E)
= m(E) = 0, since € > 0 is arbitrary.
Hence ||g|] < K.
Let us now assume that 1< p < co. Define a sequence {g,} of bounded
measurable functions, where

_(gx) if g =n
9"(")‘{ 0 if [g(x)|>n

If we get £, = |g,]9/Psgn g,,, then each £, is a bounded measurable function

such that

/
Wfallo = (1gnlle) " and |gal? = fo - gn = fr - 9.
Therefore

m%mf=fﬁgsmmm=xm%mf”
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> (lgall)™ " <k

= llgnllqg = K

= [ gl < k0

But |g,|? = |g|?a. e. Thus by Fatou’s lemma

J 1917 <limg_q inf [ |gs| < K9
we have Hence, g € L9 and ||g||q < K.
Proof of theorem 4.2.14 . We shall obtain the proof of this theorem in four
stages
Stage 1. Suppose f = x;, t € [a,b] where X; denotes the characterstic function
of the interval [a, t].
Set ¢(t) = y; Clearly, ¢ defines a real- valued function on [a, b]. We first

show that ¢ is an absolutely continuous fimction. Let {(x;,x;)} be any finite

collection of non-overlapping subintervals of [a,b] such that };; |x; — x;|<d.
f =2 O — xx) sgn{o(x;) — @(x)},
Then

Ifllp <96,

and so
D leG) - oGl = F()

< [IFI]- 1111
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<|IFl| - &P

Thus Y; |o(x;) — @(x;)| < €, for any finite collection of intervals of total
€P
[IF|[P

length less than 6 ( = ) and as such p is absolutely continuous on [a, b].

Then by Theorem 4.7.2, there is an integrable function g on [a, b] such that

o) = [, g, Vte[ab]
Therefore

F(xe) = J 9x¢.

Stage 2. Suppose f is a step fuction. Since every step function on [a, b] can be

expressed as a linear combination of the form };, ¢; x;; with the exception of a

finite number of points and F is a linear functional, we have

Fn=| of

Stage 3. Suppose is a bounded measurable function on [a, b] then there is a
sequence {i,} of step functions such that i,, = f a.e. Since the sequence
{If —¢nIP} is uniformly bounded and f —1, —» 0 ae., the Bounded
Convergence Theorem gives ||f — ¥y, — 0 as n — oo, and therefore
IF(f) = FWn)| = [F(f — )l
< [IFI[ 1If = ¥nllp
= F(f) = gij{}oF(llin)

= lim g ¥n-

n—-oo

But, since |gyn| < nlg|, where n is the un form bound of {y,,} by Lebesgue

Dominated Convergence Theorem, we have

f fg = lim f g Yn.
Hence [ f g = F(f), for each bounded measurable function f. Furthermore,

since
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FOL<[IFI 11f11p,
we have g € L7 and ||g]|, < ||F|],
in view of Lemma.
Stage 4. Finally, suppose f € LP is any arbitrary function. Let € > 0 be given.
Then, there is a step function i such that ||f — ||, < &. Since 1 is bounded,

we have

F(¢)=f Vg

Therefore

IF(H)—f fgl=IF®)-F@)+[ vg—[ fygl

S|F(f—¢)|+|f W -1 gl

< |IFIL|1E = Il + l1gl] . 1F = 1],

<(IF1l + gl )¢

Since € > 0 is arbitrary, letting € — 0,

Fn=| fa

The equality ||F|| = ||g||q follows from Theorem 4.1.13

Convex Functions

Definition 4.2.16. A function ¢ defined an open interval (a,b) is said to be
convex if for each x, y € (a,b) and A, p such that A, u = 0and A + u = 1, we

have
d(Ax + py) < Ap(x) + udp(y)
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The end points a, b can take the values (—oo,0) respectively. Ifwe take
u=1—-2AA=>0,thenA+ u =1 and so ¢ will be convex if

¢(Ax + (1 - 2)y) < Ap(x) + (1 - 1¢(y)) (i)
Ifwetakea<s<t<u<band

1 t—s u-—t
= , = B u=4x, S=Y,
u—=s K u—=s y
then
t—s+u—t u-—s
u—s u—=s

and so (i) reduces to

d

t—s u—t t
4<

—S u—t
u—su+u—s _u—s¢w)+a:§¢®)

Or
¢ < )+ p(u) (ii)
Thus the segment joining (s, ¢(s)) and (u, ¢(n)) is never below the graph of

¢. A function ¢ is sometimes said to be convex on (a,b) it for all x, y € (a, b),

1 1
52 <500+ 550

(Clearly this definition is consequence of major definition taking A = u =

N |-

)
If for all positive numbers A, u satisfying A + 4 = 1, we have

¢(Ax + puy) < A9 (x) + pop(y),
then ¢ is said to be Strictly Convex.
Theorem 4.2.17. A differentiable function ¢ is convex on (a,b) if and only if
¢’ is a monotonically increasing function. If ¢ exists on (a,b), then I8 is
convex if and only if ¢’ > 0 on (a, b) and strictly convex if " > 0 on (a,b).
Proof. Suppose first that ¢ is differentiable and convex and let a < s <t <

u < v < b. Then applying Theorem5toa < s <t < u, we get

P~ d(s) _ p(W) — () _ d(W) — $(®)
t—s o u—s o u-—t
anda<t<u<v,weget
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D) = D) _ $() — () _ @) — )

u-—t v—t v—u

Hence
PO _dW)-pw)

t—s - v—-u

Ift > s, @ decreases to ¢'(s) and ifu — v, increases to

pW)-dWw)
v—u

¢'(v) . Hence ¢'(v) = ¢'(s) for all s< v and so ¢’ is monotonically
increasing function. Further, if ¢’ exists, it can never be negative due to
monotonicity of ¢'.

Conversely, let " = 0 . Our aim is to show that 1 is convex. Suppose, on the
contrary, that ¢ is not convex on (a,b) . Therefore, there are points a < s <
t < u < b such that

¢ () — ¢p(s) S ¢w) — o)
t—s u—s
that is, slope of chord over (s,t) is larger than the slope of the chord over (t,u).

But slope of the chord over (s,t) is equal to ¢'(a) , for some a e (s,t) and
slope of the chord over (t,u) is ¢'(B), B € (t,u). But ¢'(a) > ¢'(B) implies ¢’
is not monotone increasing and so '’ cannot be greater than zero. We thus
arrive at a contradiction. Hence ¢ is convex.

If " > 0, then ¢ is strictly convex, for otherwise there would exist collinear
points of the graph of ¢ and we would have ¢'(a) = ¢'(B) for appropriate o
and B with a < B. But then ¢'' = 0 at some point between a and 8 which is a
contradiction to "’ > 0 . This completes the proof.

Theorem 4.2.18. If ¢ is convex on (a,b), then ¢ is absolutely continuous on
each closed subinterval of (a,b).

Proof. Let [c,d] © (a,b) . If x,ye[c,d],thenwehavea<c<x <y <d<

b and we have

() =@ _ o0 — () _ $(b) = (@)
c—a - y—Xx - b—d

Thus
|¢(}’) - ¢(X)| < M|x_}’|'x,y€ [C'd]
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and so ¢ is absolutely continuous there.
Definition 4.2.19. Let ¢ be a convex function on (a,b) and x, € (a,b). The line
y =m(x —xp) + $(xo) (i)
through (xo,d)(xo)) is called a Supporting Line at x, if it always lie below
the graph of ¢, that is, if
¢ (x) = m(x — xo) + d(x0) (ii)
The line (i) is a supporting line if and only if its slope m lies between the left
and right hand derivatives at x,. Thus, in particular, there is at least one
supporting line at each point.
Theorem 4.2.20. (Jensen Inequality). Let ¢ be a convex function on

(—o0,00) and let f be an integrable function on [0,1]. The

[eGr@)ac= ¢ [(r@)ae
Proof. Put

1
a= [ f(Odt
Let y = m(x — a) + ¢(a) be the equation of supporting line at a. Then

p(f(®) =m(f(®) — a) + ¢(a)

Integrating both sides with respect to t over [0,1], we have

]01¢(f(t))dt >m J f(t)dt—J f(t)dtl + f:(p(x)dt

1
=0+q,’>(a:)f dt
0

= ¢(@) = ¢[f) f(H)dt].
4.3 Check Your Progress

Q.1Provethat || f +gl<|l f [} +IIgl.

1

Q2.1f f e L?[0,1], show that | [ ¢ (x)dx|s[ [l 0o dx]z.
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Q.3. Let f(x) be a real valued function defined on [a,b] such that

£(x) ={Olo );Z% vxe[a,b].

Show that f € L"[a,b].
Fill in the blanks

Q.4 Every convex function on an open interval is continuous.

Sol. Ifa < x; < x < x, < b, the convexity of a function ¢ implies

P(0) < () + ) T (i)

2 X2—X1
If we make x = x; in (i), we obtain-----------=--=--=---ceree—- :and if we take
X, — x We obtain ¢(x) < ¢(x + 0). Hence ¢(x) = ¢p(x + 0) for all

values of x in (a,b). Similarly ¢ (x — 0) = ¢(x) for all values of x. Hence

-------------------------------------- , and so ¢ is continuous.

Q.5. Let ¢ beconvexon (a,b)anda< s <t <u < b, then

() — B() _ $(W) —$(5) _ () — ¢

t—s u-—=- u-—t

If ¢ is strictly convex, equality will not occur.

Solution. Leta < s <t < u < b and suppose ¢ is convex on (a,b). Since

therefore, convexity of ¢ yields

t—s u-—t t—s u-—t
u+ s| < o(u) + ——p(s)
u—-=s u—-=s u—-=s u—-=s

or

$(t) < = p(u) + = ¢(s) (ii)
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or

or

(u=35) () = ¢(s)) < (t = $)pW) + up(s) — t(s) — up(s) + sp(s)
or

or

P ()—d(s) < W) -p(s) (|||)

t—s - u-s
This proves the first inequality. The second inequality can be proved
similarly. If ¢ is strictly converse, equality shall not be there in (ii) and so it

cannot be in (iii). This completes the proof of the theorem.

4.4 Summary

This chapter presents the study of LP-spaces for 1 <p < . These
spaces, known as “Lebesgue spaces,” often occur in several branches of
mathematical physics. A characterization of measurable transformations
inducing composition operators is provided in the chapter, along with the
characterization of the operators on LP that are composition operators; several

examples are also presented to illustrate the theory.

4.5 Keywords

LP- Space, Norm, Banach Space, Complete Space, Distance  Function,

Conjugate Number, Cauchy Sequence.

4.6 Self-Assessment Test

1. Let f,,: R—R be a function such that

2% xe[2™, 2"

forall n
0; otherwise

f={

I f(x)= limf, (x), show that [ £ # lim [ f.
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2. 1ff,g € LP, then show that f g € LP/2.

3. lllustrate that L! consists precisely of the lebesgue integrable function on
[0,1].

-1
4. Prove the inequality | [ " x# sinx dx | < m%/*,
5. Let f,g € L(-o0,0). define

h)=J",, f(x = ¥)g(y)dy, -o<x<e,

Prove that h e L(-00,00).

4.7 Answers to Check Your Progress

A.lWeknowthat | f +g|<| f|+]|g].
On integrating both the sides we get
[It+glax<[| fdx+[|g]dx
Which shows that
I f+glk<lfl+lglk

A.2. Using Schwarz’s inequality for f,g e L? [0,1], we can write

I fgll<Il . +l gl

1 1 % 1 %
= || fg|dxs[f|f|2dx} D|g|2 dx}
0 0 0

If we take g(x) =1, ¥x, then we get

1 1 %
j|f|dx{j|f|2dx}
0 0
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1 1 1 %
:>|!fdx|££| f |dx£[£| f P dx}

1
1 1 2
Hence, |dex|§“|f|2dx} .
0 0

A.3 Since, we know that m{x e[a,b]:| f (x) >M,M >1|}=m{ Set of all
rational in [a,b]}=0
Therefore, forall M >1,| f(X)|<M a.e. on [a,b]
=ess.sup| f(X)|=inf{M :| f(xX)|<M ae.on E}
=inf{M, M >1}=1
=ess.sup| F(X)| <.

Hence f € L"[a,b].

A4 1) (x1 +0) = o (xq)
(i) p(x — 0) = ¢(x + 0) = ¢ (x)
A5 (i) =i = o B g
(ii) (u-s5) ¢(0) < (¢ = s)p(w) + (u — )p(s)
(iii) (w =) (o) = $(9) < (t =) (p(W) — $(s)).
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